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From sequences to phylogenetic trees

SART

aligned sequences Idea: similar sequences
; i - ] are closely related

-ATTAAAGGTTTATACCTTCCCAGETAACAAACCAACCAACTTTCEGATCTCTTETAGATCTET]
~ATTAAAGEGTTTATACCTTCCCAGEGTAACAAACCAACCAACTTTCEGATCTCTTETAGATCTET]
~ATTAAAGCGTTTATACCTTCCCAGEGTAACAAACCAACCAACTTTCGATCTCTTEGTAGATCTET]
-ATTAAAGGTTTATACCTTCCCAGGTAACAAACCAACCAACTTTCEGATCTCTTETAGATCTET]
-ATTAAAGGTTTATACCTTCCCAGGTAACAAACCAACCAACTTTCGATCTCTTGTAGATCTET]
-ATTAAAGGTTTATACCTTCCCAGETAACAAACCAACCAACT TTCEGATCTCTTETAGATCTET]

2L distance matrix FENES
distance measure M; ; =d(i,] 'r

e.g. Hamming distance
= # of differences

Build tree by
clustering
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Information Theory

* Abstract concept of information 0100101
* Independent of physical implementation 1001011

* Claim: all information can be abstracted this way

— information theory



n channel uses

Communication -

— BN Channel

amd Channel Eame

m input bits = . Encoder Decoder

S

Output

=4 Channel =

lim lim sup {@ : Prob(input # output) < e}
n

e—0n—oo

* Capacity

1(X:Y) bits/channel

\ H(X)+H(Y)-H(XY) €= Shannon entropy



Quantum Information Theory

* Abstract concept of quantum information |0100101>
* Independent of physical implementation  +/1001011>
0
|0) = eo = ( (1) ) 8
) 000 =coeoea=( 1 Joo () (] )= §
|1>:€1:<O> 8 m————— i

 Claim: all (quantum) information can be abstracted this way

— quantum information theory



n channel uses

Quantum Communication / now quantum!
now quantum! TT————, / /

m input bits =

still classical

* Capacity

S

e Channel

Input
-

Input —

Encoder . Decoder

\

still classical

=4 Channel =

lim lim sup {@ . Prob(input # output) < e}
n

e—0n—oo

1(X:Y) bits/channel (+regularization)

\ H(X)+H(Y)-H(XY) €= von Neumann entropy



Observation

* Assumption of noiseless encoder/decoder unrealistic

\ Channel
\ mmd Channel

Encoder

—>

BN o [N

* Entirely new problems appear
* |s quantum communication possible at all?
* |s capacity formula continuous? § — ()

N

gate error rate



Fault-tolerant quantum computing

* Has existed since the 90s, highly developed field
* Isn’t the problem already solved?

—
EZZN BN
0 mmd Channel e \ _>
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Encoded
Encoded EOBE

Decoder
] encoder
computation

X

N o B
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T classical ‘

classical i
classical quantum quantum

* No, since output of encoder in communication case is not classical



The Plan

 Error Correction

* Fault-tolerant guantum computing
* Setup
e Threshold theorem

* Fault-tolerant qguantum communication
* Definition
* Main result: threshold theorem

* Proof

» Step 1: Reducing to effective channel
e Step 2: Capacity of effective channel



Error correction

Error correction (repetition code)
« 0->(encoding) 000 = (1 error) 010 = (decoding) 0 ¥/

* 1->(encoding) 111 - (1 error) 101 - (decoding) 1 :8;

Quantum error correction (Shor code, from Wiki)

0)

1 0)

0g) = ﬁ(\000) + 111)) ® (]000) + |111)) ® (]000) + [111)) :0;
0

1) = L(|000> —[111)) ® (|000) — [111)) ® (|000) — [111)) o)
242 >

|0

What if gates in encoding or decoding have error?
* Error could spread
* Error correction could fail

Cannot protect an unprotected qubit!
At the last step, the noise might hit

1 error
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Fault-tolerant quantum computing

special construction
errors do not spread, error correction corrects more errors than it introduces

