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Abstract

Background

The first cases of COVID-19 caused by the SARS-CoV-2 virus were reported in China in

December 2019. The disease has since spread globally. Many countries have instated mea-

sures to slow the spread of the virus. Information about the spread of the virus in a country

can inform the gradual reopening of a country and help to avoid a second wave of infections.

Our study focuses on Denmark, which is opening up when this study is performed (end-May

2020) after a lockdown in mid-March.

Methods

We perform a phylogenetic analysis of 742 publicly available Danish SARS-CoV-2 genome

sequences and put them into context using sequences from other countries.

Results

Our findings are consistent with several introductions of the virus to Denmark from indepen-

dent sources. We identify several chains of mutations that occurred in Denmark. In at least

one case we find evidence that the virus spread from Denmark to other countries. A number

of the mutations found in Denmark are non-synonymous, and in general there is a consider-

able variety of strains. The proportions of the most common haplotypes remain stable after

lockdown.

Conclusion

Employing phylogenetic methods on Danish genome sequences of SARS-CoV-2, we exem-

plify how genetic data can be used to trace the introduction of a virus to a country. This pro-

vides alternative means for verifying existing assumptions. For example, our analysis

supports the hypothesis that the virus was brought to Denmark by skiers returning from

Ischgl. On the other hand, we identify transmission routes which suggest that Denmark was

part of a network of countries among which the virus was being transmitted. This challenges

the common narrative that Denmark only got infected from abroad. Our analysis concerning
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From sequences to phylogenetic trees

aligned sequences

distance measure
e.g. Hamming distance 
= # of differences

distance matrix

Idea: similar sequences 
are closely related

Build tree by
clustering
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Information Theory

• Abstract concept of information
• Independent of physical implementation

• Claim: all information can be abstracted this way

information theory
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Communication

H(X)+H(Y)-H(XY) Shannon entropy

• Capacity = 

=     I(X:Y) bits/channel
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Quantum Information Theory

• Abstract concept of quantum information
• Independent of physical implementation

• Claim: all (quantum) information can be abstracted this way

quantum information theory
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Quantum Communication

H(X)+H(Y)-H(XY) von Neumann entropy

• Capacity = 

=     I(X:Y) bits/channel (+regularization)

Encoder

Input

Input

Input

...
Decoder ...

Output

Output

Output

Channel

Channel

Channel

...

n channel uses

lim
✏!0

lim
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sup
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n
: Prob(input 6= output)  ✏
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now quantum!

now quantum!

still classical
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Observation
• Assumption of noiseless encoder/decoder unrealistic

• Entirely new problems appear
• Is quantum communication possible at all?
• Is capacity formula continuous? � ! 0

gate error rate
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Input
Channel
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Channel

Channel
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Output

Output
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Fault-tolerant quantum computing
• Has existed since the 90s, highly developed field
• Isn’t the problem already solved?

• No, since output of encoder in communication case is not classical

Encoded
computation

Input
Output

Input

Input

...

Output

Output

...

classical

Encoded
encoder

Input 
Channel

Decoder
Input

Input

...
...

Channel

Channel
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classical
classical

quantum quantum



The Plan

• Error Correction
• Fault-tolerant quantum computing

• Setup
• Threshold theorem

• Fault-tolerant quantum communication
• Definition
• Main result: threshold theorem

• Proof
• Step 1: Reducing to effective channel
• Step 2: Capacity of effective channel



Error correction

• Error correction (repetition code)
• 0à(encoding) 000 à (1 error) 010 à (decoding) 0
• 1à(encoding) 111 à (1 error) 101 à (decoding) 1

• Quantum error correction (Shor code, from Wiki)

• What if gates in encoding or decoding have error?
• Error could spread
• Error correction could fail

• Cannot protect an unprotected qubit!
At the last step, the noise might hit

1 error



Fault-tolerant quantum computing

...

Input

Input

Input

...

classical
assumed to be stable or already in error correcting code

encoded circuit

...

...
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en
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special construction
errors do not spread, error correction corrects more errors than it introduces

Output
de-

code

Output
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Output

de-
code

errors
i.i.d. Pauli errors � � 0
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Gadgets

• pick a universal gate set (X, Y, Z, T, CNOT, id, prepare 0, 1, partial trace)

• every gate will be replaced by a gadget

Circuit
...

