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Introduction: what is an experiment?
§ Measuring constants of nature (speed of light, charge of electron)
§ Quantifying dynamical properties (rate of a chemical reaction)
§ Inferring structural properties (symmetry group of a crystal)

§ Learning more abstract information (the chain of chemical reactions 
athat comprise photosynthesis, whether Yang-Mills describes the 
astrong force)

What exactly is an experiment, in its full scope of generality?



Recent perspectives

Many experiments can be thought of as quantum learning algorithms 
which learn properties of (partially) uncharacterized systems via 
examples [Huang, Kueng, Preskill ‘21]

All experiments are examples of quantum algorithmic measurements 
(QUALMs), which are a hybrid of black box algorithms and interactive 
protocols [Aharonov, Cotler, Qi ‘21]

[Gutoski, Watrous ‘07], [Chiribella, D’Ariano, Perinotti ’08],…



Power of quantum memory
§ We would like to quantify the power of quantum memory in helping us 
alearn about Nature via experiments

§ Consider two kinds of experimental protocols:

1. Those with a classical memory
2. Those with a quantum memory



Protocols with a Classical Memory

<latexit sha1_base64="V6oojBuygSGFWY2r72NXPyMMeeM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF08SwTwgWcLspJMMmZ1dZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby2whPmN4xTDRMOsWSW3ZnoMvEy0iJZKh2il/tbsSTEBRyyYxpeW6Mfso0Ci5hUmgnBmLGh6wPLUsVC8H46ezoCT2xSpf2Im1LIZ2pvydSFhozDgPbGTIcmEVvKv7ntRLsXfmpUHGCoPh8US+RFCM6TYB2hQaOcmwJ41rYWykfMM042pwKNgRv8eVlUj8rexdl9/68VLnO4siTI3JMTolHLkmF3JIqqRFOHskzeSVvzsh5cd6dj3lrzslmDskfOJ8/cI2SiQ==</latexit>

Nature
<latexit sha1_base64="Uc87Xw7uV8RI+P9QCK2/A0YsgcM=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwimA9MjrC32UuW7O0du3NiOPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMCxIpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSs7nGUcD+ifSVCwSha6aGD/AmzWxqMu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuvuHdn5epVHkcBDuEITsCDC6jCDdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP937kQs=</latexit>

Lab
<latexit sha1_base64="tfsIMhNwf6jDvK34Fs7wGOBZOu0=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9hVUY/BXDxGMA9IljA76SRDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1z3SXH0uh0XG+rcLa+sbmVnG7tLO7t39gHx41dZQoDg0eyUi1faZBihAaKFBCO1bAAl9Cyx/XMr81AaVFFD7iNAYvYMNQDARnaKSebXcRnjCtSaa1EeWsZ5edijMHXSVuTsokR71nf3X7EU8CCJFnr3RcJ0YvZQoFlzArdRMNMeNjNoSOoSELQHvpfPMZPTNKnw4iZSpEOld/T6Qs0Hoa+KYzYDjSy14m/ud1EhzceqkI4wQh5IuPBomkGNEsBtoXCjjKqSGMK2F2pXzEFONowiqZENzlk1dJ86LiXlcuH67K1bs8jiI5IafknLjkhlTJPamTBuFkQp7JK3mzUuvFerc+Fq0FK585Jn9gff4AHe+T+w==</latexit>

Classical
<latexit sha1_base64="ITw73hvjGHjvtHVdlIIuDSIWn24=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26m8TdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y9up35rDErzKHzANAZP0kHIA84oGsnrIjxhJkFGKp30yhWn6sxgLxM3JxWSo94rf3X7EUskhMgE1brjOjF6GVXImYBJqZtoiCkb0QF0DA2pBO1ls6Mn9olR+nYQKVMh2jP190RGpdap9E2npDjUi95U/M/rJBhcexkP4wQhZPNFQSJsjOxpAnafK2AoUkMoU9zcarMhVZShyalkQnAXX14mzbOqe1k9v7+o1G7yOIrkiByTU+KSK1Ijd6ROGoSRR/JMXsmbNbZerHfrY95asPKZQ/IH1ucPsd+Stg==</latexit>memory



Protocols with a Classical Memory

<latexit sha1_base64="V6oojBuygSGFWY2r72NXPyMMeeM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF08SwTwgWcLspJMMmZ1dZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby2whPmN4xTDRMOsWSW3ZnoMvEy0iJZKh2il/tbsSTEBRyyYxpeW6Mfso0Ci5hUmgnBmLGh6wPLUsVC8H46ezoCT2xSpf2Im1LIZ2pvydSFhozDgPbGTIcmEVvKv7ntRLsXfmpUHGCoPh8US+RFCM6TYB2hQaOcmwJ41rYWykfMM042pwKNgRv8eVlUj8rexdl9/68VLnO4siTI3JMTolHLkmF3JIqqRFOHskzeSVvzsh5cd6dj3lrzslmDskfOJ8/cI2SiQ==</latexit>

Nature
<latexit sha1_base64="Uc87Xw7uV8RI+P9QCK2/A0YsgcM=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwimA9MjrC32UuW7O0du3NiOPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMCxIpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSs7nGUcD+ifSVCwSha6aGD/AmzWxqMu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuvuHdn5epVHkcBDuEITsCDC6jCDdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP937kQs=</latexit>

Lab
<latexit sha1_base64="tfsIMhNwf6jDvK34Fs7wGOBZOu0=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9hVUY/BXDxGMA9IljA76SRDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1z3SXH0uh0XG+rcLa+sbmVnG7tLO7t39gHx41dZQoDg0eyUi1faZBihAaKFBCO1bAAl9Cyx/XMr81AaVFFD7iNAYvYMNQDARnaKSebXcRnjCtSaa1EeWsZ5edijMHXSVuTsokR71nf3X7EU8CCJFnr3RcJ0YvZQoFlzArdRMNMeNjNoSOoSELQHvpfPMZPTNKnw4iZSpEOld/T6Qs0Hoa+KYzYDjSy14m/ud1EhzceqkI4wQh5IuPBomkGNEsBtoXCjjKqSGMK2F2pXzEFONowiqZENzlk1dJ86LiXlcuH67K1bs8jiI5IafknLjkhlTJPamTBuFkQp7JK3mzUuvFerc+Fq0FK585Jn9gff4AHe+T+w==</latexit>

Classical
<latexit sha1_base64="ITw73hvjGHjvtHVdlIIuDSIWn24=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26m8TdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y9up35rDErzKHzANAZP0kHIA84oGsnrIjxhJkFGKp30yhWn6sxgLxM3JxWSo94rf3X7EUskhMgE1brjOjF6GVXImYBJqZtoiCkb0QF0DA2pBO1ls6Mn9olR+nYQKVMh2jP190RGpdap9E2npDjUi95U/M/rJBhcexkP4wQhZPNFQSJsjOxpAnafK2AoUkMoU9zcarMhVZShyalkQnAXX14mzbOqe1k9v7+o1G7yOIrkiByTU+KSK1Ijd6ROGoSRR/JMXsmbNbZerHfrY95asPKZQ/IH1ucPsd+Stg==</latexit>memory

Classical



Protocols with a Classical Memory

Protocol is T rounds (Nature is queried once per round) 

Each round:

1. Prepare a state on the lab system (state can depend adaptively on classical memory)

2. Query Nature

3. Measure lab system with a POVM (can depend adaptively on classical memory)      
and store the classical outcome in the memory

4. Initialize lab system to all zero state

<latexit sha1_base64="V6oojBuygSGFWY2r72NXPyMMeeM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF08SwTwgWcLspJMMmZ1dZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby2whPmN4xTDRMOsWSW3ZnoMvEy0iJZKh2il/tbsSTEBRyyYxpeW6Mfso0Ci5hUmgnBmLGh6wPLUsVC8H46ezoCT2xSpf2Im1LIZ2pvydSFhozDgPbGTIcmEVvKv7ntRLsXfmpUHGCoPh8US+RFCM6TYB2hQaOcmwJ41rYWykfMM042pwKNgRv8eVlUj8rexdl9/68VLnO4siTI3JMTolHLkmF3JIqqRFOHskzeSVvzsh5cd6dj3lrzslmDskfOJ8/cI2SiQ==</latexit>

Nature
<latexit sha1_base64="Uc87Xw7uV8RI+P9QCK2/A0YsgcM=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwimA9MjrC32UuW7O0du3NiOPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMCxIpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSs7nGUcD+ifSVCwSha6aGD/AmzWxqMu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuvuHdn5epVHkcBDuEITsCDC6jCDdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP937kQs=</latexit>

Lab

Classical

<latexit sha1_base64="tfsIMhNwf6jDvK34Fs7wGOBZOu0=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9hVUY/BXDxGMA9IljA76SRDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1z3SXH0uh0XG+rcLa+sbmVnG7tLO7t39gHx41dZQoDg0eyUi1faZBihAaKFBCO1bAAl9Cyx/XMr81AaVFFD7iNAYvYMNQDARnaKSebXcRnjCtSaa1EeWsZ5edijMHXSVuTsokR71nf3X7EU8CCJFnr3RcJ0YvZQoFlzArdRMNMeNjNoSOoSELQHvpfPMZPTNKnw4iZSpEOld/T6Qs0Hoa+KYzYDjSy14m/ud1EhzceqkI4wQh5IuPBomkGNEsBtoXCjjKqSGMK2F2pXzEFONowiqZENzlk1dJ86LiXlcuH67K1bs8jiI5IafknLjkhlTJPamTBuFkQp7JK3mzUuvFerc+Fq0FK585Jn9gff4AHe+T+w==</latexit>

Classical
<latexit sha1_base64="ITw73hvjGHjvtHVdlIIuDSIWn24=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26m8TdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y9up35rDErzKHzANAZP0kHIA84oGsnrIjxhJkFGKp30yhWn6sxgLxM3JxWSo94rf3X7EUskhMgE1brjOjF6GVXImYBJqZtoiCkb0QF0DA2pBO1ls6Mn9olR+nYQKVMh2jP190RGpdap9E2npDjUi95U/M/rJBhcexkP4wQhZPNFQSJsjOxpAnafK2AoUkMoU9zcarMhVZShyalkQnAXX14mzbOqe1k9v7+o1G7yOIrkiByTU+KSK1Ijd6ROGoSRR/JMXsmbNbZerHfrY95asPKZQ/IH1ucPsd+Stg==</latexit>memory



Protocols with a Quantum Memory

<latexit sha1_base64="V6oojBuygSGFWY2r72NXPyMMeeM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF08SwTwgWcLspJMMmZ1dZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby2whPmN4xTDRMOsWSW3ZnoMvEy0iJZKh2il/tbsSTEBRyyYxpeW6Mfso0Ci5hUmgnBmLGh6wPLUsVC8H46ezoCT2xSpf2Im1LIZ2pvydSFhozDgPbGTIcmEVvKv7ntRLsXfmpUHGCoPh8US+RFCM6TYB2hQaOcmwJ41rYWykfMM042pwKNgRv8eVlUj8rexdl9/68VLnO4siTI3JMTolHLkmF3JIqqRFOHskzeSVvzsh5cd6dj3lrzslmDskfOJ8/cI2SiQ==</latexit>

