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Preliminary: Neural networks 

Example: Feedforward neural network

Activation function � : R ! R (� is nonlinear)
<latexit sha1_base64="I+7sW4O6+EVRbNAbDQL2QJ0vnJg="></latexit>

�(h~a, ~xi+ b)
<latexit sha1_base64="tA7uAkZLEOX+CHjcw+IZdhBMfBM="></latexit>

f(~x) = W2�(W1�(W0~x))
<latexit sha1_base64="tuZ40L3OC345XzRLuW89HmQfyAc="></latexit>



Examples of activation functions

Sigmoid ReLu



Any continuous function can be approximated by a depth-2 neural network

Universal approximation theorem :

 with sigmoid as activation function on a bounded domain

 [Cybenko,1989]

Require arbitrary width

Q: bounded width Depth-width trade-off



Complexity of a function : how complicated a function is 

Topological entropy 

Oscillations  Measures of complexity:

Fractals  

Linear regions

...
<latexit sha1_base64="s1mVariaMy/RS+nbYM+/MVorC6Y="></latexit>

 [Chatziafratis, Nagarajan, Panageas, Wang, 2020]

 [Montufar, Pascanu, Cho, Bengio,2014]

[Malach,  Shalev-Shwartz, 2019]

[ There are many other reference on this topic I am less familiar with]

Part I



Definition of topological entropy

X: a compact Hausdor↵ space

f : a continuous map from X to X.

A: open cover of X, i.e, each element in A is an open subset of X and their

union is X.
<latexit sha1_base64="jeZxW2elSQBq8a1l2R/vEv1k9Ak="></latexit>

[Adler, Konheim, McAndrew, 1965]

N (A): minimal cardinality of the subcover from A.

N (A) = min{Card(B) : B ⇢ A and B is a cover of X},

where Card(B) denotes the cardinality of B.
<latexit sha1_base64="3twFUHe9mo4FUv+3QP4JMGssGvM="></latexit>

Given open covers A1,A2, ...,An of X, we denote
Wn

i=1 Ai as follows,

n_

i=1

Ai := {A1 \A2... \An : Ai 2 Ai, 8i, and A1 \A2... \An 6= ;}.
<latexit sha1_base64="6YoVFgIsNrdAzvuvnHGub18i7gg="></latexit>



Definition of topological entropy-continued

The preimage of an open cover A

f�i(A) = {f�i(A) : A 2 A},

An
f =

n�1_

i=0

f�i(A).
<latexit sha1_base64="0FR75ICVw8uY8nvGim1SkZ0vx4Q="></latexit>

A = {A0, A1}
<latexit sha1_base64="M3cs6hF6JzVEfTXPcpU8Lnrbung="></latexit>

An
f =

�
Ai0 \ f�1(Ai1) \ .... \ f�(n�1)(Ain�1)|(i0, i1, ..., in�1) 2 {0, 1}n

 
<latexit sha1_base64="FxZsMZPikCyKSJOy6VoCu5kgO0s="></latexit>

Each point x in X can be encoded as (i0, i1, ..., in�1)
<latexit sha1_base64="NNOfRsvo9SmR7AZQaVt5MvUpJgw="></latexit>

if x 2 Ai0 \ f�1(Ai1) \ .... \ f�(n�1)(Ain�1)
<latexit sha1_base64="kh+3SdM9PupY1BhgEz+yXeDI/fI="></latexit>

Example

minimal number of ”words” of length n needed to encode the points of X
<latexit sha1_base64="awMY/mJddw86jgzjzeyrE5m962U="></latexit>

N (An
f )

<latexit sha1_base64="/3gOYhGXkE3G6Mkzw/q1WzhRQzo="></latexit>



Given a compact Hausdor↵ topological space X, and a continuous map f :

X ! X, for an open cover A, the topological entropy of f on the cover A is

defined as

htop(f,A) = lim
n!1

1

n
log2 N (An

f ).

The topological entropy of f is defined as

htop(f) = sup
A: open cover of X

htop(f,A). (1)

<latexit sha1_base64="5lPNMNVL253kXOeUf04PyJHWcl4="></latexit>

Def:

Definition of topological entropy-continued

The topological entropy takes value in [0,+1]
<latexit sha1_base64="aTzxqJtUP0CgQfbUrLjbmDHUMFM="></latexit>



Examples 

htop(f) = log2 3
<latexit sha1_base64="1CKEPZeRwQfh+ZlLRslr9WQpTfY="></latexit>

htop(f) = +1
<latexit sha1_base64="UGhzUMtPmkbNCTl1eiUQ4mbfSm8="></latexit>



More Examples 



For any ReLU network g with at most l layers and at most m nodes per
layer, then

htop(⌧ � g)  l(1 + log2 m).
<latexit sha1_base64="DFCRUFCsbuoNeN5DBQjSNQ+18d8="></latexit>

