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Bulk-edge correspondence as a principle

» A topological insulator (infinitely extended, a.k.a. bulk) has an
excitation gap above the ground state

> At its edge, there are gapless excitations with energies in the bulk
gap

gapped bulk

gapless edge

» The topological properties of bulk and edge match

> This talk: A counterexample: A topological bulk model not matched
by its edge



Bulk-edge correspondence as a precise statement
Half-plane geometry Single-particle spectrum
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> E: energy
» k: longitudinal momentum (good quantum number) on circle
» Bulk spectrum and edge spectrum resolved in k
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Half-plane geometry Single-particle spectrum
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E: energy

k: longitudinal momentum (good quantum number) on circle
Bulk spectrum and edge spectrum resolved in k

Let A5 be the count of the states leaving/joining the bulk
spectrum. Count is signed and opposite above (+) and below (—).
» (NL = 0 if no further band above/below)



Bulk-edge correspondence as a precise statement
Half-plane geometry Single-particle spectrum

B

X

> E: energy

» k: longitudinal momentum (good quantum number) on circle

» Bulk spectrum and edge spectrum resolved in k

» Let N be the count of the states leaving/joining the bulk
spectrum. Count is signed and opposite above (+) and below (—).

Theorem (Hatsugai)
Ch(P) = ./\/+ - N_

where ch(P) is the Chern number of the bulk energy band (i.e. of the
bundle P having eigenspaces as fibers)



Bulk-edge correspondence: A restatement
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Let A% be the (signed) number of crossing of edge states at
level” 1 (edge index). Then
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“Fermi



Bulk-edge correspondence: A restatement

Jj+1

]

J

—! — L

K

Let A% be the (signed) number of crossing of edge states at “Fermi
level” 1 (edge index). Then

Ni1,—- =Njy = N*
and (bulk-edge correspondence)

NE=Y"ch(Py)  (=:bulk index)

o

'Y

by ch(Pj:) = Nj 4 — Ny _ (telescoping sum).
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The model (take it or leave it)

» The Earth is rotating. Sure

» The Earth is flat. Well, locally yes

» The Sea covers the Earth. Don’t despair. We'll sight land
» The Sea is shallow. Compared to wavelength

Incompressible, shallow water equations:

on

— =—hV -

ot ~ Y

—81—— Vn — fvt — vAvt

» fields (dynamical):
e velocity v = v(x, y) e height above average n = n(x, y)

> parameters: gravity g, average depth h, angular velocity f/2, odd
viscosity v

> notation: v is v rotated by 7/2



A quick derivation
Starting point: mass conservation/momentum balance, shallow water
approximation
» Typical wavelength >> average depth h
» Horizontal velocity components v = v(x, y); height z = z(x, y)
» Volume density p (incompressible); area density pz



A quick derivation

Starting point: mass conservation/momentum balance, shallow water
approximation

>

vvyy

Typical wavelength > average depth h

Horizontal velocity components v = v(x, y); height z = z(x, y)
Volume density p (incompressible); area density pz

Euler equations

D .
D—t(pz)——pzdlvg, pzﬁ—f—ky'g

with body forces F = F + F (gravity & Coriolis)
1
EG = _2U7 U= Epgz2 ) EC = piKJ_

and stress tensor g = 2uzD(v*) (odd viscosity)
Notation (shear velocity) D(u): traceless symmetrized gradient of u
Remark. Usual shear viscosity ¢ = 2uD(v) results in V.o = —uAv



A quick derivation

» Horizontal velocity components v = v(x, y); height z = z(x, y)
» Euler equations

D D
ﬁ(pz):—pzdivg, pz—zzf-i-z-g

with body forces F = F + F (gravity & Coriolis)
1
Fe=-YU, U=;5pgz*,  Fo=pzfy’

and stress tensor g = 2uzD(v*) (odd viscosity)
» Remark. Usual shear viscosity ¢ = 2uD(v) results in V-g = —ulAyv
» Set z = h+ 7 and linearize in 7, v.
> Result:

877_ 81_ 1 1
9 = hV - v, 9r gVn—fv-—vAv

with v = ph/p; after rescaling g, h =1



A quick derivation

» Horizontal velocity components v = v(x, y); height z = z(x, y)
» Euler equations