Nature
<latexit sha1_base64="Uc87Xw7uV8RI+P9QCK2/A0YsgcM=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwimA9MjrC32UuW7O0du3NiOPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMCxIpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSs7nGUcD+ifSVCwSha6aGD/AmzWxqMu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuvuHdn5epVHkcBDuEITsCDC6jCDdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP937kQs=</latexit>

Lab
<latexit sha1_base64="ITw73hvjGHjvtHVdlIIuDSIWn24=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26m8TdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y9up35rDErzKHzANAZP0kHIA84oGsnrIjxhJkFGKp30yhWn6sxgLxM3JxWSo94rf3X7EUskhMgE1brjOjF6GVXImYBJqZtoiCkb0QF0DA2pBO1ls6Mn9olR+nYQKVMh2jP190RGpdap9E2npDjUi95U/M/rJBhcexkP4wQhZPNFQSJsjOxpAnafK2AoUkMoU9zcarMhVZShyalkQnAXX14mzbOqe1k9v7+o1G7yOIrkiByTU+KSK1Ijd6ROGoSRR/JMXsmbNbZerHfrY95asPKZQ/IH1ucPsd+Stg==</latexit>memory

<latexit sha1_base64="bVtZYyqR9IOLWLiKF8MjldNct5c=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZUZFXRbduGzBPqAdSybNtKFJZkhu1DL0P9y4UMSt/+LOvzF9LLT1wIXDOfdy7z1RKrgB3//2lpZXVtfWcxv5za3tnd3C3n7dJFZTVqOJSHQzIoYJrlgNOAjWTDUjMhKsEQ1uxn7jgWnDE3UHw5SFkvQUjzkl4KT7NrAnyKqWKLBy1CkU/ZI/AV4kwYwU0QyVTuGr3U2olUwBFcSYVuCnEGZEA6eCjfJta1hK6ID0WMtRRSQzYTa5eoSPndLFcaJdKcAT9fdERqQxQxm5Tkmgb+a9sfif17IQX4UZV6kFpuh0UWwFhgSPI8BdrhkFMXSEUM3drZj2iSYUXFB5F0Iw//IiqZ+WgovSWfW8WL6exZFDh+gInaAAXaIyukUVVEMUafSMXtGb9+i9eO/ex7R1yZvNHKA/8D5/AFgukxI=</latexit>

Quantum

Protocol is T rounds (Nature is queried once per round) 

Each round:

1. Prepare a state on the lab system (state can depend adaptively on quantum memory)

2. Query Nature

3. Measure lab system with a POVM (can depend adaptively on quantum memory)      
and store the quantum outcome in the memory

4. Initialize lab system to all zero state

Quantum



Protocols with a Quantum Memory

<latexit sha1_base64="V6oojBuygSGFWY2r72NXPyMMeeM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF08SwTwgWcLspJMMmZ1dZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby2whPmN4xTDRMOsWSW3ZnoMvEy0iJZKh2il/tbsSTEBRyyYxpeW6Mfso0Ci5hUmgnBmLGh6wPLUsVC8H46ezoCT2xSpf2Im1LIZ2pvydSFhozDgPbGTIcmEVvKv7ntRLsXfmpUHGCoPh8US+RFCM6TYB2hQaOcmwJ41rYWykfMM042pwKNgRv8eVlUj8rexdl9/68VLnO4siTI3JMTolHLkmF3JIqqRFOHskzeSVvzsh5cd6dj3lrzslmDskfOJ8/cI2SiQ==</latexit>

Nature
<latexit sha1_base64="Uc87Xw7uV8RI+P9QCK2/A0YsgcM=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwimA9MjrC32UuW7O0du3NiOPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMCxIpDLrut7O0vLK6tl7YKG5ube/slvb2GyZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4fXEbz5ybUSs7nGUcD+ifSVCwSha6aGD/AmzWxqMu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuvuHdn5epVHkcBDuEITsCDC6jCDdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP937kQs=</latexit>

Lab
<latexit sha1_base64="ITw73hvjGHjvtHVdlIIuDSIWn24=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvtpF26m8TdSTGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDPPjwXX6DjfVmFldW19o7hZ2tre2d0r7x80dZQoBg0WiUi1fapB8BAayFFAO1ZApS+g5Y9up35rDErzKHzANAZP0kHIA84oGsnrIjxhJkFGKp30yhWn6sxgLxM3JxWSo94rf3X7EUskhMgE1brjOjF6GVXImYBJqZtoiCkb0QF0DA2pBO1ls6Mn9olR+nYQKVMh2jP190RGpdap9E2npDjUi95U/M/rJBhcexkP4wQhZPNFQSJsjOxpAnafK2AoUkMoU9zcarMhVZShyalkQnAXX14mzbOqe1k9v7+o1G7yOIrkiByTU+KSK1Ijd6ROGoSRR/JMXsmbNbZerHfrY95asPKZQ/IH1ucPsd+Stg==</latexit>memory

<latexit sha1_base64="bVtZYyqR9IOLWLiKF8MjldNct5c=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZUZFXRbduGzBPqAdSybNtKFJZkhu1DL0P9y4UMSt/+LOvzF9LLT1wIXDOfdy7z1RKrgB3//2lpZXVtfWcxv5za3tnd3C3n7dJFZTVqOJSHQzIoYJrlgNOAjWTDUjMhKsEQ1uxn7jgWnDE3UHw5SFkvQUjzkl4KT7NrAnyKqWKLBy1CkU/ZI/AV4kwYwU0QyVTuGr3U2olUwBFcSYVuCnEGZEA6eCjfJta1hK6ID0WMtRRSQzYTa5eoSPndLFcaJdKcAT9fdERqQxQxm5Tkmgb+a9sfif17IQX4UZV6kFpuh0UWwFhgSPI8BdrhkFMXSEUM3drZj2iSYUXFB5F0Iw//IiqZ+WgovSWfW8WL6exZFDh+gInaAAXaIyukUVVEMUafSMXtGb9+i9eO/ex7R1yZvNHKA/8D5/AFgukxI=</latexit>

Quantum

Protocol is T rounds (Nature is queried once per round) 

Each round:

1. Prepare a state on the lab system (state can depend adaptively on quantum memory)

2. Query Nature

3. Measure lab system with a POVM (can depend adaptively on quantum memory)      
and store the quantum outcome in the memory

4. Initialize lab system to all zero state

Quantum



Goal

Find tasks for which there is an exponential advantage 
using a quantum memory versus a classical memory

Two parts:
1. Show that a task can be done efficiently if we have access to a 

quantum memory Easy: exhibit one efficient protocol

2. Show that a task is exponentially hard if we only have access to a 
classical memory Difficult: rule out all efficient protocols



Recent work
§ Exponential separation in gate and query complexity for learning 
aproperties of classical oracles
§Generalized Simon’s problem [Chia, Chung, Lai ‘20]
§Welded tree problem [Coudron ‘20]

§ Exponential separation in query complexity for learning Pauli 
aobservables [Huang, Kueng, Preskill ‘21]

§ Exponential separation in gate and query complexity for learning 
aproperties of quantum states and channels [Aharonov, Cotler, Qi ‘21]



Our work
§ We synthesize and generalize the approaches of:                                 
a[Bubeck, Chen, Li ‘20], [Huang, Kueng, Preskill ‘21], [Aharonov, Cotler, Qi ‘21]

§ We provide a new framework for proving exponential lower bounds 
afor protocols with classical memories

§ Allows us to prove new exponential complexity separations between 
ainteractive protocols with and without quantum memories



Purity Testing

Theorem [Aharonov, Cotler, Qi ‘21]

Task: Distinguish between (i) the maximally mixed state, and (ii) a fixed, 
aaaaiiHaar-random pure state

Proof of classical lower bound is around 20 pages

<latexit sha1_base64="61XW8NOBfPUmvUCAI7S4bSSxltg="></latexit>

ComplexityQuantumMemory[PurityTest(n)] = ⇥(1)
<latexit sha1_base64="4pN+XOQcsxLKAjs0eEFF7pD/yoY="></latexit>

ComplexityClassicalMemory[PurityTest(n)] = ⌦(2n/3.5)



Purity Testing

Theorem [Chen, Cotler, Huang, Li ‘21]

Task: Distinguish between (i) the maximally mixed state, and (ii) a fixed, 
aaaaiiHaar-random pure state

Proof of classical lower bound is ½ page using learning tree framework

<latexit sha1_base64="3VOhsdooEl/s22Oql8VBRAei07c="></latexit>

ComplexityClassicalMemory[PurityTest(n)] = ⇥(2n/2)

<latexit sha1_base64="61XW8NOBfPUmvUCAI7S4bSSxltg="></latexit>

ComplexityQuantumMemory[PurityTest(n)] = ⇥(1)



Learning Tree Framework (for learning states)



Learning Tree Framework
<latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · ·

<latexit sha1_base64="nQj/tx+rBrqJCCBodY2DDjZgXRA=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUF+4A0lMlk0g6dTMLMRCixe3/Arf6BO3Hrb/gDfoeTNgvbemDgcM693DPHTzhT2ra/rdLK6tr6RnmzsrW9s7tX3T9oqziVhLZIzGPZ9bGinAna0kxz2k0kxZHPaccf3eZ+55FKxWLxoMcJ9SI8ECxkBGsjuU9+3+lJLAac9qs1u25PgZaJU5AaFGj2qz+9ICZpRIUmHCvlOnaivQxLzQink0ovVTTBZIQH1DVU4IgqL5tGnqATowQojKV5QqOp+ncjw5FS48g3kxHWQ7Xo5eJ/npvq8NrLmEhSTQWZHQpTjnSM8v+jgElKNB8bgolkJisiQywx0aaluSuByqNNKqYYZ7GGZdI+qzuX9fP7i1rjpqioDEdwDKfgwBU04A6a0AICMbzAK7xZz9a79WF9zkZLVrFzCHOwvn4BnXKZsA==</latexit>

|b1i
<latexit sha1_base64="uJxa15joMY4eh+eyuciT45gCUts=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiuSlJFXRbduKxgH5CGMpnctEMnkzAzEUrs3h9wq3/gTtz6G/6A3+GkzcK2Hhg4nHMv98zxE86Utu1va2V1bX1js7RV3t7Z3duvHBy2VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj+6zf3OI0jFYvGgxwl4ERkIFjJKtJHcJ79f70kiBhz6lapds6fAy8QpSBUVaPYrP70gpmkEQlNOlHIdO9FeRqRmlMOk3EsVJISOyABcQwWJQHnZNPIEnxolwGEszRMaT9W/GxmJlBpHvpmMiB6qRS8X//PcVIfXXsZEkmoQdHYoTDnWMc7/jwMmgWo+NoRQyUxWTIdEEqpNS3NXApVHm5RNMc5iDcukXa85l7Xz+4tq46aoqISO0Qk6Qw66Qg10h5qohSiK0Qt6RW/Ws/VufVifs9EVq9g5QnOwvn4BnxGZsQ==</latexit>

|b2i

<latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · · <latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · · <latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · ·
<latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · ·

