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Discrete 2D Laplacian

H : (?(2%) — (3(Z?)

(Hw)m,n = wm—l,n + me—i—l,n + Tpm,n—l + wm,n—i—l
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Discrete 2D Laplacian

H : (?(2%) — (3(Z?)

(Hw)m,n = wm—l,n + me—i—l,n + Tpm,n—l + wm,n—i—l

Tight-binding model of an electron in a 2D crystal.
Spectrum: o = [—4,4].
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Discrete 2D Laplacian

H : (?(2%) — (3(Z?)

(Hw)m,n = wm—l,n + me—i—l,n + Tpm,n—l + wm,n—i—l

is unitarily equivalent (Fourier transform) to Hacosx42cosy ON L?(T?), so
o(H) =[-4,4].
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Adding a magnetic field
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Choice of gauge

Am,n + Bm—i—l,n
- Am,n+1 - Bm7n = 27a,

here 27 is the total flux
through each cell.
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Am,n + Bm—i—l,n
- Am,n+1 - Bm7n = 27a,

here 27 is the total flux
through each cell.

Standard Landau gauge:

Amn =
Bm,n = 2mrma
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Adding a magnetic field
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Choice of gauge

Am,n + Bm—i—l,n
- Am,n+1 - Bm7n = 27a,

here 27 is the total flux
through each cell.

Standard Landau gauge:

Amn=0
Bm,n = 2mrma

(H(a)w)m,n = wm—l,n + wm—&—l,n + e_271-1.0lm¢m,n—1 + ezﬂiam¢m,n+1
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Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

ot

=

(H(a)¢)m,n = wmfl,n + 1/}m+1,n + e_iamwm,nfl + eiam¢m,n+1
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

ot

=

(H(a)¢)m,n = wmfl,n + ¢m+1,n + e_iamwm,nfl + eiam¢m,n+1

Spectrum: a =0 — 0 = [—4,4].
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

ot

=

(H(a)¢)m,n = wmfl,n + ¢m+1,n + e_iamwm,nfl + eiam¢m,n+1

Spectrum: a =0 — 0 = [—4,4].

a > 07
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Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

o

=4

(H(a)¢)m,n = wmfl,n + ¢m+1,n + e_iamd}m,nfl + eiam¢m,n+1
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

o

=4

(H(a)¢)m,n = T,bmfl,n + ¢m+1,n + e_iamd}m,nfl + eiam¢m,n+1

@ First introduced by R. Peierls in 1933
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

o

=4

(H(a)¢)m,n = T,bmfl,n + ¢m+1,n + e_iamd}m,nfl + eiam¢m,n+1

@ First introduced by R. Peierls in 1933
e Further studied by a Ph.D. student of Peierls, P.G. Harper (1955)
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

o

=4

(H(a)¢)m,n = wmfl,n + ¢m+1,n + e_iamd}m,nfl + eiam¢m,n+1

@ First introduced by R. Peierls in 1933
e Further studied by a Ph.D. student of Peierls, P.G. Harper (1955)
@ Is called the Harper's model
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields
(H(a)¢)m,n = wmfl,n + ¢m+1,n + e_iamwm,nfl + eiamwm,n+1

First introduced by R. Peierls in 1933
Further studied by a Ph.D. student of Peierls, P.G. Harper (1955)

Is called the Harper's model

Anisotropic lattice:
(H(G{, A)";Z))m,n = ¢mfl,n + ¢m+1,n + Ae_iamq/)m,nfl + )\eiamd)m,nJrl

@ « is a dimensionless parameter equal to the ratio of flux through a
lattice cell to one flux quantum.
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Prizes

@ Anderson localization (Nobel, 1977)
o Integer Quantum Hall Effect (Nobel, 1998)
@ Graphene (Nobel, 2010)
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Prizes

Anderson localization (Nobel, 1977)
Integer Quantum Hall Effect (Nobel, 1998)
Graphene (Nobel, 2010)

Fields medal 2014

Topological insulators (Nobel, 2016)

Heineman prize 2020
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Thouless theory of IQHE illustrated

Avron-Osadchy
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Aubry-Andre model aka the almost Mathieu operator

