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Discrete 2D Laplacian

H : `2(Z2)→ `2(Z2)

(Hψ)m,n = ψm−1,n + ψm+1,n + ψm,n−1 + ψm,n+1

Tight-binding model of an electron in a 2D crystal.
Spectrum: σ = [−4, 4].
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Discrete 2D Laplacian

H : `2(Z2)→ `2(Z2)

(Hψ)m,n = ψm−1,n + ψm+1,n + ψm,n−1 + ψm,n+1

is unitarily equivalent (Fourier transform) to H2 cos x+2 cos y on L2(T2), so
σ(H) = [−4, 4].
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Adding a magnetic field

1 1

λ

λ

(m, n)
Am,n

Bm,n

Choice of gauge

Am,n + Bm+1,n

− Am,n+1 − Bm,n = 2πα,

here 2πα is the total flux
through each cell.

Standard Landau gauge:{
Am,n ≡ 0
Bm,n = 2πmα

(H(α)ψ)m,n = ψm−1,n + ψm+1,n + e−2πiαmψm,n−1 + e2πiαmψm,n+1
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The Harper’s model

The tight-binding model of 2D Bloch electrons in magnetic fields

(H(α)ψ)m,n = ψm−1,n + ψm+1,n + e−iαmψm,n−1 + eiαmψm,n+1

Spectrum: α = 0→ σ = [−4, 4].

α > 0?
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The Harper’s model
The tight-binding model of 2D Bloch electrons in magnetic fields

(H(α)ψ)m,n = ψm−1,n + ψm+1,n + e−iαmψm,n−1 + eiαmψm,n+1

First introduced by R. Peierls in 1933
Further studied by a Ph.D. student of Peierls, P.G. Harper (1955)
Is called the Harper’s model
Anisotropic lattice:

(H(α, λ)ψ)m,n = ψm−1,n + ψm+1,n + λe−iαmψm,n−1 + λeiαmψm,n+1

α is a dimensionless parameter equal to the ratio of flux through a
lattice cell to one flux quantum.
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Prizes

Anderson localization (Nobel, 1977)
Integer Quantum Hall Effect (Nobel, 1998)
Graphene (Nobel, 2010)

Fields medal 2014
Topological insulators (Nobel, 2016)
Heineman prize 2020
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Thouless theory of IQHE illustrated

Avron-Osadchy

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, eigenvalues, and topological phase transitionsPicture Language Seminar, June 1, 2021 9 / 1



Aubry-Andre model aka the almost Mathieu operator

(H(α)ψ)m,n = ψm−1,n + ψm+1,n + λe−2πiαmψm,n−1 + λe2πiαmψm,n+1

With a choice of Landau gauge effectively reduces to

(Hα,θΨ)n = Ψn+1 + Ψn−1 + 2λ cos 2π(θ + nα)Ψn
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Metal-insulator transition

For E in the spectrum
Coupling λ > 1 (supercritical)
a.e. pure point spectrum (SJ 99)
Coupling λ < 1 (subcritical) no point spectrum for all (α, θ) (Delyon
87) (in fact, pure ac spectrum, SJ 99,Avila-SJ 09, Avila 10)
Coupling λ = 1 (critical) - boundary of both regions.
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Are there eigenfunctions for the critical almost Mathieu?

Past results:
Delyon 87: no `1 eigenfunctions
Gordon-J-Last-Simon 97: no eigenfunctions for a.e. θ (has a gap,
found by Christoph Marx)
Avila 08 (incorporated in Avila-J-Marx 17): no eigenfunctions for
θ : 2θ + kα /∈ Z.

Extended Harpers model (EHM): in the critical regime there are
eigenfunctions for θ : 2θ + kα ∈ Z!
Rui Han 18: for EHM no eigenfunctions if and only if θ : 2θ + kα /∈ Z.

Theorem (J, 2021)
No!
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Are there eigenfunctions for the critical almost Mathieu?
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational α, |σα| = 0.