... = ...
...

à

here for the 7-qubit Steane code
(includes error correction)

...
... à

...
...



Encoding

• 7 qubit Steane code

• Gates and gadgets
Aliferis, Gottesman, Preskill

• Concatenation

à

à =
in the case of transversal gates

the encoding gets better
in every level
(doubly exponentially)à = à ... à

en
-

co
de

|0Li =
1p
8
(|0000000i+ |101010101i+ |0110011i+ |1100110i

+ |0001111i+ |1011010i+ |0111100i+ |1101001i)
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Decoding

• Error correction and decoding

• Concatenation

à

àà...

de-
code

the total amount of error
= const* gate error
(Mazurek et al., 2014)



Threshold theorem for Quantum Computation
(Aliferis, Gottesman, Preskill, 2006)

• There is a threshold s.th. for all                and all circuits and inputs

Prob[Output(k-level,    -noise)≠Output (0-level, 0-noise]<O(#gates) 

�0 > 0
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Fault-tolerant capacity (Christandl, Müller-Hermes, 2020)

... ...

...

...

...

...

...

...

...

...

...

...

...

...

...

... ...
... ...
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Threshold theorem for Quantum Communication
(Christandl, Müller-Hermes, 2020)

• There is a threshold s.th. for all

Capacity(   -noise)>Capacity (0-noise]-
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<latexit sha1_base64="ka+nimn4yVBXyixpKErf4cAfIzQ=">AAACInicbVDLSgNBEJz1bXxFPXoZDIKChF2JqDfRi8cIJgrZEHonvcng7IOZXjUs+RYv/ooXD4p6EvwYJ4+Dr4KBoqqanq4gVdKQ6344E5NT0zOzc/OFhcWl5ZXi6lrdJJkWWBOJSvRVAAaVjLFGkhRepRohChReBtenA//yBrWRSXxBvRSbEXRiGUoBZKVW8Sjc9tuoCHZ8LTtdAq2TW+7ucp/wjnSUczC8z0eZH5FWseSW3SH4X+KNSYmNUW0V3/x2IrIIYxIKjGl4bkrNHDRJobBf8DODKYhr6GDD0hgiNM18eGKfb1mlzcNE2xcTH6rfJ3KIjOlFgU1GQF3z2xuI/3mNjMLDZi7jNCOMxWhRmClOCR/0xdtSoyDVswSElvavXHRBgyDbasGW4P0++S+p75W9Snn/vFI6PhnXMcc22CbbZh47YMfsjFVZjQl2zx7ZM3txHpwn59V5H0UnnPHMOvsB5/MLwL2j0g==</latexit>



Proof

• Step 1: 

• Step 2: 
Effective channel has similar capacity as           
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effective channel



Step 1: Single decoder

the total amount of error
= O(gate error)
(Mazurek et al., 2014)

≈ + noiseO(�)

<latexit sha1_base64="JKxhPsu39hQzy0NbxggllMGy/Ag=">AAAB8HicbVBNSwMxEM36WetX1aOXYBHqpexKQb0VvXizgv2QdinZbLYNTbJLMiuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxLBDbjut7Oyura+sVnYKm7v7O7tlw4OWyZONWVNGotYdwJimOCKNYGDYJ1EMyIDwdrB6Gbqt5+YNjxWDzBOmC/JQPGIUwJWeryr9EImgJz1S2W36s6Al4mXkzLK0eiXvnphTFPJFFBBjOl6bgJ+RjRwKtik2EsNSwgdkQHrWqqIZMbPZgdP8KlVQhzF2pYCPFN/T2REGjOWge2UBIZm0ZuK/3ndFKJLP+MqSYEpOl8UpQJDjKff45BrRkGMLSFUc3srpkOiCQWbUdGG4C2+vExa51WvVr26r5Xr13kcBXSMTlAFeegC1dEtaqAmokiiZ/SK3hztvDjvzse8dcXJZ47QHzifP/zBj+Y=</latexit>

(1�O(�))