(H(a)¢)m,n = wmfl,n + ¢m+1,n + )\e—2ﬂ'iam¢m7n71 + )\e2ﬂ—iam¢m,n+1

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, Picture Language Seminar, June 1, 2021



Aubry-Andre model aka the almost Mathieu operator

(H(a)¢)m,n = wmfl,n + ¢m+1,n + )\e—27riam¢m7n71 + )\e27riam¢m7n+1

With a choice of Landau gauge effectively reduces to

(HaoV)n = Vny1 4+ Vo1 + 22X cos 27(0 + na) W,
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Metal-insulator transition

For E in the spectrum
e Coupling A\ > 1 (supercritical)
a.e. pure point spectrum (SJ 99)

@ Coupling A < 1 (subcritical) no point spectrum for all («, #) (Delyon
87) (in fact, pure ac spectrum, SJ 99,Avila-SJ 09, Avila 10)

e Coupling A =1 (critical) - boundary of both regions.
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Are there eigenfunctions for the critical almost Mathieu?
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Are there eigenfunctions for the critical almost Mathieu?

Past results:

@ Delyon 87: no ¢! eigenfunctions
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Are there eigenfunctions for the critical almost Mathieu?

Past results:
@ Delyon 87: no ¢! eigenfunctions

e Gordon-J-Last-Simon 97: no eigenfunctions for a.e. 6 (has a gap,
found by Christoph Marx)
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Are there eigenfunctions for the critical almost Mathieu?

Past results:
@ Delyon 87: no ¢! eigenfunctions
e Gordon-J-Last-Simon 97: no eigenfunctions for a.e. 6 (has a gap,

found by Christoph Marx)
@ Avila 08 (incorporated in Avila-J-Marx 17): no eigenfunctions for

0:20+ ka ¢ 7.
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Are there eigenfunctions for the critical almost Mathieu?

Past results:
@ Delyon 87: no ¢! eigenfunctions
e Gordon-J-Last-Simon 97: no eigenfunctions for a.e. 6 (has a gap,
found by Christoph Marx)
@ Avila 08 (incorporated in Avila-J-Marx 17): no eigenfunctions for
0:20+ ka ¢ Z.
Extended Harpers model (EHM): in the critical regime there are
eigenfunctions for 6 : 20 + ka € Z!
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Are there eigenfunctions for the critical almost Mathieu?

Past results:
@ Delyon 87: no ¢! eigenfunctions
e Gordon-J-Last-Simon 97: no eigenfunctions for a.e. 6 (has a gap,
found by Christoph Marx)
@ Avila 08 (incorporated in Avila-J-Marx 17): no eigenfunctions for
0:20+ ka ¢ Z.
Extended Harpers model (EHM): in the critical regime there are

eigenfunctions for 6 : 20 + ka € Z!
Rui Han 18: for EHM no eigenfunctions if and only if 6 : 20 + ka ¢ Z.
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Are there eigenfunctions for the critical almost Mathieu?

Past results:
@ Delyon 87: no ¢! eigenfunctions
e Gordon-J-Last-Simon 97: no eigenfunctions for a.e. 6 (has a gap,
found by Christoph Marx)
@ Avila 08 (incorporated in Avila-J-Marx 17): no eigenfunctions for
0:20+ ka ¢ Z.
Extended Harpers model (EHM): in the critical regime there are

eigenfunctions for 6 : 20 + ka € Z!
Rui Han 18: for EHM no eigenfunctions if and only if 6 : 20 + ka ¢ Z.

Theorem (J, 2021)
No!
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Are there eigenfunctions for the critical almost Mathieu?

On point spectrum of critical almost Mathieu
operators

S. Jitomirskaya'
Abstract. There isn’t any.

1. INTRODUCTION
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o4| = 0.
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o4| = 0.
Last 94 a.e. «,
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o4| = 0.
Last 94 a.e. «,

Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) a.