<latexit sha1_base64="ZK5742R5X+hiIO32rxrCke2R9qA=">AAACDHicbVDLSsNAFJ3UV62PRl26CRbBhZRERV0W3bisYB/QhjCZ3LZDJ5MwMxFKzC/4A271D9yJW//BH/A7nLRZ2NYDFw7n3Ms9HD9mVCrb/jZKK6tr6xvlzcrW9s5u1dzbb8soEQRaJGKR6PpYAqMcWooqBt1YAA59Bh1/fJv7nUcQkkb8QU1icEM85HRACVZa8szqk++lzqmT9QXmQwaeWbPr9hTWMnEKUkMFmp750w8ikoTAFWFYyp5jx8pNsVCUMMgq/URCjMkYD6GnKcchSDedBs+sY60E1iASeriypurfixSHUk5CX2+GWI3kopeL/3m9RA2u3ZTyOFHAyezRIGGWiqy8BSugAohiE00wEVRntcgIC0yU7mruSyDzaFlFF+Ms1rBM2md157J+fn9Ra9wUFZXRITpCJ8hBV6iB7lATtRBBCXpBr+jNeDbejQ/jc7ZaMoqbAzQH4+sX3MObXg==</latexit>

|b1,1i
<latexit sha1_base64="WU23HCBeWRLPL4BKCqHoHsH4Rc8=">AAACDHicbVDLSsNAFL2pr1ofjbp0EyyCCylJFXVZdOOygq2FNoTJZNIOnUzCzEQosb/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy/3cPyEUals+9sorayurW+UNytb2zu7VXNvvyPjVGDSxjGLRddHkjDKSVtRxUg3EQRFPiMP/ugm9x8eiZA05vdqnBA3QgNOQ4qR0pJnVp98L3NOG5O+QHzAiGfW7Lo9hbVMnILUoEDLM3/6QYzTiHCFGZKy59iJcjMkFMWMTCr9VJIE4REakJ6mHEVEutk0+MQ61kpghbHQw5U1Vf9eZCiSchz5ejNCaigXvVz8z+ulKrxyM8qTVBGOZ4/ClFkqtvIWrIAKghUba4KwoDqrhYdIIKx0V3NfAplHm1R0Mc5iDcuk06g7F/Wzu/Na87qoqAyHcAQn4MAlNOEWWtAGDCm8wCu8Gc/Gu/FhfM5WS0ZxcwBzML5+Ad5jm18=</latexit>

|b1,2i
<latexit sha1_base64="enG4dYF8xD8U/Xk6lELuVflMMdQ=">AAACDHicbVDLSsNAFL2pr1ofjbp0EyyCCylJFXVZdOOygq2FNoTJZNIOnUzCzEQosb/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy/3cPyEUals+9sorayurW+UNytb2zu7VXNvvyPjVGDSxjGLRddHkjDKSVtRxUg3EQRFPiMP/ugm9x8eiZA05vdqnBA3QgNOQ4qR0pJnVp98L2ucOpO+QHzAiGfW7Lo9hbVMnILUoEDLM3/6QYzTiHCFGZKy59iJcjMkFMWMTCr9VJIE4REakJ6mHEVEutk0+MQ61kpghbHQw5U1Vf9eZCiSchz5ejNCaigXvVz8z+ulKrxyM8qTVBGOZ4/ClFkqtvIWrIAKghUba4KwoDqrhYdIIKx0V3NfAplHm1R0Mc5iDcuk06g7F/Wzu/Na87qoqAyHcAQn4MAlNOEWWtAGDCm8wCu8Gc/Gu/FhfM5WS0ZxcwBzML5+Ad5lm18=</latexit>

|b2,1i
<latexit sha1_base64="kW7oiqdATf8X9BPh1SrXzGmZYg4=">AAACDHicbVDLSsNAFL2pr1ofjbp0EyyCCylJFXVZdOOygq2FNoTJZNIOnUzCzEQosb/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy/3cPyEUals+9sorayurW+UNytb2zu7VXNvvyPjVGDSxjGLRddHkjDKSVtRxUg3EQRFPiMP/ugm9x8eiZA05vdqnBA3QgNOQ4qR0pJnVp98L2ucNiZ9gfiAEc+s2XV7CmuZOAWpQYGWZ/70gxinEeEKMyRlz7ET5WZIKIoZmVT6qSQJwiM0ID1NOYqIdLNp8Il1rJXACmOhhytrqv69yFAk5Tjy9WaE1FAuern4n9dLVXjlZpQnqSIczx6FKbNUbOUtWAEVBCs21gRhQXVWCw+RQFjprua+BDKPNqnoYpzFGpZJp1F3Lupnd+e15nVRURkO4QhOwIFLaMIttKANGFJ4gVd4M56Nd+PD+Jytlozi5gDmYHz9AuAFm2A=</latexit>

|b2,2i

<latexit sha1_base64="YM8alEhRWRd5FZfD31Hs/Ih9kE0=">AAACDHicbVDLSsNAFJ3UV62PRl26CRbBVUlU1GXRjSupYB/QhjCZ3LZDJ5MwMxFKzC/4A271D9yJW//BH/A7nLRZ2NYDFw7n3Ms9HD9mVCrb/jZKK6tr6xvlzcrW9s5u1dzbb8soEQRaJGKR6PpYAqMcWooqBt1YAA59Bh1/fJP7nUcQkkb8QU1icEM85HRACVZa8szqk++ld56d9QXmQwaeWbPr9hTWMnEKUkMFmp750w8ikoTAFWFYyp5jx8pNsVCUMMgq/URCjMkYD6GnKcchSDedBs+sY60E1iASeriypurfixSHUk5CX2+GWI3kopeL/3m9RA2u3JTyOFHAyezRIGGWiqy8BSugAohiE00wEVRntcgIC0yU7mruSyDzaFlFF+Ms1rBM2qd156J+dn9ea1wXFZXRITpCJ8hBl6iBblETtRBBCXpBr+jNeDbejQ/jc7ZaMoqbAzQH4+sXXZ+brQ==</latexit>

|bN0i

<latexit sha1_base64="9W5/bVV2J4a0JBwwBP4eXw6A7mQ=">AAACDnicbVDLSsNAFJ3UV62vVJduBovgQkqioi6LblxJBfuANoTJZNIOnUzCzEQpMf/gD7jVP3Anbv0Ff8DvcNJmYVsPXDiccy/3cLyYUaks69soLS2vrK6V1ysbm1vbO2Z1ty2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3Sd+50HIiSN+L0ax8QJ0YDTgGKktOSa1SfPTe3jW9fO+gLxASOuWbPq1gRwkdgFqYECTdf86fsRTkLCFWZIyp5txcpJkVAUM5JV+okkMcIjNCA9TTkKiXTSSfQMHmrFh0Ek9HAFJ+rfixSFUo5DT2+GSA3lvJeL/3m9RAWXTkp5nCjC8fRRkDCoIpj3AH0qCFZsrAnCguqsEA+RQFjptma++DKPllV0MfZ8DYukfVK3z+und2e1xlVRURnsgwNwBGxwARrgBjRBC2DwCF7AK3gzno1348P4nK6WjOJmD8zA+PoFRY6cHw==</latexit>

|b1,N1i
<latexit sha1_base64="/HyGA8iKxRd+p1Uvbs1Zknn4ek4=">AAACDnicbVDLSsNAFJ34rPWV6tLNYBFcSEmqqMuiG1dSwT6gDWEymbRDJ5MwM1FKzD/4A271D9yJW3/BH/A7nLRZ2NYDFw7n3Ms9HC9mVCrL+jaWlldW19ZLG+XNre2dXbOy15ZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rO/c4DEZJG/F6NY+KEaMBpQDFSWnLNypPnpvWTW7ee9QXiA0Zcs2rVrAngIrELUgUFmq750/cjnISEK8yQlD3bipWTIqEoZiQr9xNJYoRHaEB6mnIUEumkk+gZPNKKD4NI6OEKTtS/FykKpRyHnt4MkRrKeS8X//N6iQounZTyOFGE4+mjIGFQRTDvAfpUEKzYWBOEBdVZIR4igbDSbc188WUeLSvrYuz5GhZJu16zz2und2fVxlVRUQkcgENwDGxwARrgBjRBC2DwCF7AK3gzno1348P4nK4uGcXNPpiB8fULSNKcIQ==</latexit>

|b2,N2i
<latexit sha1_base64="AVrYQhP9T6C1WY+MqvhT2I/Snl4=">AAACDnicbVDLSsNAFJ3UV62vVJduBovgQkqioi6LblxJBfuANoTJZNIOnUzCzEQpMf/gD7jVP3Anbv0Ff8DvcNJmYVsPXDiccy/3cLyYUaks69soLS2vrK6V1ysbm1vbO2Z1ty2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3Sd+50HIiSN+L0ax8QJ0YDTgGKktOSa1SfPTW9d69jO+gLxASOuWbPq1gRwkdgFqYECTdf86fsRTkLCFWZIyp5txcpJkVAUM5JV+okkMcIjNCA9TTkKiXTSSfQMHmrFh0Ek9HAFJ+rfixSFUo5DT2+GSA3lvJeL/3m9RAWXTkp5nCjC8fRRkDCoIpj3AH0qCFZsrAnCguqsEA+RQFjptma++DKPllV0MfZ8DYukfVK3z+und2e1xlVRURnsgwNwBGxwARrgBjRBC2DwCF7AK3gzno1348P4nK6WjOJmD8zA+PoFRIycHg==</latexit>

|bN0,1i
<latexit sha1_base64="Ijht3PMNfGhmIChZx5/EraBEjuo=">AAACDnicbVDLSsNAFJ34rPWV6tLNYBFcSEmqqMuiG1dSwT6gDWEymbRDJ5MwM1FKzD/4A271D9yJW3/BH/A7nLRZ2NYDFw7n3Ms9HC9mVCrL+jaWlldW19ZLG+XNre2dXbOy15ZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rO/c4DEZJG/F6NY+KEaMBpQDFSWnLNypPnpreudVLP+gLxASOuWbVq1gRwkdgFqYICTdf86fsRTkLCFWZIyp5txcpJkVAUM5KV+4kkMcIjNCA9TTkKiXTSSfQMHmnFh0Ek9HAFJ+rfixSFUo5DT2+GSA3lvJeL/3m9RAWXTkp5nCjC8fRRkDCoIpj3AH0qCFZsrAnCguqsEA+RQFjptma++DKPlpV1MfZ8DYukXa/Z57XTu7Nq46qoqAQOwCE4Bja4AA1wA5qgBTB4BC/gFbwZz8a78WF8TleXjOJmH8zA+PoFRiycHw==</latexit>

|bN0,2i
<latexit sha1_base64="r37Qn072ar5mDLdV4+W+OEdsevQ=">AAACFHicbVC7TsMwFHXKq5RXgIGBxaJCYkBVAggYK1iYqiLRh9RGkeO4rVXHiWwHqQr5DX6AFf6ADbGy8wN8B06agbYcyfLROffq3nu8iFGpLOvbKC0tr6yuldcrG5tb2zvm7l5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74NvM7j0RIGvIHNYmIE6AhpwOKkdKSax48eW7ScK3TRv6laV8gPmTENatWzcoBF4ldkCoo0HTNn74f4jggXGGGpOzZVqScBAlFMSNppR9LEiE8RkPS05SjgEgnyQ9I4bFWfDgIhX5cwVz925GgQMpJ4OnKAKmRnPcy8T+vF6vBtZNQHsWKcDwdNIgZVCHM0oA+FQQrNtEEYUH1rhCPkEBY6cxmpvgyWy2t6GDs+RgWSfusZl/Wzu8vqvWbIqIyOARH4ATY4ArUwR1oghbAIAUv4BW8Gc/Gu/FhfE5LS0bRsw9mYHz9Av/Jnqs=</latexit>

|bN0,NN0
i

§ A particular instantiation of the 
aprotocol is a path through the tree

§ A tree of depth 𝑇 corresponds to 
ameasuring 𝑇 copies of the state

Suppose we have a physical source producing a 
state    , and we want to learn about it in the 
setting without a quantum memory 