 Main Result 1

Similar results also works for neural 

networks with other activation functions

[1] K. Bu, Y. Zhang, Q. Luo, arxiv 2010.07587

(Depth-width trade-offs via topological entropy)

⌧ � g : [a, b] ! [a, b]
<latexit sha1_base64="VOEVe5LTjhYqTGkQDbfXjDubPW8="></latexit>



 [Vapnik and Chervonenkis, 1971] [Bartlett and Mendelson, 2003]

Complexity of a function class: richness of a function class 

Rademacher  
complexity VC dimension

✓ = (WL,WL�1, ....,W1,W0)
<latexit sha1_base64="SQfYV5dVmWJ0AL7DZQ7/2m4aumw="></latexit>

Measures of complexity of function classes{
<latexit sha1_base64="UeIDkvfTX1LH+xyR6QIZTF5GYAU="></latexit>

. . .<latexit sha1_base64="Lsak+mecVeB6KYB7KgZnwD+mzgw="></latexit>

Part II



Rademacher complexity

Let F be a set of real-valued functions and let S = (z1, . . . , zm) be a set of
m samples. The (empirical) Rademacher complexity of F with respect to S is

RS(F) = E
✏1,...,✏m
⇠Rad

"
sup
f2F

1

m

�����

mX

i=1

✏if(zi)

�����

#
,

where the expectation is taken over i.i.d. Rademacher random variables, i.e.,
✏i ⇠ Rad for each i 2 {1, . . . ,m}. Recall that the Rademacher random variable
X has probability mass function

Pr(X = k) =

(
1/2 k 2 {�1, 1},
0 otherwise.

<latexit sha1_base64="Nz1FIr/YbCTI7KCg2y8Bzxh/R2w="></latexit>

 [Bartlett and Mendelson, 2003]

Def:



Hypothesis space F
<latexit sha1_base64="n/se1amJN2DlakQMpGj/Z8QZH14="></latexit>

Loss function l : Y ⇥ Y ! R.
<latexit sha1_base64="hN4snkNTpuF+85/jv9fW9ckH3PI="></latexit>

Generalization error

m independent samples {(xi, yi)}mi=1: each (xi, yi) is taken i.i.d. from some
unknown probability distribution D on some X ⇥ Y

<latexit sha1_base64="4ufCKattqMz4ls97LlkSut3EcgA="></latexit>

Expected error: L(f) = E(x,y)⇠Dl(f(x), y)
<latexit sha1_base64="CahklPDXiD39IkyGaks2VxpAk1w="></latexit>

Empirical error: L̂(f) = 1
m

Pm
i=1 l(f(xi), yi)

<latexit sha1_base64="v7krs2MrtDs601Z0P057r2Zq9oI="></latexit>

Generalization error: |L(f)� L̂(f)|
<latexit sha1_base64="Q7VcoADGttOlKF7EXQUszZEhmwE="></latexit>

Rademacher complexity can provide an upper bound on the generalization
<latexit sha1_base64="czDiWVEU0KvXmH92wE5sAsV3SbA="></latexit>

error
<latexit sha1_base64="GCVbWyuLmijJB/HypcnVJIxPPJE="></latexit>

 [Bartlett and Mendelson, 2003]

Claim



Function class generated by quantum circuits

m independent samples S = (~x1, . . . , ~xm)
<latexit sha1_base64="2ppZLEgpZSFlNZ3wAtDhsuE/nao="></latexit>

each ~xi is encoded as a quantum state | (~xi)i
<latexit sha1_base64="AeSpC68VWyjkPyLzJhrRPInfkJ0="></latexit>

C: a quantum circuit
<latexit sha1_base64="a8zbPyfm/BekRb2T8SDoPtuwx2c="></latexit>

H: an observable (Hermitian operator)
<latexit sha1_base64="u5OKWtv7X81WJ6Sn5rfX6GUMk4A="></latexit>

Example: ~x is a picture of a dog or cat,
<latexit sha1_base64="Ri1ZcQBqXXNcOtBcTONNVCo9Qeg="></latexit>

encoded as | (~x)i
<latexit sha1_base64="pAhrR1ZLscMluBnhUv3x+MwOKQ8="></latexit>

HC(~✓)
<latexit sha1_base64="4mJe8aNL5o1cn3K3VkPVn2zdkY4="></latexit>

fC(~x) > 0 ! cat
<latexit sha1_base64="3Qd7g6QRLZ1gGx2ZvAFgPaHjulg="></latexit>

fC(~x) < 0 ! dog
<latexit sha1_base64="6ELPhM+Z9IlxETSvti0JxIUirA8="></latexit>



Function class generated by quantum circuits

F � C := {fC : C 2 C}
<latexit sha1_base64="x7cp2eBnGdFUjeAP879cRqVNLlM="></latexit>

the function class defined by the set of quantum circuits C
<latexit sha1_base64="pgzTWMuJV+RS3XJ6HV1KxHyHtxQ="></latexit>