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, Picture Language Seminar, June 1, 2021



Dimension of the spectrum for the critical case: Thouless’

conjecture

David Thouless (1934-2019)

Thouless ( 1983): For irrational « the dimension of the spectrum of H(«)
is equal to 1/2.
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Dimension of the spectrum for the critical case: Thouless’

conjecture

Thouless ( 1983): For irrational «, dimo(H(«)) = 1/2.
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Dimension of the spectrum for the critical case: Thouless’

conjecture

Thouless ( 1983): For irrational «, dimo(H(«)) = 1/2.
Not true:
@ numerics by Wilkinson-Austin: box-counting dim bounded by 0.48 for
the golden mean;
@ J-Shiwen Zhang: box counting equal to one for a with 5(a) > 0
where () := limsup,_, - —Ingiz“.
@ Avila-Last-Shamis-Zhou: Hausdorff equal to zero for o with 5(a) > 0
(previously Last-Shamis for very Liouville)

@ Helffer, Liu, Qu, Zhou: Hausdorff positive for certain «
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Dimension of the spectrum for the critical case: Thouless’

conjecture

Thouless ( 1983): For irrational «, dimo(H(«)) = 1/2.
Not true:

@ numerics by Wilkinson-Austin: box-counting dim bounded by 0.48 for
the golden mean;

@ J-Shiwen Zhang: box counting equal to one for a with 5(a) > 0

where (@) := limsup,_, flngizﬂ_

@ Avila-Last-Shamis-Zhou: Hausdorff equal to zero for a with S(«) > 0
(previously Last-Shamis for very Liouville)

@ Helffer, Liu, Qu, Zhou: Hausdorff positive for certain «

All results for measure zero sets of a!
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Dimension of the spectrum for the critical case: Thouless’

conjecture

Thouless ( 1983): For irrational «, dimo(H(«)) = 1/2.
Not true:

@ numerics by Wilkinson-Austin: box-counting dim bounded by 0.48 for
the golden mean;

@ J-Shiwen Zhang: box counting equal to one for a with 5(a) > 0

where (@) := limsup,_, flngizﬂ_

@ Avila-Last-Shamis-Zhou: Hausdorff equal to zero for a with S(«) > 0
(previously Last-Shamis for very Liouville)

@ Helffer, Liu, Qu, Zhou: Hausdorff positive for certain «

All results for measure zero sets of a!
Barry Simon's new list of hard unsolved problems (March 2019)
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1/2 of the Thouless' conjecture

Theorem (SJ- , preprint)

For any irrational ¢, dimpy(o(H,)) < 1/2.

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, Picture Language Seminar, June 1, 2021



(HoxV)n = Vi1 + Vo1 + 2\ cos 2m(x + na)V,

For u € (?(Z), set i(x) = 3 ™™y, the Fourier transform of u. If u
solves Hy gu = Eu, then v} := €™ (x + na) solves

Ho xv* = EV* (1)

for a.e. x.
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duality

(HoxV)n = Vi1 + Vo1 + 2\ cos 2m(x + na)V,

For u € (?(Z), set i(x) = 3 ™™y, the Fourier transform of u. If u
solves Hy gu = Eu, then v} := €™ (x + na) solves

Ho xv* = EV* (1)

for a.e. x.
Delyon: no ¢! solutions of H, gu = Eu, for otherwise (??) would hold also

for x = 6.
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duality

(HoxV)n = Vi1 + Vo1 + 2\ cos 2m(x + na)V,
For u € (?(Z), set i(x) = 3 ™™y, the Fourier transform of u. If u
solves Hy gu = Eu, then v} := €™ (x + na) solves

Ho xv* = EV* (1)

for a.e. x.

Delyon: no ¢! solutions of H, gu = Eu, for otherwise (??) would hold also
for x = 6.

Dynamical formulation: if v\ solves H, xv = Ev, then so does V.
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Aubry duality

(HoxV)n = Vi1 + Vo1 + 2\ cos 2m(x + na)V,

For u € (?(Z), set i(x) = 3 ™™y, the Fourier transform of u. If u
solves Hy gu = Eu, then v} := €™ (x + na) solves

Ho xv* = EV* (1)

for a.e. x.

Delyon: no ¢! solutions of H, gu = Eu, for otherwise (??) would hold also
for x = 6.

Dynamical formulation: if v\ solves H, xv = Ev, then so does V.
L2-reducibility of the transfer-matrix cocycles to the rotation by 6, given
independence of v and v.
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Aubry duality

(HoxV)n = Vi1 + Vo1 + 2\ cos 2m(x + na)V,

For u € (?(Z), set i(x) = 3 ™™y, the Fourier transform of u. If u
solves Hy gu = Eu, then v} := €™ (x + na) solves

Ho xv* = EV* (1)

for a.e. x.