Obtain copy of    , measure using a rank-1 POVM                              
aaaaaaai, suppose the output is     and store it in 
the classical memory

Obtain copy of    , measure using a rank-1 POVM                              
aaaaaaaaaai, suppose the output is     and store 
it in the classical memory

Obtain copy of    , measure using a rank-1 POVM                              
aaaaaaaiiiiiaai, suppose the output is     and 
store it in the classical memory

<latexit sha1_base64="aj6twsXBoelrQKICnDO1HQysfY0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoNvfbT1QbpuSDHac0FHgoWcwItrnU04nqV2t+3Z8BLZOgIDUo0OxXv3oDRTJBpSUcG9MN/NSGE6wtI5xOK73M0BSTER7SrqMSC2rCyezWKTpxygDFSruSFs3U3xMTLIwZi8h1CmwTs+jl4n9eN7PxdThhMs0slWS+KM44sgrlj6MB05RYPnYEE83crYgkWGNiXTwVF0Kw+PIyeTyrB5f18/uLWuOmiKMMR3AMpxDAFTTgDprQAgIJPMMrvHnCe/HevY95a8krZg7hD7zPHyJIjk8=</latexit>⇢

<latexit sha1_base64="5HLxdvvzvNGXFsFwpFNNGd7ZXVM=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQLCVRUZdFNy4r2Ac0IUymk3boZBJnJkJJ8xFu/BU3LhRx68Kdf+O0DaKtBy73cM69zNzjx4xKZVlfRmFhcWl5pbhaWlvf2Nwyt3eaMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vIHV2O/dU+EpBG/VcOYuCHqcRpQjJSWPPPISeHI99K7iqjQzBGI9xiBDpv2H2PkZB71zLJVtSaA88TOSRnkqHvmp9ONcBISrjBDUnZsK1ZuioSimJGs5CSSxAgPUI90NOUoJNJNJ0dl8EArXRhEQhdXcKL+3khRKOUw9PVkiFRfznpj8T+vk6jgwk0pjxNFOJ4+FCQMqgiOE4JdKghWbKgJwoLqv0LcRwJhpXMs6RDs2ZPnSfO4ap9VT25Oy7XLPI4i2AP74BDY4BzUwDWogwbA4AE8gRfwajwaz8ab8T4dLRj5zi74A+PjG5oTno8=</latexit>

{|bq,r,iihbq,r,i|}i <latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="I8R3RJlrfZlf1hjlX4nLwea+TBI=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCoBBIwVLIxFog+pqSLHvW2tOk6wHaQq7Sew8CssDCDEysjG3+C2GaDlSFf36Jx7Zd8TxJwp7TjfVm5hcWl5Jb9aWFvf2Nyyt3dqKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPehfj/36A0jFInGnBzG0QtIVrMMo0Uby7UMvxcPAT++P2ciTRHQ5YI9PeyYPvZHPfLvolJwJ8DxxM1JEGSq+/eW1I5qEIDTlRKmm68S6lRKpGeUwKniJgpjQPulC01BBQlCtdHLQCB8YpY07kTQlNJ6ovzdSEio1CAMzGRLdU7PeWPzPaya6c9lKmYgTDYJOH+okHOsIj9PBbSaBaj4whFDJzF8x7RFJqDYZFkwI7uzJ86R2UnLPS6e3Z8XyVRZHHu2hfXSEXHSByugGVVAVUfSIntErerOerBfr3fqYjuasbGcX/YH1+QPuQp0r</latexit>

{|bq,iihbq,i|}i
<latexit sha1_base64="wOxQZJSIQt2N9AsBQ1FB2xh7I4s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB372M/g==</latexit>r

<latexit sha1_base64="mhvBR9862tq6Zgxtvmd+ylZMP6E=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnV1nZk3Ihi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHsl7M47RD+lA8j5n1Fip9tgtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8Ad45jP0=</latexit>q
<latexit sha1_base64="i2saZgBrUCk9ZWIyIW/BRydspUw=">AAACCHicbVC7TsMwFL0pr1JeAUYGLCokpioBBIwVLIxFog+piSLHdVurjhPZDlKVdmThV1gYQIiVT2Djb3DbDNBypKt7dM69su8JE86Udpxvq7C0vLK6VlwvbWxube/Yu3sNFaeS0DqJeSxbIVaUM0HrmmlOW4mkOAo5bYaDm4nffKBSsVjc62FC/Qj3BOsygrWRAvvQy9AoDJgnsehxijw+60YaeeOABXbZqThToEXi5qQMOWqB/eV1YpJGVGjCsVJt10m0n2GpGeF0XPJSRRNMBrhH24YKHFHlZ9NDxujYKB3UjaUpodFU/b2R4UipYRSayQjrvpr3JuJ/XjvV3Ss/YyJJNRVk9lA35UjHaJIK6jBJieZDQzCRzPwVkT6WmGiTXcmE4M6fvEgapxX3onJ2d16uXudxFOEAjuAEXLiEKtxCDepA4BGe4RXerCfrxXq3PmajBSvf2Yc/sD5/AI4DmbE=</latexit>

{|biihbi|}i

<latexit sha1_base64="aj6twsXBoelrQKICnDO1HQysfY0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoNvfbT1QbpuSDHac0FHgoWcwItrnU04nqV2t+3Z8BLZOgIDUo0OxXv3oDRTJBpSUcG9MN/NSGE6wtI5xOK73M0BSTER7SrqMSC2rCyezWKTpxygDFSruSFs3U3xMTLIwZi8h1CmwTs+jl4n9eN7PxdThhMs0slWS+KM44sgrlj6MB05RYPnYEE83crYgkWGNiXTwVF0Kw+PIyeTyrB5f18/uLWuOmiKMMR3AMpxDAFTTgDprQAgIJPMMrvHnCe/HevY95a8krZg7hD7zPHyJIjk8=</latexit>⇢

<latexit sha1_base64="aj6twsXBoelrQKICnDO1HQysfY0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoNvfbT1QbpuSDHac0FHgoWcwItrnU04nqV2t+3Z8BLZOgIDUo0OxXv3oDRTJBpSUcG9MN/NSGE6wtI5xOK73M0BSTER7SrqMSC2rCyezWKTpxygDFSruSFs3U3xMTLIwZi8h1CmwTs+jl4n9eN7PxdThhMs0slWS+KM44sgrlj6MB05RYPnYEE83crYgkWGNiXTwVF0Kw+PIyeTyrB5f18/uLWuOmiKMMR3AMpxDAFTTgDprQAgIJPMMrvHnCe/HevY95a8krZg7hD7zPHyJIjk8=</latexit>⇢

<latexit sha1_base64="aj6twsXBoelrQKICnDO1HQysfY0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoNvfbT1QbpuSDHac0FHgoWcwItrnU04nqV2t+3Z8BLZOgIDUo0OxXv3oDRTJBpSUcG9MN/NSGE6wtI5xOK73M0BSTER7SrqMSC2rCyezWKTpxygDFSruSFs3U3xMTLIwZi8h1CmwTs+jl4n9eN7PxdThhMs0slWS+KM44sgrlj6MB05RYPnYEE83crYgkWGNiXTwVF0Kw+PIyeTyrB5f18/uLWuOmiKMMR3AMpxDAFTTgDprQAgIJPMMrvHnCe/HevY95a8krZg7hD7zPHyJIjk8=</latexit>⇢



Learning Tree Framework
Let                              be a root-to-leaf path 
through the tree

The probability of taking that path is

<latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · ·
<latexit sha1_base64="nQj/tx+rBrqJCCBodY2DDjZgXRA=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUF+4A0lMlk0g6dTMLMRCixe3/Arf6BO3Hrb/gDfoeTNgvbemDgcM693DPHTzhT2ra/rdLK6tr6RnmzsrW9s7tX3T9oqziVhLZIzGPZ9bGinAna0kxz2k0kxZHPaccf3eZ+55FKxWLxoMcJ9SI8ECxkBGsjuU9+3+lJLAac9qs1u25PgZaJU5AaFGj2qz+9ICZpRIUmHCvlOnaivQxLzQink0ovVTTBZIQH1DVU4IgqL5tGnqATowQojKV5QqOp+ncjw5FS48g3kxHWQ7Xo5eJ/npvq8NrLmEhSTQWZHQpTjnSM8v+jgElKNB8bgolkJisiQywx0aaluSuByqNNKqYYZ7GGZdI+qzuX9fP7i1rjpqioDEdwDKfgwBU04A6a0AICMbzAK7xZz9a79WF9zkZLVrFzCHOwvn4BnXKZsA==</latexit>

|b1i
<latexit sha1_base64="uJxa15joMY4eh+eyuciT45gCUts=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiuSlJFXRbduKxgH5CGMpnctEMnkzAzEUrs3h9wq3/gTtz6G/6A3+GkzcK2Hhg4nHMv98zxE86Utu1va2V1bX1js7RV3t7Z3duvHBy2VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj+6zf3OI0jFYvGgxwl4ERkIFjJKtJHcJ79f70kiBhz6lapds6fAy8QpSBUVaPYrP70gpmkEQlNOlHIdO9FeRqRmlMOk3EsVJISOyABcQwWJQHnZNPIEnxolwGEszRMaT9W/GxmJlBpHvpmMiB6qRS8X//PcVIfXXsZEkmoQdHYoTDnWMc7/jwMmgWo+NoRQyUxWTIdEEqpNS3NXApVHm5RNMc5iDcukXa85l7Xz+4tq46aoqISO0Qk6Qw66Qg10h5qohSiK0Qt6RW/Ws/VufVifs9EVq9g5QnOwvn4BnxGZsQ==</latexit>

|b2i

<latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · · <latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · · <latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · ·
<latexit sha1_base64="EdS5R5jRLbzAqQGWFTYMJ8a+M9E=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxmUF+4B2KJlMpo3NJENyRyilK3/Arf6BO3Hrl/gDfoeZdha29UDgcM693JMTJIIbcN1vp7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2QAwTXLIGcBCsnWhG4kCwVjC8zfzWE9OGK/kAo4T5MelLHnFKwErNLg0VmF654lbdKfAy8XJSQTnqvfJPN1Q0jZkEKogxHc9NwB8TDZwKNil1U8MSQoekzzqWShIz44+naSf4xCohjpS2TwKeqn83xiQ2ZhQHdjImMDCLXib+53VSiK79MZdJCkzS2aEoFRgUzr6OQ64ZBTGyhFDNbVZMB0QTCraguSuhyaJNSrYYb7GGZdI8q3qX1fP7i0rtJq+oiI7QMTpFHrpCNXSH6qiBKHpEL+gVvTnPzrvz4XzORgtOvnOI5uB8/QL6+5e0</latexit>· · ·