<latexit sha1_base64="flhxjbtQ5dSeXGghZXFoPPyFTj4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahPVgSKai3ohdvVrAf0Iay2UzapZtN3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz87yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEkmhSSMeyY5HFHAmoKmZ5tCJJZDQ49D2Rrczvz0GqVgkHvUkBjckA8ECRok2klt2zu/LPR+4JpVKv1iyq/YceJU4GSmhDI1+8avnRzQJQWjKiVJdx461mxKpGeUwLfQSBTGhIzKArqGChKDcdH70FJ8ZxcdBJE0Jjefq74mUhEpNQs90hkQP1bI3E//zuokOrtyUiTjRIOhiUZBwrCM8SwD7TALVfGIIoZKZWzEdEkmoNjkVTAjO8surpHVRdWrV64daqX6TxZFHJ+gUlZGDLlEd3aEGaiKKntAzekVv1th6sd6tj0VrzspmjtEfWJ8/orqQvQ==</latexit>

àà...



Step 1: Several decoders

• Noise across channels can be correlated

...

...

≈
+ noiseO(�)

<latexit sha1_base64="JKxhPsu39hQzy0NbxggllMGy/Ag=">AAAB8HicbVBNSwMxEM36WetX1aOXYBHqpexKQb0VvXizgv2QdinZbLYNTbJLMiuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxLBDbjut7Oyura+sVnYKm7v7O7tlw4OWyZONWVNGotYdwJimOCKNYGDYJ1EMyIDwdrB6Gbqt5+YNjxWDzBOmC/JQPGIUwJWeryr9EImgJz1S2W36s6Al4mXkzLK0eiXvnphTFPJFFBBjOl6bgJ+RjRwKtik2EsNSwgdkQHrWqqIZMbPZgdP8KlVQhzF2pYCPFN/T2REGjOWge2UBIZm0ZuK/3ndFKJLP+MqSYEpOl8UpQJDjKff45BrRkGMLSFUc3srpkOiCQWbUdGG4C2+vExa51WvVr26r5Xr13kcBXSMTlAFeegC1dEtaqAmokiiZ/SK3hztvDjvzse8dcXJZ47QHzifP/zBj+Y=</latexit>

(1�O(�))

<latexit sha1_base64="flhxjbtQ5dSeXGghZXFoPPyFTj4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahPVgSKai3ohdvVrAf0Iay2UzapZtN3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz87yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEkmhSSMeyY5HFHAmoKmZ5tCJJZDQ49D2Rrczvz0GqVgkHvUkBjckA8ECRok2klt2zu/LPR+4JpVKv1iyq/YceJU4GSmhDI1+8avnRzQJQWjKiVJdx461mxKpGeUwLfQSBTGhIzKArqGChKDcdH70FJ8ZxcdBJE0Jjefq74mUhEpNQs90hkQP1bI3E//zuokOrtyUiTjRIOhiUZBwrCM8SwD7TALVfGIIoZKZWzEdEkmoNjkVTAjO8surpHVRdWrV64daqX6TxZFHJ+gUlZGDLlEd3aEGaiKKntAzekVv1th6sd6tj0VrzspmjtEfWJ8/orqQvQ==</latexit>

+ noiseO(�)

<latexit sha1_base64="JKxhPsu39hQzy0NbxggllMGy/Ag=">AAAB8HicbVBNSwMxEM36WetX1aOXYBHqpexKQb0VvXizgv2QdinZbLYNTbJLMiuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxLBDbjut7Oyura+sVnYKm7v7O7tlw4OWyZONWVNGotYdwJimOCKNYGDYJ1EMyIDwdrB6Gbqt5+YNjxWDzBOmC/JQPGIUwJWeryr9EImgJz1S2W36s6Al4mXkzLK0eiXvnphTFPJFFBBjOl6bgJ+RjRwKtik2EsNSwgdkQHrWqqIZMbPZgdP8KlVQhzF2pYCPFN/T2REGjOWge2UBIZm0ZuK/3ndFKJLP+MqSYEpOl8UpQJDjKff45BrRkGMLSFUc3srpkOiCQWbUdGG4C2+vExa51WvVr26r5Xr13kcBXSMTlAFeegC1dEtaqAmokiiZ/SK3hztvDjvzse8dcXJZ47QHzifP/zBj+Y=</latexit>