Delyon: no ¢! solutions of H, gu = Eu, for otherwise (??) would hold also
for x = 6.

Dynamical formulation: if v\ solves H, xv = Ev, then so does V.
L2-reducibility of the transfer-matrix cocycles to the rotation by 6, given
independence of v and v.

v and v linearly dependent if and only if 20 + ka € Z.
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Aubry duality

(HoxV)n = Vi1 + Vo1 + 2\ cos 2m(x + na)V,

For u € (?(Z), set i(x) = 3 ™™y, the Fourier transform of u. If u
solves Hy gu = Eu, then v} := €™ (x + na) solves

Ho xv* = EV* (1)

for a.e. x.

Delyon: no ¢! solutions of H, gu = Eu, for otherwise (??) would hold also
for x = 6.

Dynamical formulation: if v\ solves H, xv = Ev, then so does V.
L2-reducibility of the transfer-matrix cocycles to the rotation by 6, given
independence of v and v.

v and v linearly dependent if and only if 20 + ka € Z.

Hopelessly breaks down for 20 + ka € Z.
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New transform

Given u € (%(Z), set

u(x) = Z U™ N(0+na=2x) (2)
n=—o0
and, for a.e. x, ) _30
U = u(x 4 na)e™nx+=7) (3)
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New transform

Given u € (%(Z), set

u(x) = Z U™ N(0+na=2x) (2)
n=—o0
and, for a.e. x, ) _30
u = u(x + na)e”’"(XJ“T) (3)

Set HX : R” — R% x € R/2Z, by

(HXv)n =2cosm(x + na)vp—1 +2cosm(x + (n + 1)a)vpt1 (4)

If u € (?(Z) solves H, gu = Eu, then u* € RZ is a formal solution of

for a.e. x.
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Let u € (?(Z), |lull2 = 1 solve Hygu = Eu. Then, for a.e. x,

NX+6FTQ X

N v = Eu* (6)
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Let u € (?(Z), |lull2 = 1 solve Hygu = Eu. Then, for a.e. x,

NX+6FTQ X

N v = Eu* (6)

~ f—c
7 v = Ew (7)
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Let u € (?(Z), |lull2 = 1 solve Hygu = Eu. Then, for a.e. x,

~ f—a

N = Eu (6)
~X+9—70<_X —x

Hy, % u“=Eu (7)

The Wronskian of u* and #* is constant in n.

cos(x + na)S(u(x + na)i(x 4 (n — 1)a)e™xFnatia@0)y — ¢(x) (8)

for some ¢(x), all n and a.e. x.
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Let u € (?(Z), |lull2 = 1 solve Hygu = Eu. Then, for a.e. x,

~ f—a

N = Eu (6)
~X+9—70<_X —x

Hy, % u“=Eu (7)

The Wronskian of u* and #* is constant in n.

cos(x + na)S(u(x + na)i(x 4 (n — 1)a)e™xFnatia@0)y — ¢(x) (8)

for some ¢(x), all n and a.e. x.
Thus for a.e. x

cos mx(u(x)T(x — a)e™> TR0 _ y(x — a)u(x)e ¥ R0y = ¢ (9)
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cos x(u(x)h(x — a)e™*Fa@d) _y(x — a)u(x)e ™ R0y = ¢ (10)
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cos x(u(x)h(x — a)e™*Fa@d) _y(x — a)u(x)e ™ R0y = ¢ (10)

But u(x)i(x — a)e™*+a(e0) ¢ |1
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cos x(u(x)h(x — a)e™*Fa@d) _y(x — a)u(x)e ™ R0y = ¢ (10)
But u(x)i(x — a)e™+a(@9) ¢ |1 thus ¢ = 0, so

D) —u(x — a)u(x)e @D =0 (11)

u(x)o(x — «)

for a.e. x.
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cos x(u(x)h(x — a)e™*Fa@d) _y(x — a)u(x)e ™ R0y = ¢ (10)
But u(x)i(x — a)e™+a(@9) ¢ |1 thus ¢ = 0, so

D) —u(x — a)u(x)e @D =0 (11)

u(x)o(x — «)

for a.e. x.