<latexit sha1_base64="ZK5742R5X+hiIO32rxrCke2R9qA=">AAACDHicbVDLSsNAFJ3UV62PRl26CRbBhZRERV0W3bisYB/QhjCZ3LZDJ5MwMxFKzC/4A271D9yJW//BH/A7nLRZ2NYDFw7n3Ms9HD9mVCrb/jZKK6tr6xvlzcrW9s5u1dzbb8soEQRaJGKR6PpYAqMcWooqBt1YAA59Bh1/fJv7nUcQkkb8QU1icEM85HRACVZa8szqk++lzqmT9QXmQwaeWbPr9hTWMnEKUkMFmp750w8ikoTAFWFYyp5jx8pNsVCUMMgq/URCjMkYD6GnKcchSDedBs+sY60E1iASeriypurfixSHUk5CX2+GWI3kopeL/3m9RA2u3ZTyOFHAyezRIGGWiqy8BSugAohiE00wEVRntcgIC0yU7mruSyDzaFlFF+Ms1rBM2md157J+fn9Ra9wUFZXRITpCJ8hBV6iB7lATtRBBCXpBr+jNeDbejQ/jc7ZaMoqbAzQH4+sX3MObXg==</latexit>

|b1,1i
<latexit sha1_base64="WU23HCBeWRLPL4BKCqHoHsH4Rc8=">AAACDHicbVDLSsNAFL2pr1ofjbp0EyyCCylJFXVZdOOygq2FNoTJZNIOnUzCzEQosb/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy/3cPyEUals+9sorayurW+UNytb2zu7VXNvvyPjVGDSxjGLRddHkjDKSVtRxUg3EQRFPiMP/ugm9x8eiZA05vdqnBA3QgNOQ4qR0pJnVp98L3NOG5O+QHzAiGfW7Lo9hbVMnILUoEDLM3/6QYzTiHCFGZKy59iJcjMkFMWMTCr9VJIE4REakJ6mHEVEutk0+MQ61kpghbHQw5U1Vf9eZCiSchz5ejNCaigXvVz8z+ulKrxyM8qTVBGOZ4/ClFkqtvIWrIAKghUba4KwoDqrhYdIIKx0V3NfAplHm1R0Mc5iDcuk06g7F/Wzu/Na87qoqAyHcAQn4MAlNOEWWtAGDCm8wCu8Gc/Gu/FhfM5WS0ZxcwBzML5+Ad5jm18=</latexit>

|b1,2i
<latexit sha1_base64="enG4dYF8xD8U/Xk6lELuVflMMdQ=">AAACDHicbVDLSsNAFL2pr1ofjbp0EyyCCylJFXVZdOOygq2FNoTJZNIOnUzCzEQosb/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy/3cPyEUals+9sorayurW+UNytb2zu7VXNvvyPjVGDSxjGLRddHkjDKSVtRxUg3EQRFPiMP/ugm9x8eiZA05vdqnBA3QgNOQ4qR0pJnVp98L2ucOpO+QHzAiGfW7Lo9hbVMnILUoEDLM3/6QYzTiHCFGZKy59iJcjMkFMWMTCr9VJIE4REakJ6mHEVEutk0+MQ61kpghbHQw5U1Vf9eZCiSchz5ejNCaigXvVz8z+ulKrxyM8qTVBGOZ4/ClFkqtvIWrIAKghUba4KwoDqrhYdIIKx0V3NfAplHm1R0Mc5iDcuk06g7F/Wzu/Na87qoqAyHcAQn4MAlNOEWWtAGDCm8wCu8Gc/Gu/FhfM5WS0ZxcwBzML5+Ad5lm18=</latexit>

|b2,1i
<latexit sha1_base64="kW7oiqdATf8X9BPh1SrXzGmZYg4=">AAACDHicbVDLSsNAFL2pr1ofjbp0EyyCCylJFXVZdOOygq2FNoTJZNIOnUzCzEQosb/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy/3cPyEUals+9sorayurW+UNytb2zu7VXNvvyPjVGDSxjGLRddHkjDKSVtRxUg3EQRFPiMP/ugm9x8eiZA05vdqnBA3QgNOQ4qR0pJnVp98L2ucNiZ9gfiAEc+s2XV7CmuZOAWpQYGWZ/70gxinEeEKMyRlz7ET5WZIKIoZmVT6qSQJwiM0ID1NOYqIdLNp8Il1rJXACmOhhytrqv69yFAk5Tjy9WaE1FAuern4n9dLVXjlZpQnqSIczx6FKbNUbOUtWAEVBCs21gRhQXVWCw+RQFjprua+BDKPNqnoYpzFGpZJp1F3Lupnd+e15nVRURkO4QhOwIFLaMIttKANGFJ4gVd4M56Nd+PD+Jytlozi5gDmYHz9AuAFm2A=</latexit>

|b2,2i

<latexit sha1_base64="YM8alEhRWRd5FZfD31Hs/Ih9kE0=">AAACDHicbVDLSsNAFJ3UV62PRl26CRbBVUlU1GXRjSupYB/QhjCZ3LZDJ5MwMxFKzC/4A271D9yJW//BH/A7nLRZ2NYDFw7n3Ms9HD9mVCrb/jZKK6tr6xvlzcrW9s5u1dzbb8soEQRaJGKR6PpYAqMcWooqBt1YAA59Bh1/fJP7nUcQkkb8QU1icEM85HRACVZa8szqk++ld56d9QXmQwaeWbPr9hTWMnEKUkMFmp750w8ikoTAFWFYyp5jx8pNsVCUMMgq/URCjMkYD6GnKcchSDedBs+sY60E1iASeriypurfixSHUk5CX2+GWI3kopeL/3m9RA2u3JTyOFHAyezRIGGWiqy8BSugAohiE00wEVRntcgIC0yU7mruSyDzaFlFF+Ms1rBM2qd156J+dn9ea1wXFZXRITpCJ8hBl6iBblETtRBBCXpBr+jNeDbejQ/jc7ZaMoqbAzQH4+sXXZ+brQ==</latexit>

|bN0i

<latexit sha1_base64="9W5/bVV2J4a0JBwwBP4eXw6A7mQ=">AAACDnicbVDLSsNAFJ3UV62vVJduBovgQkqioi6LblxJBfuANoTJZNIOnUzCzEQpMf/gD7jVP3Anbv0Ff8DvcNJmYVsPXDiccy/3cLyYUaks69soLS2vrK6V1ysbm1vbO2Z1ty2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3Sd+50HIiSN+L0ax8QJ0YDTgGKktOSa1SfPTe3jW9fO+gLxASOuWbPq1gRwkdgFqYECTdf86fsRTkLCFWZIyp5txcpJkVAUM5JV+okkMcIjNCA9TTkKiXTSSfQMHmrFh0Ek9HAFJ+rfixSFUo5DT2+GSA3lvJeL/3m9RAWXTkp5nCjC8fRRkDCoIpj3AH0qCFZsrAnCguqsEA+RQFjptma++DKPllV0MfZ8DYukfVK3z+und2e1xlVRURnsgwNwBGxwARrgBjRBC2DwCF7AK3gzno1348P4nK6WjOJmD8zA+PoFRY6cHw==</latexit>

|b1,N1i
<latexit sha1_base64="/HyGA8iKxRd+p1Uvbs1Zknn4ek4=">AAACDnicbVDLSsNAFJ34rPWV6tLNYBFcSEmqqMuiG1dSwT6gDWEymbRDJ5MwM1FKzD/4A271D9yJW3/BH/A7nLRZ2NYDFw7n3Ms9HC9mVCrL+jaWlldW19ZLG+XNre2dXbOy15ZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rO/c4DEZJG/F6NY+KEaMBpQDFSWnLNypPnpvWTW7ee9QXiA0Zcs2rVrAngIrELUgUFmq750/cjnISEK8yQlD3bipWTIqEoZiQr9xNJYoRHaEB6mnIUEumkk+gZPNKKD4NI6OEKTtS/FykKpRyHnt4MkRrKeS8X//N6iQounZTyOFGE4+mjIGFQRTDvAfpUEKzYWBOEBdVZIR4igbDSbc188WUeLSvrYuz5GhZJu16zz2und2fVxlVRUQkcgENwDGxwARrgBjRBC2DwCF7AK3gzno1348P4nK4uGcXNPpiB8fULSNKcIQ==</latexit>

|b2,N2i
<latexit sha1_base64="AVrYQhP9T6C1WY+MqvhT2I/Snl4=">AAACDnicbVDLSsNAFJ3UV62vVJduBovgQkqioi6LblxJBfuANoTJZNIOnUzCzEQpMf/gD7jVP3Anbv0Ff8DvcNJmYVsPXDiccy/3cLyYUaks69soLS2vrK6V1ysbm1vbO2Z1ty2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdb3Sd+50HIiSN+L0ax8QJ0YDTgGKktOSa1SfPTW9d69jO+gLxASOuWbPq1gRwkdgFqYECTdf86fsRTkLCFWZIyp5txcpJkVAUM5JV+okkMcIjNCA9TTkKiXTSSfQMHmrFh0Ek9HAFJ+rfixSFUo5DT2+GSA3lvJeL/3m9RAWXTkp5nCjC8fRRkDCoIpj3AH0qCFZsrAnCguqsEA+RQFjptma++DKPllV0MfZ8DYukfVK3z+und2e1xlVRURnsgwNwBGxwARrgBjRBC2DwCF7AK3gzno1348P4nK6WjOJmD8zA+PoFRIycHg==</latexit>

|bN0,1i
<latexit sha1_base64="Ijht3PMNfGhmIChZx5/EraBEjuo=">AAACDnicbVDLSsNAFJ34rPWV6tLNYBFcSEmqqMuiG1dSwT6gDWEymbRDJ5MwM1FKzD/4A271D9yJW3/BH/A7nLRZ2NYDFw7n3Ms9HC9mVCrL+jaWlldW19ZLG+XNre2dXbOy15ZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rO/c4DEZJG/F6NY+KEaMBpQDFSWnLNypPnpreudVLP+gLxASOuWbVq1gRwkdgFqYICTdf86fsRTkLCFWZIyp5txcpJkVAUM5KV+4kkMcIjNCA9TTkKiXTSSfQMHmnFh0Ek9HAFJ+rfixSFUo5DT2+GSA3lvJeL/3m9RAWXTkp5nCjC8fRRkDCoIpj3AH0qCFZsrAnCguqsEA+RQFjptma++DKPlpV1MfZ8DYukXa/Z57XTu7Nq46qoqAQOwCE4Bja4AA1wA5qgBTB4BC/gFbwZz8a78WF8TleXjOJmH8zA+PoFRiycHw==</latexit>

|bN0,2i
<latexit sha1_base64="r37Qn072ar5mDLdV4+W+OEdsevQ=">AAACFHicbVC7TsMwFHXKq5RXgIGBxaJCYkBVAggYK1iYqiLRh9RGkeO4rVXHiWwHqQr5DX6AFf6ADbGy8wN8B06agbYcyfLROffq3nu8iFGpLOvbKC0tr6yuldcrG5tb2zvm7l5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74NvM7j0RIGvIHNYmIE6AhpwOKkdKSax48eW7ScK3TRv6laV8gPmTENatWzcoBF4ldkCoo0HTNn74f4jggXGGGpOzZVqScBAlFMSNppR9LEiE8RkPS05SjgEgnyQ9I4bFWfDgIhX5cwVz925GgQMpJ4OnKAKmRnPcy8T+vF6vBtZNQHsWKcDwdNIgZVCHM0oA+FQQrNtEEYUH1rhCPkEBY6cxmpvgyWy2t6GDs+RgWSfusZl/Wzu8vqvWbIqIyOARH4ATY4ArUwR1oghbAIAUv4BW8Gc/Gu/FhfE5LS0bRsw9mYHz9Av/Jnqs=</latexit>

