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Introduction Shadow Tomograph Numerical Simulations

What is shadow tomography? Dynamics of higher-point OTOCs

Quantum scrambling describes the delocalization of Shadow tomography is a measurement technique which The first three OTOCs are

quantum information in quantum chaotic systems. S T T SIS G A R S, B '
Scrambling can be studied by probing the decay of out- > k=1 Cy = <W (t) 4 (O) W (t) 4 (O)>
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of-time-ordered correlators (OTOCs). However, mea- oW FOes 1L WOr k=2 Cs = (W(E&)VO0O)W(t)V(0)) : )
o : : 1. Prepare an N-qubit target state
surement of OTOCs is difficult due to their unusual time - TEP q s P . 3
ordering. We present a protocol to measure higher-point 2. Randomly sample N independent, single-qubit Clifford k=3 (1o = <(W (t) V (O) W (t) V (O)) >

out-of-time-ordered correlators using shadow tomogra- antlaré? ffuzd L [ —
phy, a technique to measure functions of a state with few 3. Apply Clifford unitaries to state — 9;—1U; -

measurements. Our protocol avoids time-revesal and out- 4- g/leasure Stite alnd S:[()ri outputh\ b) (b -
performs full quantum state tomography. We numerical- 5. Construct the classical snapshot
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ly demonstrate that higher-point OTOCs can reveal ear- P = M= (U [b) <b‘fU ). " led
ly-time scrambling behavior. 6. Repeat K times to construct a set of K snapshots calle

the classical shadow \
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. 7. Use the shadow to estimate functions of p.
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We plot the dynamics of these three OTOCs under evolu-
tion with a non-integrable, mixed-field Ising model. High-
er point OTOCs exhibit faster and earlier decay, indicative
of premature scrambling. The system becomes maximally
scrambled as the OTOCs saturate to near-zero.
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Maln :.ldea, , Y Figure 3: Plot of first three OTOCs for a mixed-field Ising
Measure dynamics of any higher-point OTOC using // model for N=10 qubits.

shadow tomography.

Figure 1: Quantum circuit to create a snapshot of target
state p. N single-qubit, random Clifford unitaries are ap-
plied, then each qubit is measured. The output is used to Using the protocol, the first two OTOCs can be written as
construct a snapshot 0i.

Protocol
Properties of snapshots Cy = dTF{,OV W,OVW} — 1

Write the OTOC in terms of a state. Snapshots reproduce the exact state in expectation Cx = Lg — 4C, — 3
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l ”(p ) = P The leading-order term for the eight-point OTOC is

£ - average over random unitaries and outcomes. 5
Lg =d Tr{vavavava}

Measure that state using shadow tomography. Functions of states, O = Tr{Ap ® p}, can be esti-
mated by introducing snapshots from the shadow We numerically simulate our protocol and construct esti-

‘ O = Tr{Ap1 ® po}. mators for Cy and Lg using a mixed-field Ising model.
We find that for a sufficiently large shadow size, agree-

The estimator satisfies 41{0} = 0. - :
Use those measurements to estimate the OTOC. ment between the estimator and the exact values is good.
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Estimation of OTOCs

Key result M

Sufficiently many measurements produces a good
estimation with a small variance.

We apply shadow tomography to construct an estima-
tor for the OTOC Cyi.Take W = Z; and V = Zy. We
write the OTOC in terms of target state py

Cur = TTx{(d®py Wpv W — dpy — dW py W + I®V)*}

Hi 0 her_ A Oint OTOCS where the target state is
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Quantum scrambling in a many-body system is quantified We use shadow tomography to create a shadow of py . - —
by commutator growth. The commutator between two ini- | JHlEs |

tially commuting unitary operators, |[W (%), V], will grow Protocol \_ /

as a system evolves chaotically. The Heisenberg operator 1. Prepare an N-qubit state where qubit N is in the pure Figure 4: (Top) Red dots plot estimated values of Cy4 for

|0) (0| state and the remaining qubits are in the a shadow size of 15,000 and system size of N=4. Black

Wit)=U L ()WUg(t) maximally mixed state. line is exact value. (Bottom) Estimator for leading order

. . o . . 2. Evolve with unitary U (¢). Resulting state is pv. term Lg plotted against exact value for an average of 25

evolves according to chaotic Hamiltonian // with unitary 3. Create a shadow of size K > 2k for pv . unbiased estimators, each computed with a shadow size

Un (t). The information of ¥ (t) becomes scrambled 4. Use the shadow to construgt an estimator for (Y}, . of 150 (system size N=2).
as it spreads throughout the system. The commutator

growth corresponds to the decay of out-of-time-ordered
correlators (OTOCs). The system is said to become scram-
bled once the OTOCs decay to near-zero. CODCluSlOn

The Schatten 2n-norm of the commutator can be expand- : We present a definition of higher-point out-of-time-or-
ed in terms of OTOCs: dered correlators to describe the dynamics of quantum
scrambling in chaotic systems. In the early-time limit,
higher-point correlators exhibit faster decay and reveal
information delocalization earlier than the four-point
OTOC. We present protocols using classical shadows to
estimate these correlators and show they can outperform
) full quantum state tomography. For sufficiently many
Example: 4-point OTOC measurements, good agreement between the predicted
Each pair of SIlapShOtS from the shadow is used to com- and estimated values can be achieved.
pute an estimator for C4. An average over all estimators is

The expectation value is taken with respect to the max- used to construct the unbiased estimator of (.
imally mixed state. The time ordering makes the OTOC g _ ~(1)  A(2) ~(K)
difficult to measure without implementing time reversal. =1/ VMV ; References
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Figure 2: Quantum circuit to'generate a classical snapshot
of state py . Left of the dashed line gives preparation of

pPv. Right of the dashed line shows shadow tomography.
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