Last 94 a.e. α,
Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) α.
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Dimension of the spectrum for the critical case: Thouless’
conjecture

David Thouless (1934-2019)

Thouless ( 1983): For irrational α the dimension of the spectrum of H(α)
is equal to 1/2.
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Dimension of the spectrum for the critical case: Thouless’
conjecture

Thouless ( 1983): For irrational α, dimσ(H(α)) = 1/2.

Not true:
1 numerics by Wilkinson-Austin: box-counting dim bounded by 0.48 for

the golden mean;
2 J-Shiwen Zhang: box counting equal to one for α with β(α) > 0

where β(α) := lim supn→∞−
ln qn+1

qn
.

3 Avila-Last-Shamis-Zhou: Hausdorff equal to zero for α with β(α) > 0
(previously Last-Shamis for very Liouville)

4 Helffer, Liu, Qu, Zhou: Hausdorff positive for certain α
All results for measure zero sets of α!
Barry Simon’s new list of hard unsolved problems (March 2019)
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1/2 of the Thouless’ conjecture

Theorem (SJ-Igor Krasovsky, preprint)
For any irrational α, dimH(σ(Hα)) ≤ 1/2.
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Aubry duality

(Hα,x Ψ)n = Ψn+1 + Ψn−1 + 2λ cos 2π(x + nα)Ψn

For u ∈ `2(Z), set û(x) =
∑

e2πinxun, the Fourier transform of u. If u
solves Hα,θu = Eu, then vx

n := e2πinθû(x + nα) solves

Hα,xvx = Evx (1)

for a.e. x .

Delyon: no `1 solutions of Hα,θu = Eu, for otherwise (??) would hold also
for x = θ.
Dynamical formulation: if vx

n solves Hα,xv = Ev , then so does v̄x
n .

L2-reducibility of the transfer-matrix cocycles to the rotation by θ, given
independence of v and v̄ .
v and v̄ linearly dependent if and only if 2θ + kα ∈ Z.
Hopelessly breaks down for 2θ + kα ∈ Z.
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New transform
Given u ∈ `2(Z), set

u(x) =
∞∑

n=−∞
uneπin(θ+nα−2x) (2)

and, for a.e. x ,
ux

n = u(x + nα)eπin(x+ nα−3θ
2 ) (3)

Set H̃x
α : RZ → RZ, x ∈ R/2Z, by

(H̃x
αv)n = 2 cos π(x + nα)vn−1 + 2 cos π(x + (n + 1)α)vn+1 (4)

Lemma

If u ∈ `2(Z) solves Hα,θu = Eu, then ux ∈ RZ is a formal solution of

H̃x+ θ−α
2

α ux = Eux (5)

for a.e. x .
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Let u ∈ `2(Z), ‖u‖2 = 1 solve Hα,θu = Eu. Then, for a.e. x ,

H̃x+ θ−α
2

α ux = Eux (6)

H̃x+ θ−α
2

α ūx = Eūx (7)

The Wronskian of ux and ūx is constant in n.

cos π(x + nα)=(u(x + nα)ū(x + (n − 1)α)eπi(x+nα+ia(α,θ))) = c(x) (8)

for some c(x), all n and a.e. x .
Thus for a.e. x

cos πx(u(x)ū(x − α)eπix+ia(α,θ) − u(x − α)ū(x)e−πix−ia(α,θ)) = c. (9)
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Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, eigenvalues, and topological phase transitionsPicture Language Seminar, June 1, 2021 20 / 1



cos πx(u(x)ū(x − α)eπix+ia(α,θ) − u(x − α)ū(x)e−πix−ia(α,θ)) = c. (10)

But u(x)ū(x − α)eπix+ia(α,θ) ∈ L1,thus c = 0, so

u(x)ū(x − α)eπix+ia(α,θ) − u(x − α)ū(x)e−πix−ia(α,θ) = 0 (11)

for a.e. x .
Lemma
For a.e. x , we have u(x) 6= 0.