|bN0,NN0
i

Proof strategies

1. Edge-based: Bound the information 
the learner can gain from traversing 
any edge in the tree

2. Path-based: Bound the information 
gain for traversing an entire path.

<latexit sha1_base64="YwgQcmznYSUVKId7SIsF7g7/TLU="></latexit>

p⇢({vt}) =
T�1Y

t=0

hbvt |⇢|bvti

<latexit sha1_base64="fCh1h+e/D11ebRXXiti5DZt2F5k=">AAACEXicbVDLSsNAFJ3UV62v+Ni5GSyCixoSFXVZdOOyQl/QhjCZTNuhkwczk0AN+Qp/wK3+gTtx6xf4A36HkzYL23rgwuGce7mH40aMCmma31ppZXVtfaO8Wdna3tnd0/cP2iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjju9zv5MQLmgYNOUkIraPhgEdUIykkhz9KHHMGkwcq2YYRi1x0ua5lTl61TTMKeAysQpSBQUajv7T90Ic+ySQmCEhepYZSTtFXFLMSFbpx4JECI/RkPQUDZBPhJ1O02fwVCkeHIRcTSDhVP17kSJfiInvqk0fyZFY9HLxP68Xy8GtndIgiiUJ8OzRIGZQhjCvAnqUEyzZRBGEOVVZIR4hjrBUhc198UQeLauoYqzFGpZJ+8Kwro3Lx6tq/a6oqAyOwQk4Axa4AXXwABqgBTB4Ai/gFbxpz9q79qF9zlZLWnFzCOagff0C2GqbsA==</latexit>v0, v1, ..., vT�1

<latexit sha1_base64="LN3+SqPFovGcCqnQvTy+CkaHoZY="></latexit>

p�({vt}) =
T�1Y

t=0

hbvt |�|bvti

<latexit sha1_base64="6Pp2KvpFcePz69VOly/2KkEQapE="></latexit>

1

2

X

Paths {vt}

|p⇢({vt})� p�({vt})|



Purity Testing

Theorem [Chen, Cotler, Huang, Li ‘21]

Task: Distinguish between (i) the maximally mixed state, and (ii) a fixed, 
aaaaiiHaar-random pure state

Proof of classical lower bound is ½ page using learning tree framework

<latexit sha1_base64="3VOhsdooEl/s22Oql8VBRAei07c="></latexit>

ComplexityClassicalMemory[PurityTest(n)] = ⇥(2n/2)

<latexit sha1_base64="61XW8NOBfPUmvUCAI7S4bSSxltg="></latexit>

ComplexityQuantumMemory[PurityTest(n)] = ⇥(1)



Proof of Lower Bound for Classical Memory
Let                              be a root-to-leaf path 
through the tree

The probability of taking that path is

<latexit sha1_base64="fCh1h+e/D11ebRXXiti5DZt2F5k=">AAACEXicbVDLSsNAFJ3UV62v+Ni5GSyCixoSFXVZdOOyQl/QhjCZTNuhkwczk0AN+Qp/wK3+gTtx6xf4A36HkzYL23rgwuGce7mH40aMCmma31ppZXVtfaO8Wdna3tnd0/cP2iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjju9zv5MQLmgYNOUkIraPhgEdUIykkhz9KHHMGkwcq2YYRi1x0ua5lTl61TTMKeAysQpSBQUajv7T90Ic+ySQmCEhepYZSTtFXFLMSFbpx4JECI/RkPQUDZBPhJ1O02fwVCkeHIRcTSDhVP17kSJfiInvqk0fyZFY9HLxP68Xy8GtndIgiiUJ8OzRIGZQhjCvAnqUEyzZRBGEOVVZIR4hjrBUhc198UQeLauoYqzFGpZJ+8Kwro3Lx6tq/a6oqAyOwQk4Axa4AXXwABqgBTB4Ai/gFbxpz9q79qF9zlZLWnFzCOagff0C2GqbsA==</latexit>v0, v1, ..., vT�1

<latexit sha1_base64="PPqakeyPcMb5LbTIwHS4wwIy8AM="></latexit>

pmixed({vt}) =
T�1Y

t=0

hbvt |
1

2n
|bvti =

1

2nT

<latexit sha1_base64="U1LE9TTdAdw8CcxtLthWF30Iq9E="></latexit>

ppure({vt}) = E| i⇠Haar

T�1Y

t=0

hbvt | ih |bvti

<latexit sha1_base64="5kdQ0uFrxpAln68NCFxJcsS8kv0="></latexit>

1

2

X

Paths {vt}

|pmixed({vt})� ppure({vt})|

<latexit sha1_base64="CMJ/Hm01hvVTy7Ffre5yoP+8CRM="></latexit> X

Paths {vt}
pmixed({vt})>ppure({vt})

pmixed({vt})
✓
1� ppure({vt})

pmixed({vt})

◆

<latexit sha1_base64="k2AVe2L13ymONKeysR0eYoNpyVo="></latexit>

ppure({vt})
pmixed({vt})

= E| i⇠Haar

T�1Y

t=0

2nhbvt | ih |bvti

<latexit sha1_base64="BYPONhgHfF45Ckx+hEXUeHmUvS4=">AAACI3icbZC/TsMwEMad8r/8KzCyWFSgMlAlgIARwcIIUgtITVs57qW1cJxgX5CqKG/Aa/ACrPAGbIiFgZXnwC0doPBJlj59d6c7/4JECoOu++4UJianpmdm54rzC4tLy6WV1UsTp5pDnccy1tcBMyCFgjoKlHCdaGBRIOEquDkd1K/uQBsRqxr2E2hGrKtEKDhDG7VLW34XbqkvIcSKR3eoH2rGs1qe7bZUTn0tuj3cbtXapbJbdYeif403MmUy0nm79Ol3Yp5GoJBLZkzDcxNsZkyj4BLyop8aSBi/YV1oWKtYBKaZDf+T002bdGgYa/sU0mH6cyJjkTH9KLCdEcOeGa8Nwv9qjRTDo2YmVJIiKP69KEwlxZgO4NCO0MBR9q1hXAt7K+U9ZomgRfhrS8cMTsuLFow3juGvudytegfVvYv98vHJCNEsWScbpEI8ckiOyRk5J3XCyT15JE/k2XlwXpxX5+27teCMZtbILzkfXyKio+E=</latexit>

�
✓
1� T

2n

◆T
<latexit sha1_base64="RQvURpmhOALAda0YKKa9L1yAqDU=">AAACAXicbVBLSgNBFHzjN8Zf1KWbxiC4CjMq6jLoxmUE84FkCD09b5I2PR+7e4QwZOUF3OoN3IlbT+IFPIc9SRYmsaChqHqPV11eIrjStv1tLS2vrK6tFzaKm1vbO7ulvf2GilPJsM5iEcuWRxUKHmFdcy2wlUikoSew6Q1ucr/5hFLxOLrXwwTdkPYiHnBGtZEanR4+EqdbKtsVewyySJwpKcMUtW7pp+PHLA0x0kxQpdqOnWg3o1JzJnBU7KQKE8oGtIdtQyMaonKzcdoROTaKT4JYmhdpMlb/bmQ0VGoYemYypLqv5r1c/M9rpzq4cjMeJanGiE0OBakgOib514nPJTIthoZQJrnJSlifSsq0KWjmiq/yaKOiKcaZr2GRNE4rzkXl7O68XL2eVlSAQziCE3DgEqpwCzWoA4MHeIFXeLOerXfrw/qcjC5Z050DmIH19QsW1pcl</latexit>� 1

<latexit sha1_base64="YR7DEIeoBSd1Xzb55NNRYjGBPwE=">AAACE3icbVBLTgJBFOzBH+IPNXHjpiMxwQ3OoFGXRDfuxIRfwiDpaR7Qoadn7O4xISPH8AJu9QbujFsP4AU8hz3AQtBKXlKpei+vUl7ImdK2/WWlFhaXllfSq5m19Y3Nrez2Tk0FkaRQpQEPZMMjCjgTUNVMc2iEEojvcah7g6vErz+AVCwQFT0MoeWTnmBdRok2Uju7V8FuD+6xe+NDj+SLd7E4Lo6O2tmcXbDHwH+JMyU5NEW5nf12OwGNfBCacqJU07FD3YqJ1IxyGGXcSEFI6ID0oGmoID6oVjzOP8KHRungbiDNCI3H6u+LmPhKDX3PbPpE99W8l4j/ec1Idy9aMRNhpEHQyaNuxLEOcFIG7jAJVPOhIYRKZrJi2ieSUG0qm/nSUUm0UcYU48zX8JfUigXnrHBye5orXU4rSqN9dIDyyEHnqISuURlVEUWP6Bm9oFfryXqz3q2PyWrKmt7sohlYnz9t050m</latexit>

T � ⌦(2n/2)

<latexit sha1_base64="mzn0oE6Hvy+G6PjRddsgpI3uVt8="></latexit>

=
2nT

2n(2n + 1) · · · (2n + T � 1)

X

⇡2ST

tr

 
P⇡

T�1O

t=0

|bvtihbvt |
!