(1�O(�))

<latexit sha1_base64="flhxjbtQ5dSeXGghZXFoPPyFTj4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahPVgSKai3ohdvVrAf0Iay2UzapZtN3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz87yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEkmhSSMeyY5HFHAmoKmZ5tCJJZDQ49D2Rrczvz0GqVgkHvUkBjckA8ECRok2klt2zu/LPR+4JpVKv1iyq/YceJU4GSmhDI1+8avnRzQJQWjKiVJdx461mxKpGeUwLfQSBTGhIzKArqGChKDcdH70FJ8ZxcdBJE0Jjefq74mUhEpNQs90hkQP1bI3E//zuokOrtyUiTjRIOhiUZBwrCM8SwD7TALVfGIIoZKZWzEdEkmoNjkVTAjO8surpHVRdWrV64daqX6TxZFHJ+gUlZGDLlEd3aEGaiKKntAzekVv1th6sd6tj0VrzspmjtEfWJ8/orqQvQ==</latexit>



Step 1: Construction of effective channel
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• insert ideal decoder/encoder pair separating logical qubit from syndrome
... = identity
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Step 1: Construction of effective channel
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Step 1: Construction of effective channel
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<latexit sha1_base64="WX095FO1jBgE0jlqz81ii+xY3zg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGNA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdw0bCNy775UrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTa7d4JOnNJHsdKupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+DLMmExSSyWZL4pTjqxC0+dRn2lKLB87golm7lZEhlhjYl1EJRdCsPjyMmmeVYPz6tXdeaV2ncdRhCM4hlMI4AJqcAt1aAABDs/wCm/eo/fivXsf89aCl88cwh94nz/9LY/1</latexit>
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<latexit sha1_base64="s4xwY6yZH/NI1jvEV/XSgW6xzHc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisaB/QDiWTZtrQJDMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs389oQqzSL5aKYx9QUeShYygo2V/J7AZqREatSs/9AvV9yqOwdaJV5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSyUWVPvpPPQMnVllgMJI2ScNmqu/N1IstJ6KwE5mIfWyl4n/ed3EhFd+ymScGCrJ4lCYcGQilDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nrourVqtf3tUr9Jq+jCCdwCufgwSXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBVgaSfQ==</latexit>

decoupled from input
correlated across channels

+ id O(�)

<latexit sha1_base64="JKxhPsu39hQzy0NbxggllMGy/Ag=">AAAB8HicbVBNSwMxEM36WetX1aOXYBHqpexKQb0VvXizgv2QdinZbLYNTbJLMiuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxLBDbjut7Oyura+sVnYKm7v7O7tlw4OWyZONWVNGotYdwJimOCKNYGDYJ1EMyIDwdrB6Gbqt5+YNjxWDzBOmC/JQPGIUwJWeryr9EImgJz1S2W36s6Al4mXkzLK0eiXvnphTFPJFFBBjOl6bgJ+RjRwKtik2EsNSwgdkQHrWqqIZMbPZgdP8KlVQhzF2pYCPFN/T2REGjOWge2UBIZm0ZuK/3ndFKJLP+MqSYEpOl8UpQJDjKff45BrRkGMLSFUc3srpkOiCQWbUdGG4C2+vExa51WvVr26r5Xr13kcBXSMTlAFeegC1dEtaqAmokiiZ/SK3hztvDjvzse8dcXJZ47QHzifP/zBj+Y=</latexit>

(1�O(�))
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noise

⇤eff = (1�O(�))⇤⌦ trS +O(�)N

<latexit sha1_base64="g50U/lgXZRy6hj6gJxwMPRQoza8="></latexit>



Step 1: Construction of effective channel
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⇤eff = (1�O(�))⇤⌦ trS +O(�)N

<latexit sha1_base64="g50U/lgXZRy6hj6gJxwMPRQoza8="></latexit>



Step 2: Capacity of effective channel

• Postselection techniqueàtensor product channels suffice

• Use standard random coding for capacity (explicit exp. bounds needed)
• Resulting Holevo capacity is continuous in 𝛿, then regularize
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Threshold theorem for Quantum Communication
(Christandl, Müller-Hermes, 2020)