%(02) = —pzdivy, pZ% =F+V-g

with body forces F = F + F (gravity & Coriolis)
1
Fe=-YU, U=;5pgz*,  Fo=pzfy’

and stress tensor g = 2uzD(v*) (odd viscosity)
» Remark. Usual shear viscosity ¢ = 2uD(v) results in V-g = —ulAyv
» Set z = h+ 7 and linearize in 7, v.
> Result:

on ov

with v = ph/p; after rescaling g, h =1

= —gVn—fvt —vAvt

» Purpose of v: Ultraviolet completion
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The model (restated)

Equations of motion

on
=Y.y
N (RN



Topology by compactification
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By translation invariance (momentum k € Rz), H reduces to fibers
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By translation invariance (momentum k € Rz), H reduces to fibers

0 K ky L. .
H= (kx 0 i(f—uk2)> =d-S, d(k) = (ke, ky, f — vK?)
k, —i(f—vk?) 0

where S is an irreducible spin 1 representation
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The model as a spin 1 bundle

By translation invariance (momentum k € Rz), H reduces to fibers

0 K ky L. o
H— (kx 0 i(f—m) —d-5.  dlk) = (ke ky. f — V)
k, —i(f—vk?) 0

where S is an irreducible spin 1 representation

010 001 000
51:<100), 52:<ooo), 53:(00.i)
000 100 0-i0

Eigenvalues

wolk) =0,  wi(k) = £|d(k)| = £(K* + (f — vk?)?)'/?
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The model as a spin 1 bundle

H:J'g, J(K):(kmkyaf*yk%
Eigenvalues
wo(k) =0,  we(k) = +[d(k)| = £(k* + (f — vk*)*)'/?

W4 W4

k € R? ke €R
Left: w4 as a function of k
Right: projected along k, as a function of k

Remark: Gap above wo(k) =0is f >0
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The model as a spin 1 bundle

Eigenvectors (only w4 ):
Same as for €- S with €= d/|d|, denoted

’a:’€7j:17m:1>7 KHE(K)

Remarks.
» The compactification of R? is 52
> &(k) — (0,0, —sgnv) as k — oo by d(k) = (k, ky, f—1k?)
> &:RR? — S? extends to a continuous map S> — S? wrapping the
sphere once
Lemma. Let fv > 0. The line bundle P{") = |&)(é] defined by &(k) on

52 has Chern number
ch(PM) =2



The model as a spin 1 bundle

Eigenvectors (only w4 ):
Same as for €- S with €= d/|d|, denoted

’a:’€7j:17m:1>7 KHE(K)

Remarks.
» The compactification of R? is 52
> &(k) — (0,0, —sgnv) as k — oo by d(k) = (k, ky, f—1k?)
> &:RR? — S? extends to a continuous map S> — S? wrapping the
sphere once

Lemma. Let fv > 0. The line bundle P{") = |&)(é] defined by &(k) on
52 has Chern number
ch(PM) =2

Proof. If S were a spin—% representation, then
ch(P1/?)) = deg(&) = +1

Now P = P72 o p(/2) s ch(PM) = 141



Topological phenomena at interfaces

f >0 (< 0) on northern (southern) hemisphere



Topological phenomena at interfaces

f > 0 (< 0) on northern (southern) hemisphere

NOV 12009 = o DEC 12009

(Source: NASA)



The role of the coast

The figure illustrates the clockwise motion of both a particle in a
magnetic field and of a wave in presence of a Coriolis force.
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The role of the coast

The figure illustrates the clockwise motion of both a particle in a
magnetic field and of a wave in presence of a Coriolis force.

Boundary waves are gapless (Halperin 1982, Kelvin 1879).