Goal



Resource theory-an overview

Free states: states that carry no resource
<latexit sha1_base64="WNcSPJ1/AGyFXOWPKDJ1LhqLIRs="></latexit>

Free operations: manipulations that are considered easy
<latexit sha1_base64="ML8lHkWGMPJQsNN9ShZb4ZQjVvE="></latexit>

Resource states: states which are not free
<latexit sha1_base64="ek2fAob2IaQuZb2EcwmBDRekSSg="></latexit>

Resource operations: quantum operations which are not free
<latexit sha1_base64="g/iFecQqsLrF/oq5nWt06AH4BgM="></latexit>

Quantifier: function that measures how much resource in the states
<latexit sha1_base64="Et3vUJV9Jeykzj/mOhKJUCE6nj0="></latexit>

or operations
<latexit sha1_base64="n7Rak6oeuCiPaENJDokxLZNatSU="></latexit>



Resource theory of magic

Pauli operators Pn : all tensor product of n Pauli matrices {I,X, Y, Z}
<latexit sha1_base64="2JfhkBNaqit6UTmZ/tEnV6K1P8I="></latexit>

Stabilizer states: the simultaneous +1 eigenstate of 2n Pauli operators
<latexit sha1_base64="lU7k0AS/Hg8xOJfzQFK6KqXdxow="></latexit>

( P 2
i = I, [Pi, Pj ] = 0 )

<latexit sha1_base64="+AyMRbmxxErXZerVyoRY7YUHdlQ="></latexit>

e.g. | +i = 1p
2
(|00i+ |11i), {I ⌦ I,X ⌦X,Z ⌦ Z,�Y ⌦ Y }

<latexit sha1_base64="4bCG7RgCdfRBD9dUzG3O1IXBv/0="></latexit>

with a sign ±
<latexit sha1_base64="ExyZScW45+aMa/TC6P4SOQvnwtQ="></latexit>

Cli↵ord unitary: {U : UPnU† ⇢ Pn}.
<latexit sha1_base64="zCxqv9Bnxzgpcsobv4R1FJDp09U="></latexit>

(Free states)
<latexit sha1_base64="v5Td+iVq6RBrat9a5qhx3/FcXeo="></latexit>

(Free operations)
<latexit sha1_base64="t6pqK/fNcTI+D6iDIQvrvJW9tl0="></latexit>



Quantify the amount of magic in quantum channel

Representation matrix (or tranform matrix) under Pauli basis
<latexit sha1_base64="zvWlcLJiiGBVrA0s34YnSquJyzo="></latexit>

Resource measure of magic: 

Mi: i-th row vector
<latexit sha1_base64="pFO9tsVHL/Y0C/cmRAX818v/bhM="></latexit>





Depth-l quantum circuit ~Cl := (�l,�l�1, · · · ,�1)
<latexit sha1_base64="oOha8XII0q9+8Kvimt/jCkdSEh8="></latexit>

Resource measure for depth-l quantum circuits  

i-th layer �i : L((C2)⌦ni�1) ! L((C2)⌦ni)
<latexit sha1_base64="WVzwWAKMekdzUMDe7n8fsxpxJ+8="></latexit>

width vector
<latexit sha1_base64="wR0Klp417v4MadvT2TYtwTjKzmg="></latexit>



Resource measure for depth-l quantum circuits  

average amount of magic over the layers of the quantum circuit
<latexit sha1_base64="dUnxJkejgdYyXNPgxPZXzM42pf0="></latexit>

(Arithmetic mean)
<latexit sha1_base64="o6AAstOdJq8z3cssL3FPondEHx8="></latexit>

(Geometric mean)
<latexit sha1_base64="orn07mSseG2I+mPQhIoZm1Fc2XI="></latexit>



(Upper bound on Rademacher complexity) Main Result 2:

similar results for µp,q
<latexit sha1_base64="UqZFEW4cARiFaTbXlvuIcLxPaOQ="></latexit>

[2] K. Bu, D. Koh, L. Li,  Q. Luo, Y. Zhang, arxiv 2101. 06154



Summary

Topological entropy as measure of complexity of (classical) neural networks 

Depth-width trade-off relationship 

Rademacher complexity of quantum circuits

Upper bound  by the amount of magic, depth and width

Further direction

Topological entropy Quantum neural networks

 Rademacher complexity Other measures



Dax Enshan Koh Qianxian Luo Yaobo ZhangLu Li
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<latexit sha1_base64="s1mVariaMy/RS+nbYM+/MVorC6Y="></latexit>

[Some other works in preparation]



Thank You! 


