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Subsector : Nc M inclusion of I
,
factors

• Me BCH ) von Neumann algebra (A - subalgebra
,

IEM
,
closed in top .

of ptwise con v
.
on vectors )

• M is a factor if 2- CM ) = GI .

• A factor M is of type II, if dim tea and
if M has a toacial state tr : M-i .

• M is hyperfinite if there are fin .

dim
.
A - subalg .

Ans Aut , with Etty
w

= M
.

Construction :

An - Mulk ) ax→ (
'

8% ) c- Man.fi/=Au+ ,



A = Um,Maki )
" "

CE algebra with trace tr (normalized

( HH - trash ) , 11×42 = trunk ×
,
yemaah" trace )

H = II
" "'

,
IA nu H left multiplication

R -- A'WEBCHI hyperfinite I, factor
• tr extends to R

,
2- ( 127=6

,
tr (all projections) = TO , D
continuous dimension

• Murray - VN ( 1943 ) :There is a unique hyper knife I , factor.
• Ma I , factor , they R ↳ M ( R is the smallest it )

.



Connes (Mtb ) :
NER subsector (dim N -a)

,
then NER

.

G amenable ICC group ,
the 9

, then LC G) ER .

Jones ( 1983 ) : Position of N in R
,
ie

.
NER up to isom .

Invariants ? H - TT
" "2 =: ECR)

.

N-Rbi module :

n EN , MER , n . F . m = UTM
,

Is KCR) dense

S = CRIP standard up . of NER

S is irreducible iff Nh R - G (we say NER
is irreducible )



Coupling constant measures size of ECR) as left IN- mod :
left k

k CR ) E ¥
,

kN) ⑦ Gasp pen a prog:
µ - module

Jones index : ER : N] = kttrfp) e tha]

( tr : N) a- 14am
' In 237054,03

,
Jones '

rigidity theorem)

We assume ER : N] < • .

1983

S := NECK) r standard rep .

g- REN#CR)
µ

contra-gredieat rep .



Proceed
'

a la H
. Weyl :

(5%5)×0
"
Ak decompose , irred . N-N bimodules

§④µs)⑦
"

Kk decompose > ironed . R-R bimodules CA)

irred . N-R
,
R-N bim

.

Standard invariant :

Homa .nl#sT9I*idHom,u.pCsxosTexos)

snail.io:: :*.si#si*iatit::ieosieB
( planar algebra , t- lattice , rigid A- tensor cat . / fusion cat . , . . -f



Gwen consists of a double - sequence of multi-matrix

algebras t orthogonality (commuting squares ) .
Fusion graphs
id -- Kaul A

r
*www.imdm?ii::i:.mr....:*....ar• • R-N

B C

A④ s
'E" Btc

• ④ 5

(Mir ' ) bipartite ,
connected

, possibly infinite graphs
+ standard eigenvectors (e.g .

PF - e. u
.

)



Example : r =P
'
= Ha * • • • • . .

- - . 11%1174
.

Standard invariant consists of Temperley- Lieb- Jones
algebras with parameter f- ER :NYK ( minimal or

Popa ( 1990 's) : Amenability of Nap .

" trivial
"

)

r is amenable if 11 rlf= ER : N] f- Hr 'll
'

)
.

Theorem (Popa , 1994) : GN is a complete
invariant for NCR with r amenable .

Thus
,
NER with ER : N] > 4 and The f- Aa) standard

invariant is non - amenable .



Finite depth sub factors (⇐ r finite graph ) are amenable.
Classification led to many

"exotic "
'

fusion categories
(Haagenep 5th , EH ,

. . - n
. )

. Up to hide 5.25
, countably

many finite depth sub factors
,
and the only stand .

inv .
with infinite graphs are Aa ,

Da (Aaa ) and :
Thur (B. Bones) : There are non-amenable

,
irreducible

sub factors with wide 3T A G- 5.23606. . .) and fusion graphs

• of of ⑧ OF
@ of • . . . •¥5009 • •• • . . .

.

↳
Too
ago g.

• - r -

(Gaza ofa
,

exist as hyperfinite saber. )



Some open problems
1) • Which stand . inv ./planar a Ig . arise from hyperf. subf ?
•What is ICRI =3 ER : NJ / NER imed

. salt . 3 (Jones )

2) Given NER with A - stand
.
niv

.
and ER : N) 74

,
is

there QER with Sameastand
.

inv
.

,
but (NER) ¥ (QE R ) ?

( compare Ocneauu, Jones result on group actions )

3) How many hyper finite sub f. are there with Gaza%
,stand . win

.

(wide 3 th ) ? Many ?

We need to look for in variants beyond giver .

We need to construct Ca depth ) hyperLuik sub factors .