Exponential Separations in 
Learning Quantum States



Pauli State Property Testing

Theorem [Chen, Cotler, Huang, Li ‘21]

Task: Given a state              where      is a Pauli string, determine   <latexit sha1_base64="QZ5s1+C6z0AZEjvP0rUeNldQM0U=">AAAB/HicbVDLSsNAFL3xWeur6tJNsAiuSqKiLotuXLZgH9AGmUxu2qGTSZiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPETzpR2nG9rZXVtfWOztFXe3tnd268cHLZVnEqKLRrzWHZ9opAzgS3NNMduIpFEPseOP7rL/c4TSsVi8aDHCXoRGQgWMkq0kZqNx0rVqTlT2MvELUgVCpj5n34Q0zRCoSknSvVcJ9FeRqRmlOOk3E8VJoSOyAB7hgoSofKyadCJfWqUwA5jaZ7Q9lT9u5GRSKlx5JvJiOihWvRy8T+vl+rwxsuYSFKNgs4OhSm3dWznv7YDJpFqPjaEUMlMVpsOiSRUm27mrgQqjzYpm2LcxRqWSfu85l7VLpqX1fptUVEJjuEEzsCFa6jDPTSgBRQQXuAV3qxn6936sD5noytWsXMEc7C+fgHKpZVZ</latexit>

P
<latexit sha1_base64="QZ5s1+C6z0AZEjvP0rUeNldQM0U=">AAAB/HicbVDLSsNAFL3xWeur6tJNsAiuSqKiLotuXLZgH9AGmUxu2qGTSZiZCCXUH3Crf+BO3Pov/oDf4aTNwrYeGDiccy/3zPETzpR2nG9rZXVtfWOztFXe3tnd268cHLZVnEqKLRrzWHZ9opAzgS3NNMduIpFEPseOP7rL/c4TSsVi8aDHCXoRGQgWMkq0kZqNx0rVqTlT2MvELUgVCpj5n34Q0zRCoSknSvVcJ9FeRqRmlOOk3E8VJoSOyAB7hgoSofKyadCJfWqUwA5jaZ7Q9lT9u5GRSKlx5JvJiOihWvRy8T+vl+rwxsuYSFKNgs4OhSm3dWznv7YDJpFqPjaEUMlMVpsOiSRUm27mrgQqjzYpm2LcxRqWSfu85l7VLpqX1fptUVEJjuEEzsCFa6jDPTSgBRQQXuAV3qxn6936sD5noytWsXMEc7C+fgHKpZVZ</latexit>

P

A variation of this task is gate efficient with a quantum memory

Resolves a conjecture in [Aharonov, Cotler, Qi ‘21]

<latexit sha1_base64="MYTikI74d0/PMKvvUSt2qXZvFHM="></latexit>

ComplexityQuantumMemory[PauliStateTest(n)] = O(n)
<latexit sha1_base64="Ei13ko1WSAgLJceHx10DjdxZj3g="></latexit>

ComplexityClassicalMemory[PauliStateTest(n)] = e⇥(2n)

<latexit sha1_base64="ARmjd61TmCUH03nxb0QuUZlcmaQ=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0UoKCUpRV0W3bisYB/Q1DKZTNqhk0mYmRRKyC/4G/6AW/0DdyK4cud3OGmzsK0HBg7n3Ms9c9yIUaks68sorK1vbG4Vt0s7u3v7B+bhUVuGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY67vg28zsTIiQN+YOaRqQfoCGnPsVIaWlgVhxfIJw4AVIjTyZ2Cs+hM0GCRJKykDsXsJkmtUeeDsyyVbVmgKvEzkkZ5GgOzB/HC3EcEK4wQ1L2bCtS/QQJRTEjacmJJYkQHqMh6WnKUUBkP5n9KIVnWvGgHwr9uIIz9e9GggIpp4GrJ7PkctnLxP+8Xqz8635CeRQrwvH8kB8zqEKY1QM9KghWbKoJwoLqrBCPkK5I6RIXrngyi5aWdDH2cg2rpF2r2pfV+n293LjJKyqCE3AKKsAGV6AB7kATtAAGT+AFvII349l4Nz6Mz/lowch3jsECjO9fZMOlrw==</latexit>

1+ "P

2n



Shadow tomography without a quantum memory

Theorem [Chen, Cotler, Huang, Li ‘21]

Task: Given a state     and observables                           , determine all
to     error   

Upper bound is from [Huang, Kueng, Preskill ‘21]

Resolves an open problem from [Aaronson ‘18],[Aaronson, Rothblum ‘19]

<latexit sha1_base64="aj6twsXBoelrQKICnDO1HQysfY0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoNvfbT1QbpuSDHac0FHgoWcwItrnU04nqV2t+3Z8BLZOgIDUo0OxXv3oDRTJBpSUcG9MN/NSGE6wtI5xOK73M0BSTER7SrqMSC2rCyezWKTpxygDFSruSFs3U3xMTLIwZi8h1CmwTs+jl4n9eN7PxdThhMs0slWS+KM44sgrlj6MB05RYPnYEE83crYgkWGNiXTwVF0Kw+PIyeTyrB5f18/uLWuOmiKMMR3AMpxDAFTTgDprQAgIJPMMrvHnCe/HevY95a8krZg7hD7zPHyJIjk8=</latexit>⇢
<latexit sha1_base64="KlgG9O7r7m+eJLiZONh917+ueFw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEFyUkKuqy6MaNtIJ9QBPCZDpth04ezEyEGvolblwo4tZPceffOG2z0NYDFw7n3Mu99wQJZ1LZ9rdRWFldW98obpa2tnd2y+befkvGqSC0SWIei06AJeUsok3FFKedRFAcBpy2g9HN1G8/UiFZHD2ocUK9EA8i1mcEKy35ZtnN6r5TtSyrWvfv3IlvVmzLngEtEycnFcjR8M0vtxeTNKSRIhxL2XXsRHkZFooRTiclN5U0wWSEB7SraYRDKr1sdvgEHWulh/qx0BUpNFN/T2Q4lHIcBrozxGooF72p+J/XTVX/ystYlKSKRmS+qJ9ypGI0TQH1mKBE8bEmmAimb0VkiAUmSmdV0iE4iy8vk9ap5VxYZ/fnldp1HkcRDuEITsCBS6jBLTSgCQRSeIZXeDOejBfj3fiYtxaMfOYA/sD4/AGChpG1</latexit>

{O1, ..., OM}
<latexit sha1_base64="wyJV4o0WHC3c3zfRDGdNz6b+aws=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJVNRl0Y07K9gHNCFMppN26OTBzI1YYhf+ihsXirj1N9z5N07bLLR64MLhnHu59x4/EVyBZX0Zhbn5hcWl4nJpZXVtfcPc3GqqOJWUNWgsYtn2iWKCR6wBHARrJ5KR0Bes5Q8ux37rjknF4+gWhglzQ9KLeMApAS155o4D7B4ykKPKtcexc4gd2Y8PPLNsVa0J8F9i56SMctQ989PpxjQNWQRUEKU6tpWAmxEJnAo2KjmpYgmhA9JjHU0jEjLlZpP7R3hfK10cxFJXBHii/pzISKjUMPR1Z0igr2a9sfif10khOHczHiUpsIhOFwWpwBDjcRi4yyWjIIaaECq5vhXTPpGEgo6spEOwZ1/+S5pHVfu0enxzUq5d5HEU0S7aQxVkozNUQ1eojhqIogf0hF7Qq/FoPBtvxvu0tWDkM9voF4yPb+s5lWM=</latexit>

tr(Oi ⇢)
<latexit sha1_base64="u01/kHi4ux9pWtjuQGmB0vWrF84=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFpKJvtpl262Q27k0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZelApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbETFMcMkayFGwdqoZSSLBWtHwfua3RkwbruQTjlMWJqQvecwpQSsFnRHRLDVcKNktV7yqN4e7SvycVCBHvVv+6vQUzRImkQpiTOB7KYYTopFTwaalTmZYSuiQ9FlgqSQJM+FkfvLUPbNKz42VtiXRnau/JyYkMWacRLYzITgwy95M/M8LMoxvwwmXaYZM0sWiOBMuKnf2v9vjmlEUY0sI1dze6tIB0YSiTalkQ/CXX14lzYuqf129fLyq1O7yOIpwAqdwDj7cQA0eoA4NoKDgGV7hzUHnxXl3PhatBSefOYY/cD5/ALxrkY8=</latexit>"

<latexit sha1_base64="qJcDFGZqREBPd3RzL4xGBUyg6Uw="></latexit>

ComplexityClassicalMemory[Shadow(n)] = e⇥(min(M, 2n)/"2)



Exponential Separations in 
Learning Quantum Channels



Fixed Unitary Problem

Intuition: It is difficult to distinguish time-independent evolution from time-
aaaaaaaaidependent evolution if each is sufficiently chaotic

We will make this intuition precise by formulating a task



Fixed Unitary Problem

Theorem [Aharonov, Cotler, Qi ‘21] [Chen, Cotler, Huang, Li ‘21]

Protocol with quantum memory is gate efficient [Aharonov, Cotler, Qi ‘21]

Generalizes the setting of [Aharonov, Cotler, Qi ‘21] and improves bound

Task: Distinguish between (i) the maximally depolarizing channel, and    
iiiiiiiiii(ii) a fixed, Haar-random unitary

<latexit sha1_base64="sU2u35nQwYEjGOJcUnPAKLN1cTg="></latexit>

ComplexityQuantumMemory[FixedUnitary(n)] = O(1)
<latexit sha1_base64="+68kzUN6I4Nm68Khx99RIFNhWLw="></latexit>

ComplexityClassicalMemory[FixedUnitary(n)] = ⌦(2n/3)



Symmetry Distinction Problem

Intuition: It is difficult to determine the symmetry classes of a strongly-
aaaaaaaiiiinteracting quantum many-body system

We formulate a Task in which this can be made precise

First, recall time-reversal symmetry classes of unitaries:

Unitary Orthogonal Symplectic
<latexit sha1_base64="miZTBuMmuWcJWKFSMplDHfWvC/8=">AAAB8XicbVBNS8NAEJ31s9avqkcvi0Wol5KIqMeiF48VTFtsQ9lsNu3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG8f5Riura+sbm6Wt8vbO7t5+5eCwpZNMUebRRCSqExDNBJfMM9wI1kkVI3EgWDsY3U799hNTmifywYxT5sdkIHnEKTFWevRwj0vs1cKzfqXq1J0Z8DJxC1KFAs1+5asXJjSLmTRUEK27rpMaPyfKcCrYpNzLNEsJHZEB61oqScy0n88unuBTq4Q4SpQtafBM/T2Rk1jrcRzYzpiYoV70puJ/Xjcz0bWfc5lmhkk6XxRlApsET9/HIVeMGjG2hFDF7a2YDoki1NiQyjYEd/HlZdI6r7uXdef+otq4KeIowTGcQA1cuIIG3EETPKAg4Rle4Q1p9ILe0ce8dQUVM0fwB+jzB9Iuj7U=</latexit>

U 2 U(d)
<latexit sha1_base64="io+YosFb5/gPjWE/CrhkSw+LTrg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0siol6EohePFUxbaNOy2UzapZsPdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmnpdwJpVlfRulldW19Y3yZmVre2d3z9yvtmScCgoOjXksOh6RwFkEjmKKQycRQEKPQ9sb30799iMIyeLoQU0ScEMyjFjAKFFaGphVp5+d2jm+xk6/55PhEMTArFl1awa8TOyC1FCB5sD86vkxTUOIFOVEyq5tJcrNiFCMcsgrvVRCQuiYDKGraURCkG42uz3Hx1rxcRALXZHCM/X3REZCKSehpztDokZy0ZuK/3ndVAVXbsaiJFUQ0fmiIOVYxXgaBPaZAKr4RBNCBdO3YjoiglCl46roEOzFl5dJ66xuX9St+/Na46aIo4wO0RE6QTa6RA10h5rIQRQ9oWf0it6M3Hgx3o2PeWvJKGYO0B8Ynz9lIpNj</latexit>

U�1 = U †
<latexit sha1_base64="2KIv8DCfmwskfalmm4xJbOEgU0s=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4seyKqBeh6MVbK/QL2m3Jptk2NJsNSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF0jOtHHdb2dldW19YzO3ld/e2d3bLxwcNnScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMRvdTv/lElWaxqJmxpH6EB4KFjGBjpU6lm557E3SLKt1ar1B0S+4MaJl4GSlChmqv8NXpxySJqDCEY63bniuNn2JlGOF0ku8kmkpMRnhA25YKHFHtp7ObJ+jUKn0UxsqWMGim/p5IcaT1OApsZ4TNUC96U/E/r52Y8MZPmZCJoYLMF4UJRyZG0wBQnylKDB9bgoli9lZEhlhhYmxMeRuCt/jyMmlclLyrkvt4WSzfZXHk4BhO4Aw8uIYyPEAV6kBAwjO8wpuTOC/Ou/Mxb11xspkj+APn8wcsJ5B4</latexit>