• There is a threshold s.th. for all

Capacity(   -noise)>Capacity (0-noise]-

• Corollary: positivity and continuity
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�0 > 0

<latexit sha1_base64="l90x7afcm92tgjNAtCnY90r4Lqk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ZMUvXisYD+wDWWzmbRLN5uwOxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777RRWVtfWN4qbpa3tnd298v5B0ySZ5tDgiUx0O2AGpFDQQIES2qkGFgcSWsHwduq3nkAbkagHHKXgx6yvRCQ4Qys9dkOQyHrutdsrV9yqOwNdJl5OKiRHvVf+6oYJz2JQyCUzpuO5KfpjplFwCZNSNzOQMj5kfehYqlgMxh/PLp7QE6uENEq0LYV0pv6eGLPYmFEc2M6Y4cAselPxP6+TYXTlj4VKMwTF54uiTFJM6PR9GgoNHOXIEsa1sLdSPmCacbQhlWwI3uLLy6R5VvXOqxf355XaTR5HkRyRY3JKPHJJauSO1EmDcKLIM3klb45xXpx352PeWnDymUPyB87nD7LNkEk=</latexit>
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<latexit sha1_base64="CXhJkh3Mo0SqDe/aljpwh4+e3NE=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARXJVECuqu6MZlBXuBJoTJ5KQdOpnEmYlQQ/FV3LhQxK3v4c63cXpZaOsPAx//OYdz5g8zzpR2nG9raXlldW29tFHe3Nre2bX39lsqzSWFJk15KjshUcCZgKZmmkMnk0CSkEM7HFyP6+0HkIql4k4PM/AT0hMsZpRoYwX2oRcB1wR7HO7xlAMnsCtO1ZkIL4I7gwqaqRHYX16U0jwBoSknSnVdJ9N+QaRmlMOo7OUKMkIHpAddg4IkoPxicv0InxgnwnEqzRMaT9zfEwVJlBomoelMiO6r+drY/K/WzXV84RdMZLkGQaeL4pxjneJxFDhiEqjmQwOESmZuxbRPJKHaBFY2IbjzX16E1lnVrVUvb2uV+tUsjhI6QsfoFLnoHNXRDWqgJqLoET2jV/RmPVkv1rv1MW1dsmYzB+iPrM8fo+2UuA==</latexit>

�

<latexit sha1_base64="JdWpiSkinIJA41ABS+gQluHyrpo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsNu3azW7YnQil9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSq4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSmKWtSJZTuhMQwwSVrIkfBOqlmJAkFa4ej25nffmLacCUfcJyyICEDyWNOCVqp1YuYQNIvV7yqN4e7SvycVCBHo1/+6kWKZgmTSAUxput7KQYTopFTwaalXmZYSuiIDFjXUkkSZoLJ/Nqpe2aVyI2VtiXRnau/JyYkMWachLYzITg0y95M/M/rZhhfBRMu0wyZpItFcSZcVO7sdTfimlEUY0sI1dze6tIh0YSiDahkQ/CXX14lrYuqX6te39cq9Zs8jiKcwCmcgw+XUIc7aEATKDzCM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZVsjyg=</latexit>

f(�)

<latexit sha1_base64="jf6XHbI73Y7a7Z00fXvedb6JSiI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvZD2qVks9k2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJxrczv/NElWaxfDCThPoCDyWLGMHGSo9RtR9SbvD5oFxxa+4caJV4OalAjuag/NUPY5IKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlRBFsbIlDZqrvycyLLSeiMB2CmxGetmbif95vdREV37GZJIaKsliUZRyZGI0+x6FTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSfui5tVr1/f1SuMmj6MIJ3AKVfDgEhpwB01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzByBkj/0=</latexit>



Summary
• New paradigm of fault-tolerant 

quantum communication
• Fault-tolerant capacity defined
• Positivity and continuity established
• Also for quantum capacity

• Relevance for quantum communication
• Theoretical: establishes that standard quantum Shannon theory is 

appropriate model
• Experimental: gives explicit constructions

• Broader relevance in quantum computing
• Several small quantum computers 

connected by noisy communication lines
• e.g. superconducting qubits (since they are large)
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Channel
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