Constructions (of imed . hyperfinite sub factors)

• Use group actions, group reps , quantum groups ed.
Bisch- Haagcreep sub factors : RH E Rok
( H , K finite groups with outer actions on R )

Th m (B-Haagenep , 1996) : let G=L It , K> s outR=Ahtt¥fR .

1) R 't E Ry K is irreducible ⇐ Hnk -- le } in OutR

2) RH e Rxk has infinite depth⇒ IGI = a
.

3) RH e Rak is amenable ⇐ G is amenable
.



• Commuting squares
H

Bo C B
,
tr normal faithful trace (weight vector )

K U G UL Ai , Bi multi- matrox algebras
Ao ' A , It is a commuting square if

Afn A ,
t Afn Bo in B

,
w.r.to Gly) -- tryna)

(⇐ EpoEaf Ea
.

⇐ Ea
, EBFEA.EE#,CBo)sAoete . )

Natural structure : Ac Bc CCD fui.VN alg . ,
tr n . f. trace out,

then Akc e A' ND
u , ul is a commuting square.
B

'

n C e B'ND



E. g : Ubu't c Ma
q

.
.

tr -- matrix truce
,
ne Ulu )

u v It is a commuting square
① C LI •

-

⑧ -
- •

Ig
.

iff luigi - try Kissin
.

is

complex Hadamard matrix
L

¥÷¥÷:*::* : :÷÷:÷÷:
471

GH -- KL tree

HE - Gtk
t Markovmy ACB limed . hyperfine't subs.

+easy condit . 17¥
.
,

with EB :A 3=114112--11.1111 ?



Note : K , H finite graphs me index is an algebraic integer.
Smallest known (Oc

,

H -s) : EB : AT = 11 Fo If= 4.026 . . .

Bisch (1994) : There is an i med . hyperfinite subfactor
with index 4.5.

ZG l G
Built from a c. s

. g Buu c that *T#• . . . .

Hot Ai

By classification , it has Aa
- standard in variant

.

Rem : Interesting fnihnite) c. s . have been constructed.

"
Bare hand constructions "



How noncommutative can a subfactor be ?

No M CER)
, commutativity of M relative toN

Def: Nc M has property (r ) if there are nontrivial central
sequences for M in N ,

ie
.

F Gen ) e l%V, N) with
H Kuy - yxnllz -30 ,

in→ so
, Hye M and nif Il Xu- tr Gen) - 11170

.

Central sequence algebras : w a free ultrafilter on IN
(we PIN 1 IN )

,
let

Iw =L CHERNIN , M ) I uhejmwllxu 112=07 , Mw = 1744M¥
.

Mw is a UN algebra with trace theGail = nhsinw#Ga ) .



Prop .

: NCM has ( r ) ⇐ Mln Note
.

In this case
,

Mln Nw contains a diffuse ,
abelian subalg .

Def : Nom in McDuff (or stable ) if CNCM ) ⇐ ④cm)① R .

Thur (B
. ,
1990 ) : Nc M is McDuff⇒ M 's NW is non- abel .

.

Degrees of non-Commat . for NCM :

• Mln Nw -G Nc M
• Mln Nw abelian

,
diffuse more

• N'aww non - glee . , he,uceI, ✓Nag .

commutative

factor non - factor V



Examples : so NCM fin
. depth or (strongly amen .)

,

then Mh N " is a I, factor.

• Nc R constructed from commuting squares are
McDuff ( the sequences Cei ) is ,

and Clot , ) iz , are

nontrivial ,
central seam . for M

,
contained in N )

,

m>
"
very commutative

" lined
.) hyperknife
subfactors

Nou- commutative examples ?



Note : If Nc M satisfies M '
n Nhk G

,
then N⑤ Re Ma R

has the same stand .
im v.

,
but big relative

central seam . algebra (hence ¥ (Nc M ) ) by my thin .

Thm (B.
) : Let G- CHIK) , Hi k fin . groups, GER

outer action
.

Then

1) RHc Rok has prop . (r ) iff R c R x. G has prep .CM .

2) Htc Rx K has McDuff ift Re Ry G has McDuff.

This allows us to construct many
"

non - commutative "

erred .
, hy perf. sub factors .



• By D
,
it suffices to look for GER s th

.

REG does not have property Cr) .

• Lots of examples : strongly ergodic actions of
non

.

- inner - amenable groups on R

• Concrete examples Chide 6 ) : G =L 2h , 2137 ,
G property CT ) leg .

G - SL Curd
,
he 29 ) ,

@ = Bernoulli shift on R
.

Then Ry G does not

have property (r ) Khoda ) , hence R " c Rats are

very non - commutative (do not have prop .
Al )

.

They cannot be constructed from a

commuting square !