Set φ(x) on on R/2Z by

φ(x) := u(x)
ū(x)eπix+ia(α,θ) (12)

Then, |φ(x)| = 1 and for a.e. x ,

φ(x) = φ(x − α)e−2πix+ia(α,θ), (13)

So if φ(x) =
∑∞

k=−∞ akeπikx , we have |ak+2| = |ak |, a contradiction.
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But u(x)ū(x − α)eπix+ia(α,θ) ∈ L1,thus c = 0, so
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The Harper’s model

The tight-binding model of 2D Bloch electrons in magnetic fields
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Standard Landau gauge

1 1

λ

λ

(m, n)
Am,n

Bm,n

Choice of gauge

Am,n + Bm+1,n

− Am,n+1 − Bm,n = 2πα,

here 2πα is the total flux
through each cell.

Standard Landau gauge:{
Am,n ≡ 0
Bm,n = 2πmα
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Chiral gauge

1λ

1 λ

(m, n)

Cm,n

Dm,n

Choice of gauge

Cm,n + Dm+1,n

− Cm,n+1 − Dm,n = 2π · 2α,

here 4πα is the total flux
through each doubled cell.
Chiral gauge:{

Cm,n ≡ 0
Dm,n = 4πmα

(H̃x
αv)n = 2 cos π(x + nα)vn−1 + 2 cos π(x + (n + 1)α)vn+1
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Measure of the spectrum

Aubry-Andre conjecture: For any irrational α, |σα| = 0.

Last 94 a.e. α,
Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) α.

Theorem (J-Krasovsky, preprint)
AA holds for all irrational α

almost immediate from the transform.

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, eigenvalues, and topological phase transitionsPicture Language Seminar, June 1, 2021 25 / 1



Measure of the spectrum

Aubry-Andre conjecture: For any irrational α, |σα| = 0.
Last 94 a.e. α,

Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) α.

Theorem (J-Krasovsky, preprint)
AA holds for all irrational α

almost immediate from the transform.

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, eigenvalues, and topological phase transitionsPicture Language Seminar, June 1, 2021 25 / 1



Measure of the spectrum

Aubry-Andre conjecture: For any irrational α, |σα| = 0.
Last 94 a.e. α,
Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) α.

Theorem (J-Krasovsky, preprint)
AA holds for all irrational α

almost immediate from the transform.

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, eigenvalues, and topological phase transitionsPicture Language Seminar, June 1, 2021 25 / 1



Measure of the spectrum

Aubry-Andre conjecture: For any irrational α, |σα| = 0.
Last 94 a.e. α,
Popularized by Simon as one of the XXI century problems
Avila-Krikorian 2006: solved for a.e. (all remaining!) α.

Theorem (J-Krasovsky, preprint)
AA holds for all irrational α

almost immediate from the transform.

Svetlana Jitomirskaya Fractal properties of the Hofstadter butterfly, eigenvalues, and topological phase transitionsPicture Language Seminar, June 1, 2021 25 / 1



Hausdorff dimension

Thouless’ argument:
|σ(Hp/q)| ≈ c

q
If σ(Hα) is “economically covered” by σ(Hpn/qn ) and if all bands are
of about the same size, the dimension is bounded by 1/2.

“economically covered” = continuity of spectra.

Hölder-1/2 continuity (Avron-van Mouche-Simon, 1991)
All bands are not! of the same size: semi-classical analysis
Hellffer-Sjostrand, 1988-90, Krasovsky 2016
Made precise by Last, 1994: |σ(Hp/q)| < 8e

q
1/2-continuity too weak to conclude for a.e. α.
J-Krasovsky, 19: representation as a singular Jacobi matrix allows to
prove almost Lipshitz continuity of spectra - enough for all irrational α!
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Thouless’ Catalan conjecture

As pn/qn → α, we have qn|σ(pn/qn)| → c where c = 32Cc/π = 9.33 . . . .
Cc is the Catalan constant, Cc =

∑
(−1)n(2n + 1)−2.

Proved: Helffer-Kerdelhue, 1995 for α = 0,, p = 1, p = 2, q odd.
Last, 94: 2(

√
5+1)
q < |σ

(
p
q

)
| < 8e

q = 21.75...
q

Theorem (J- L. Konstantinov- I. Krasovsky, 2021+)∣∣∣∣σ (p
q

)∣∣∣∣ ≤ 4π
q = 12.56 . . .

q .

Using the chiral representation and a technique of S. Becker-R. Han-J, 19
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