—

X

encoded circuit m

input S TS
‘ errors %

classical i.i.d. Paulierrors § >0

assumed to be stable or already in error correcting code )
p—(1—=98)p+ g(dxpO'X +oypoy + ozpoy)



Gadgets

* pick a universal gate set (X, Y, Z, T, CNOT, id, prepare O, 1, partial trace)

S LIS &

‘m
* every gate will be replaced by a gadget —jlll—~ — 3.3

— e
—p — > - E— Y M — >
—’.—' . 9 .—> here for the 7-qubit Steane code

* l ::.—> . (includes error correction)
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Encoding

_’ 1

* 7 qubit Steane code — % = 02) = —=(]0000000) + [101010101) + |0110011) + |1100110)

8
+(0001111) +]1011010) 4 |0111100) 4 |1101001))

}
=

* Gates and gadgets
Aliferis, Gottesman, Preskill

~il- -

in the case of transversal gates

* Concatenation

the encoding gets better
in every level
(doubly exponentially)



(o
)

Decoding &

* Error correction and decoding

 Concatenation
the total amount of error

= const™ gate error
(Mazurek et al., 2014)




Threshold theorem for Quantum Computation
(Aliferis, Gottesman, Preskill, 2006)

* Thereis a threshold d9 > 0 s.th. forall § < ¢y and all circuits and inputs

2k
Prob[Output(k-level, d -noise)zOutput (0-level, 0-noise]<O(#gates) (g)
0




Fa u |t‘t0|era nt Cd paCIty (Christandl, Miller-Hermes, 2020)

noise is not allowed to decrease with growing n

Capacity(0-noise) Capacity(o -noise)
= lim lim sup {@ : Prob(input # output) < e} = lim lim sup {T : Prob(input # output) < e}
e—0n—o0 n e—0n—o0 n

/)ver encoders-decoder pairs with m input bits \
over fault-tolerant codes

number of channel uses & encoders-decoder pairs with m input bits



Threshold theorem for Quantum Communication

(Christandl, Mller-Hermes, 2020) F(6) =0, as § — 0
can depend on channel
* There is a threshold §, > 0 s.th. forall § < /

Capacity(§-noise)>Capacity (0-noise]- f(9)

level can depend on n



effective channel
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* Step 2:
Effective channel

has similar capacity as -




Step 1: Single decoder

noise

the total amount of error
= O(gate error)
(Mazurek et al., 2014)



Step 1: Several decoders

* Noise across channels can be correlated

noise

noise




Step 1: Construction of effective channel

* insert ideal decoder/encoder pair separating logical qubit from syndrome




Step 1: Construction of effective channel




Step 1: Construction of effective channel




Step 1: Construction of effective channel




Step 1: Construction of effective channel

QW oJpuAs Jouud 9WOJpUAS J0JID

perfect decoder
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error syndrome

error syndrome

1 |
Y
O'S/ (1-— O(é))F + O(6)| noise tI'S/v

decoupled from input \ )
correlated across channels Aesr = (1 — O(0)A @ trg + O()N
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Step 1: Construction of effective channel

(i - L
()

Aer=(1—0(0)A @ trs + O(8)N

J19podoua 12344ad

error syndrome




Step 2: Capacity of effective channel

* Postselection technique—2>tensor product channels suffice
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* Use standard random coding for capacity (explicit exp. bounds needed)
 Resulting Holevo capacity is continuous in 6, then regularize



Threshold theorem for Quantum Communication
(Christandl, Muller-Hermes, 2020)

* There is a threshold §, > 0 s.th. forall § < ¢

Capacity(§-noise)>Capacity (0-noise]- f(9)

* Corollary: positivity and continuity



S u m m a ry X e Channel

\ md Channel Eme

* New paradigm of fault-tolerant
guantum communication
* Fault-tolerant capacity defined
 Positivity and continuity established
e Also for qguantum capacity

* Relevance for guantum communication

* Theoretical: establishes that standard quantum Shannon theory is
appropriate model

* Experimental: gives explicit constructions

* Broader relevance in guantum computing

e Several small quantum computers
connected by noisy communication lines

e e.g. superconducting qubits (since they are large)