For a.e. x, we have u(x) # 0.
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cos x(u(x)h(x — a)e™*Fa@d) _y(x — a)u(x)e ™ R0y = ¢ (10)
But u(x)i(x — a)e™+a(@9) ¢ |1 thus ¢ = 0, so
u(x)a(x — a)e™F2(0) _ y(x — a)u(x)e ™0 =0 (11)

for a.e. x.

For a.e. x, we have u(x) # 0.

Set ¢(x) on on R/2Z by

x) = Meﬂieria(a,G)
B(x) : i00) (12)

Then, |¢(x)| =1 and for a.e. x,
9(x) = ¢(x — a)e 2T, (13)

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, Picture Language Seminar, June 1, 2021



cos x(u(x)h(x — a)e™*Fa@d) _y(x — a)u(x)e ™ R0y = ¢ (10)
But u(x)i(x — a)e™+a(@9) ¢ |1 thus ¢ = 0, so
u(x)a(x — a)e™F2(0) _ y(x — a)u(x)e ™0 =0 (11)

for a.e. x.

For a.e. x, we have u(x) # 0. \

Set ¢(x) on on R/2Z by

x) = Meﬂieria(a,G)
B(x) : i00) (12)

Then, |¢(x)| =1 and for a.e. x,
9(x) = ¢(x — a)e 2T, (13)

So if p(x) = 102 ake™™ ™ we have |ax 2| = |ax|, a contradiction.. [
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The Harper's model

The tight-binding model of 2D Bloch electrons in magnetic fields

ot

=
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Standard Landau gauge

* ¢ ¢ ® * Choice of gauge

A Am,n + Bm+1,n
® ® ® o * — Amnt1 — Bmn = 27a,

Bm,n .
1 Amn |1 here 2o is the total flux

¢ \g ® ¢ through each cell.

m, n)

\ Standard Landau gauge:
® ® ' ® ®

{Am,n =

o o o o ® Bm.n = 2mrma
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Standard Landau gauge

* ¢ ¢ ® * Choice of gauge

A Am,n + Bm+1,n
® ® ® o * — Amnt1 — Bmn = 27a,

Bm,n .
1 Amn |1 here 2o is the total flux

¢ \g ® ¢ through each cell.

m, n)

\ Standard Landau gauge:
® ® ' ® ®

{Am,n =

o o o o ® Bm.n = 2mrma
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Chiral gauge

Choice of gauge

C.m,n + Dm—i—l,n
- Cm,n+1 - Dm7n =21 - 2a,

here 41 is the total flux
through each doubled cell.
Chiral gauge:

Cmn=0

Dmpn = 4mma
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Chiral gauge

Choice of gauge

C.m,n + Dm—i—l,n
- Cm,n+1 - Dm7n =21 - 2a,

here 41 is the total flux
through each doubled cell.
Chiral gauge:

Cm,n =0

Dmpn = 4mma

(HXv)y = 2cos m(x 4 na)v,_1 + 2 cosm(x + (n+ 1)a)vps1
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o,| = 0.
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o,| = 0.
Last 94 a.e. a,
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o,| = 0.
Last 94 a.e. a,

Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) «a.
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational «, |o,| = 0.
Last 94 a.e. a,

Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) «a.
Theorem (J- , preprint)

AA holds for all irrational o

almost immediate from the transform.
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Hausdorff dimension

Thouless' argument:

[o}

o [0(Hp/q)l = <
e If 0(H,) is “economically covered” by o(H,, /4.) and if all bands are
of about the same size, the dimension is bounded by 1/2.

“economically covered” = continuity of spectra.
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Hausdorff dimension

Thouless' argument:

[o}

o [0(Hp/q)l = <
e If 0(H,) is “economically covered” by o(H,, /4.) and if all bands are
of about the same size, the dimension is bounded by 1/2.