Halperin's work led to the far reaching bulk-edge correspondence.
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The

egde index in general

Quite generally, restricting the system to a half-plane produces
states with energies in the band gap (of the bulk)

The edge index is associated with those states

A (projected) band separated from the rest of the bulk spectrum;
edge states (aka evanescent waves, bound states) depend on
longitudinal momentum k:

q

s

n

%

—

The edge index is the (signed) number of edge states traversing the
gap

Bulk-edge correspondence: The edge index is the same as the bulk

index of all bands below (or above) the gap, regardless of boundary
conditions
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Sighting land: The edge model

Sea restricted to upper half-space y > 0.
Boundary condition on field (7, u, v) at y = 0 (parametrized by a € R):

v=0, Oxu+adyv =0

» A pair of boundary conditions defines self-adjoint operator H,
» Other self-adjoint boundary condition exist (not considered here)
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Sighting land: The edge model

Sea restricted to upper half-space y > 0.
Boundary condition on field (1, u, v) at y = 0 (parametrized by a € R):

v=0, Oxu+adyv =0

The spectrum of H, a=075
) \Poincaré
H-1 AN
op-0 Rossby
™\
w
L&

Bulk-edge correspondence (BEC) predicts: The signed number NV_ of
eigenstates emerging from the band w4 (k) is +2. Violation ahead?
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A hydrodynamic model

Topology by compactification

The egde index and bulk-edge correspondence

Violation

What goes wrong?
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More spectra of H,
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Bulk-edge correspondence?

a=-1.25 a=1.25 a=

» Kelvin waves are seen in all cases

» Bulk-edge correspondence is violated!

» There are edge states never merging with a band
» There are edge states “merging at infinity”



Bulk-edge correspondence?

a=-1.25 a=1.25 a=2

/ | \//
\

/

/

Theorem. 73(Vio|ation of correspandence) As a function of the boundary
parameter a, the edge index takes the values

2 (a< —V2)
3 (—vV2 < a<0)
N- = 1 (0 < a<V2)
2 (a>V?2)

Recall: The bulk index is ch(P) =



What goes wrong?



What is Bulk-edge correspondence (BEC) here

Statement (desired, a la Hatsugai)
N_ = ch(P) (=2)

where
» A_ the signed number of eigenstates emerging from the upper band
» P is the eigenbundle of the upper band and ch(P) its Chern number



Relation to scattering

a=0.75
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Scattering of waves at the shore (“from inside the bulk”)



Relation to scattering

a=0.75

A ZRENpS

Scattering of waves at the shore (“from inside the bulk”) defines
scattering map

S :|in) — |out)

and scattering phase S(k,w) = (in|out) (k: longitudinal momentum,
w > wi (K))



An attempt to prove BEC
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An attempt to prove BEC

Statement (desired)
N_ = ch(P) (=2)

Relation can be split in two (Porta, G.):

N(S) =N_ (Levinson theorem)

where

> S = S(k,w.(k)+¢), (k€ S) is the scattering phase slightly above
threshold w, (k) (¢ > 0)

» N(f) winding number of f : St — St
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Is it?

ch(P) = N(S)
The sphere of momenta k with

» marked point k = o0
» meridian k, =0
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What goes wrong?
Is it?
ch(P)=N(S)

But there is a section covering more than the incoming hemisphere

7

» The scattering phase is well-defined along dashed circle,

S = (in|out).
» Its winding number is N(S)

» S is transition matrix between two local trivializations, so

N(S) = ch(P)
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What goes wrong?
Is it (the applicability of) Levinson's theorem?

More precisely: Suppose H(k) depends on some parameter k € R

ﬂ\E
S
—

Rk ks K




What goes wrong?
Is it (the applicability of) Levinson's theorem?

The scattering phase jumps when a bound state reaches threshold

= F27r

ko
li S(k, E
£no e (k, )kl
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The Levinson scenario

k2
li ke, E)| = F2
EinoargS( )k1 T
Structure of scattering phase
g(kxv;y)
S(ky, E) = — ="~
e B) =~ gl k)

where

> /;y and ky are the incoming/outgoing momenta with
E(k«, ky) = E(kx, ky) = E

» k, = —k, if E is even

» g is analytic in k, (Jost function)
Bound states of H(ky) correspond to poles of S(ky, E) with Imk, >0
(“bound out-state without in state”);

Proof. From S = (in|out) get [¢) = lin) + |out) = |in) + Slin); hence
|)) o glin) — glin) requires g|in) = 0 (divergent part by Im k < 0) to vanish)



The Levinson scenario

k1 ks ko kz
Bound states of H(ky) correspond to complex zeros k, of g(kx, k)

Im k,

Re k,

(ke < ki) (ke > k)

Fact 1: As ky crosses ki, a bound state appears.



The Levinson scenario

Bound states of H(k,) correspond to complex zeros k, of g(ky, k)

Im k, Im k,
—e Re k, —e Re k,
(ke < ks) (ky > ki)

S(kX,E) g(kXJ;Y)

g(kxv ky)

Fact 2: As ky crosses ki, arg g(ky, /Qy = —¢) changes by —7 (and
arg g(kx,€) by 7), hence S winds by —27.
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As for waves, this is the relevant scenario for (almost) all critical, finite
momenta ki
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The Levinson scenario

As for waves, this is the relevant scenario for (almost) all critical, finite
momenta k, (up to a clarification).

a=1

Im k, Im k,

N Re k, Re k,

(kx < k*) (kx > k*)

» Given k, the map k, — w(k, ky) is 2 to 1, besides of £k,

» For (ky,w) in the gap, all 4 preimages k, are imaginary (2
decaying/diverging).

» Bound states of H(ky) correspond to both momenta with Im k, > 0
having g(kx, ky) =0

» At a critical point just one zero changes half-plane. Conclusions
unchanged.
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Waves at infinite momentum: Not the Levinson scenario
ky, = oo is always critical (regardless of whether an edge state merges
there).

Goal: Structure of g(k,) = g(kx, ky) for ky large

A Riemann surface in the variable k,: Two sheets joined by slits
extending to oo

¢Imky
sheet 1 ————1———>Reky

leto2

Tlmky
sheet 2 -------=p

Yy

from lél



Waves at infinite momentum

The function g = g(ky)
> is a function on the Riemann surface
> has one zero on each sheet
» depends parametrically on k. as g(kx, k) = g(ky/kx) (scaling at
ky — £00)
It takes Im k, > 0 for both zeros to make a bound state (not necessarily
realized)



Not the Levinson scenario: Alternative |

» The diagrams scale linearly with k,
> It takes two zeros, both with Im k, > 0, to make a bound state



Not the Levinson scenario: Alternative |

» The diagrams scale linearly with k,
» It takes two zeros, both with Im k, > 0, to make a bound state

Nim k, ﬁlm k,
””}”*>Reky ””}”*>Reky
Nim k, Nm k,

————*———> ————:———>
| Re k, ¢ Re k,
(ky — +00) (kx = —00)

Fact 1: No bound state is created nor destroyed at transition.



Not the Levinson scenario: Alternative |

» The diagrams scale linearly with k,
» It takes two zeros, both with Im k, > 0, to make a bound state

Nim k, ﬁlmky
””}”*>Reky ””}”*>Reky
Nim k, Nm k,

————*———> ————:———>
| Re k, ¢ Re k,
(ky — +00) (kx = —00)

Fact 1: No bound state is created nor destroyed at transition.
Fact 2: There is a jump of argg by +m, hence S winds by +27
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Not the Levinson scenario: Alternative Il

It takes two zeros, both with Im k, > 0, to make a bound state.

Nim k, ﬁlm k,
””f”*>Reky ””f”*>Reky
Nim k, Mm k,

s I .
¢ Re k, | Re k,
(ky — +00) (kx = —00)

Fact 1: A bound state is created at transition
Fact 2: There is no jump of argg and hence S does not wind.



Back to Theorem

Edge:
2 (a< —V2)
N - 3 (—v2 < a<0)
- 1 (0<a<+V?2)
2 (a>V2)
Bulk:

ch(P) =2
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Back to Theorem, case by case
a=4

N_=2, (a>V2)
Alternative |I: Edge state merging at infinity; no winding of S there
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The transition at a =0

a=-0.25 a=0 a=0.25
\// N N
/\\ /\\

A

> Thg transifion oécurs Withiin Alternative 1.
» Winding of S at infinity changes from —1 to +1

» The fibers H,(kyx) of the edge Hamiltonian are self-adjoint for
almost all k, (as it must), but not for a=0, k, = 0. In fact the

boundary condition

becomes empty.

ikyu +ady,v =0




Summary

» The shallow water model has edge states in presence of Coriolis
forces.

The model is topological if compactified by odd viscosity
The model violates bulk-boundary correspondence
Scattering theory (of waves hitting shore) clarifies the cause

Levinson's theorem does not apply in its usual form
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