“economically covered” = continuity of spectra.
Holder-1/2 continuity (Avron-van Mouche-Simon, 1991)

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, Picture Language Seminar, June 1, 2021



Hausdorff dimension

Thouless' argument:

o [0(Hp/q)l = <

e If 0(H,) is “economically covered” by o(H,, /4.) and if all bands are
of about the same size, the dimension is bounded by 1/2.
“economically covered” = continuity of spectra.
Holder-1/2 continuity (Avron-van Mouche-Simon, 1991)
All bands are not! of the same size: semi-classical analysis
Hellffer-Sjostrand, 1988-90, Krasovsky 2016
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Hausdorff dimension

Thouless' argument:

<

o |o(Hp/q)l = q
e If 0(H,) is “economically covered” by o(H,, /4.) and if all bands are
of about the same size, the dimension is bounded by 1/2.
“economically covered” = continuity of spectra.
Holder-1/2 continuity (Avron-van Mouche-Simon, 1991)
All bands are not! of the same size: semi-classical analysis
Hellffer-Sjostrand, 1988-90, Krasovsky 2016
Made precise by Last, 1994: |o(H,q)| < 87:
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Hausdorff dimension

Thouless' argument:

o [0(Hp/q)l = <

e If 0(H,) is “economically covered” by o(H,, /4.) and if all bands are
of about the same size, the dimension is bounded by 1/2.

“economically covered” = continuity of spectra.
Holder-1/2 continuity (Avron-van Mouche-Simon, 1991)
All bands are not! of the same size: semi-classical analysis
Hellffer-Sjostrand, 1988-90, Krasovsky 2016
Made precise by Last, 1994: |o(H,q)| < 87:
1/2-continuity too weak to conclude for a.e. a.
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Hausdorff dimension

Thouless' argument:

[o}

o [0(Hp/q)l = <
e If 0(H,) is “economically covered” by o(H,, /4.) and if all bands are
of about the same size, the dimension is bounded by 1/2.

“economically covered” = continuity of spectra.

Holder-1/2 continuity (Avron-van Mouche-Simon, 1991)

All bands are not! of the same size: semi-classical analysis
Hellffer-Sjostrand, 1988-90, Krasovsky 2016

Made precise by Last, 1994: |o(H,q)| < 87:

1/2-continuity too weak to conclude for a.e. a.

J-Krasovsky, 19: representation as a singular Jacobi matrix allows to
prove almost Lipshitz continuity of spectra - enough for all irrational «!
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Thouless" Catalan conjecture

As pn/qn — o, we have gp|o(pn/qn)| — ¢ where ¢ =32C./m =9.33....
C, is the Catalan constant, C. = >3(—1)"(2n+1)72.
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Thouless" Catalan conjecture

As pn/qn — o, we have gp|o(pn/qn)| — ¢ where ¢ =32C./m =9.33....
C, is the Catalan constant, C. = >3(—1)"(2n+1)72.

Proved: Helffer-Kerdelhue, 1995 for o« = 0,, p=1,p = 2, g odd.
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Thouless" Catalan conjecture

As pn/qn — o, we have gp|o(pn/qn)| — ¢ where ¢ =32C./m =9.33....
C, is the Catalan constant, C. = >3(—1)"(2n+1)72.

Proved: Helffer-Kerdelhue, 1995 for o« = 0,, p=1,p = 2, g odd.

. 2(v5+1) p 8e __ 21.75..
LaSt,94. T<’U(E)’<§—T
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Thouless" Catalan conjecture

As pn/qn — o, we have gp|o(pn/qn)| — ¢ where ¢ =32C./m =9.33....
C, is the Catalan constant, C. = >3(—1)"(2n+1)72.
Proved: Helffer-Kerdelhue, 1995 for o« = 0,, p=1,p = 2, g odd.

. 2(v5+1) p 8e __ 21.75..
LaSt,94. T<’U(E)’<§—T

Theorem (J- L. Konstantinov-

G(g)‘ <4_7r: 12.56...‘
q q
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Thouless' Catalan conjecture

As pn/qn — o, we have gp|o(pn/qn)| — ¢ where ¢ =32C./m =9.33....
C, is the Catalan constant, C. = >3(—1)"(2n+1)72.
Proved: Helffer-Kerdelhue, 1995 for o« = 0,, p=1,p = 2, g odd.

. 2(v5+1) p 8e __ 21.75..
LaSt,94. T<’U(E)’<§—T

Theorem (J- L. Konstantinov-

g(g)’ <4_7r: 12.56...‘
q q

Using the chiral representation and a technique of S. Becker-R. Han-J, 19
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