O
�1 = O

T

<latexit sha1_base64="zSC2n0BEyUG6cWaqiDkjsAGIRaM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUS9kVUY9FL95awX5gu5RsNtuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgoQzbVz321lZXVvf2CxsFbd3dvf2SweHLR2nitAmiXmsOgHWlDNJm4YZTjuJolgEnLaD0e3Ubz9RpVksH8w4ob7AA8kiRrCx0mMd9ZhE9Up41i+V3ao7A1omXk7KkKPRL331wpikgkpDONa667mJ8TOsDCOcToq9VNMEkxEe0K6lEguq/Wx28QSdWiVEUaxsSYNm6u+JDAutxyKwnQKboV70puJ/Xjc10bWfMZmkhkoyXxSlHJkYTd9HIVOUGD62BBPF7K2IDLHCxNiQijYEb/HlZdI6r3qXVff+oly7yeMowDGcQAU8uIIa3EEDmkBAwjO8wpujnRfn3fmYt644+cwR/IHz+QO/to+p</latexit>

O 2 O(d)
<latexit sha1_base64="3L3N2Hu7UsMx8y3sJqT8DJRK+yI=">AAACDXicbVC7SgNBFJ2NrxhfUUubwSjYJOyKqI0QtBGrSJ6QbMLsZDYZMvtg5q4Ylv0BG3/FxkIRW3s7/8bJo4iJBy6cOede5t7jhIIrMM0fI7W0vLK6ll7PbGxube9kd/dqKogkZVUaiEA2HKKY4D6rAgfBGqFkxHMEqzuDm5Fff2BS8cCvwDBktkd6Pnc5JaClTvao3I7zVoKvcB63gD2C48Z3CS63KzPPTjZnFswx8CKxpiSHpih1st+tbkAjj/lABVGqaZkh2DGRwKlgSaYVKRYSOiA91tTUJx5Tdjy+JsHHWuliN5C6fMBjdXYiJp5SQ8/RnR6Bvpr3RuJ/XjMC99KOuR9GwHw6+ciNBIYAj6LBXS4ZBTHUhFDJ9a6Y9okkFHSAGR2CNX/yIqmdFqzzgnl/liteT+NIowN0iE6QhS5QEd2iEqoiip7QC3pD78az8Wp8GJ+T1pQxndlHf2B8/QJblZqE</latexit>

S�1 = �JSTJ

<latexit sha1_base64="y9mDxqFihfmPYS8BkCX10OTSi44=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXuJMEPUY9OIxErNAEkJPT0/SpKdn6K4R4xD8FS8eFPHqf3jzb+wsB018UPB4r4qqel4suAbH+bYyS8srq2vZ9dzG5tb2jr27V9dRoiir0UhEqukRzQSXrAYcBGvGipHQE6zhDa7HfuOeKc0jeQfDmHVC0pM84JSAkbr2QRW3ucRtYA+QVuNRwT8tnXTtvFN0JsCLxJ2RPJqh0rW/2n5Ek5BJoIJo3XKdGDopUcCpYKNcO9EsJnRAeqxlqCQh0510cv0IHxvFx0GkTEnAE/X3REpCrYehZzpDAn09743F/7xWAsFlJ+UyToBJOl0UJAJDhMdRYJ8rRkEMDSFUcXMrpn2iCAUTWM6E4M6/vEjqpaJ7XnRuz/Llq1kcWXSIjlABuegCldENqqAaougRPaNX9GY9WS/Wu/Uxbc1Ys5l99AfW5w/aPJQw</latexit>

S 2 Sp(d/2)

<latexit sha1_base64="l4TV8rtlrHpqrrwkRMkqjv9Acag=">AAACGHicbVC7SgNBFJ2NrxhfUcs0g0GwMewGRRshaCNWEcwDkhhmZ2eTIbMPZu6KYdnC3/AHbPUP7MTWzh/wO5xNtjCJBwYO59zLPXPsUHAFpvlt5JaWV1bX8uuFjc2t7Z3i7l5TBZGkrEEDEci2TRQT3GcN4CBYO5SMeLZgLXt0lfqtByYVD/w7GIes55GBz11OCWipXyx1gT2C7cY3yX0VX+Bj3PUIDB0VW0m/WDYr5gR4kVgZKaMM9X7xp+sENPKYD1QQpTqWGUIvJhI4FSwpdCPFQkJHZMA6mvrEY6oXTz6R4EOtONgNpH4+4In6dyMmnlJjz9aTaUI176Xif14nAve8F3M/jID5dHrIjQSGAKeNYIdLRkGMNSFUcp0V0yGRhILubeaKo9JoSUEXY83XsEia1Yp1WjFvT8q1y6yiPCqhA3SELHSGauga1VEDUfSEXtArejOejXfjw/icjuaMbGcfzcD4+gU915/F</latexit>

J2 = �1



Symmetry Distinction Problem

Theorem [Aharonov, Cotler, Qi ‘21] [Chen, Cotler, Huang, Li ‘21]

Protocol with quantum memory is gate efficient [Aharonov, Cotler, Qi ‘21]

Generalizes the setting of [Aharonov, Cotler, Qi ‘21]

Task: Distinguish between (i) a fixed, Haar-random unitary, (ii) a fixed, 
iiiiiiiiiiHaar-random orthogonal matrix, and (iii) a fixed, Haar-random 
iiiiiiiiiisymplectic matrix

<latexit sha1_base64="J8/C+7/MBaN7/1TWnRuVyReCBPU="></latexit>

ComplexityQuantumMemory[Symmetry(n)] = O(1)
<latexit sha1_base64="mjh2W1fjnGVL+02xpB8jHurIjHI="></latexit>

ComplexityClassicalMemory[Symmetry(n)] = ⌦(2n/3.5)



Exponential separation with 
Bounded Quantum Memory



Theorem [Chen, Cotler, Huang, Li ‘21]

This result is qualitatively different than the previous ones

Combines proof techniques of all the results previously mentioned

We assume we have a quantum memory, but that it is bounded in size

Any learning algorithm with     qubits of quantum memory requires
copies of      to predict                   for all    -qubit Pauli

observables     with probability at least        . 

<latexit sha1_base64="EP5kbmHkUM97TJ+kKEj+EFlFd74=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQLqwzrajLoht3VrAPaMeSSTNtaJIZkowwDPVX3LhQxK0f4s6/MX0stPXAhcM593LvPX7EqNKO821lVlbX1jeym7mt7Z3dPXv/oKnCWGLSwCELZdtHijAqSENTzUg7kgRxn5GWP7qe+K1HIhUNxb1OIuJxNBA0oBhpI/XsfPeWkwEqVh7SojgZlU6r41LPLjhlZwq4TNw5KYA56j37q9sPccyJ0JghpTquE2kvRVJTzMg4140ViRAeoQHpGCoQJ8pLp8eP4bFR+jAIpSmh4VT9PZEirlTCfdPJkR6qRW8i/ud1Yh1ceikVUayJwLNFQcygDuEkCdinkmDNEkMQltTcCvEQSYS1yStnQnAXX14mzUrZPS9X784Ktat5HFlwCI5AEbjgAtTADaiDBsAgAc/gFbxZT9aL9W59zFoz1nwmD/7A+vwBV3GTSA==</latexit>

⌦(2(n�k)/3) <latexit sha1_base64="aj6twsXBoelrQKICnDO1HQysfY0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHTSxoKKq66e6KUs6M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0oS2iuNKdCBvKmaQtyyynnVRTLCJO29HoNvfbT1QbpuSDHac0FHgoWcwItrnU04nqV2t+3Z8BLZOgIDUo0OxXv3oDRTJBpSUcG9MN/NSGE6wtI5xOK73M0BSTER7SrqMSC2rCyezWKTpxygDFSruSFs3U3xMTLIwZi8h1CmwTs+jl4n9eN7PxdThhMs0slWS+KM44sgrlj6MB05RYPnYEE83crYgkWGNiXTwVF0Kw+PIyeTyrB5f18/uLWuOmiKMMR3AMpxDAFTTgDprQAgIJPMMrvHnCe/HevY95a8krZg7hD7zPHyJIjk8=</latexit>⇢
<latexit sha1_base64="udqnpoKMWQ6SQmxCIZAFSnYxC2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyVRUZdFNy4r2Ac0oUymk3bo5MHMjRjS+ituXCji1g9x5984bbPQ1gMXDufcy733eLHgCizr2yisrK6tbxQ3S1vbO7t75v5BS0WJpKxJIxHJjkcUEzxkTeAgWCeWjASeYG1vdDP12w9MKh6F95DGzA3IIOQ+pwS01DPLYwfYI2QgJ9UGduQwOhn3zIpVs2bAy8TOSQXlaPTML6cf0SRgIVBBlOraVgxuRiRwKtik5CSKxYSOyIB1NQ1JwJSbzY6f4GOt9LEfSV0h4Jn6eyIjgVJp4OnOgMBQLXpT8T+vm4B/5WY8jBNgIZ0v8hOBIcLTJHCfS0ZBpJoQKrm+FdMhkYSCzqukQ7AXX14mrdOafVE7uzuv1K/zOIroEB2hKrLRJaqjW9RATURRip7RK3oznowX4934mLcWjHymjP7A+PwBtDWUzg==</latexit>

|tr(P⇢)| <latexit sha1_base64="EiaoM0AehfQePmNQpsxKTMTAGos=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2a2M+g==</latexit>n
<latexit sha1_base64="+fowm5oq+ea3VCDG6dAsiUeVKF0=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5ct2Ae0g2TSO21sJjMkGaEM/QI3LhRx6ye5829M21lo64HA4Zxzyb0nSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB0O/XbT6g0j+W9GSfoR3QgecgZNVZq1B/KFbfqzkCWiZeTCuSw+a9eP2ZphNIwQbXuem5i/Iwqw5nASamXakwoG9EBdi2VNELtZ7NFJ+TEKn0Sxso+achM/T2R0UjrcRTYZETNUC96U/E/r5ua8NrPuExSg5LNPwpTQUxMpleTPlfIjBhbQpnidlfChlRRZmw3JVuCt3jyMmmdVb3L6nnjolK7yesowhEcwyl4cAU1uIM6NIEBwjO8wpvz6Lw4787HPFpw8plD+APn8wesNYzc</latexit>

P
<latexit sha1_base64="AmvaZvLDXlil8ciMYkLWpKTtRtY=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4Y9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9XuoWiW3JnIMvEy0gRMtS6ha9OL2ZphNIwQbVue25i/DFVhjOBk3wn1ZhQNqR9bFsqaYTaH89OnZBTq/RIGCtb0pCZ+ntiTCOtR1FgOyNqBnrRm4r/ee3UhNf+mMskNSjZfFGYCmJiMv2b9LhCZsTIEsoUt7cSNqCKMmPTydsQvMWXl0mjXPIuS5X7i2L1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXbGNNA==</latexit>

2/3

<latexit sha1_base64="JmsXqpd/lgdAhBerFa9Qstr6an8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1SGM9w==</latexit>

k

Lower bound is polynomial when 
<latexit sha1_base64="jeNMnBL3rBqZwyfwvtwqdrkR1kU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyMxiEurAkKuqy6MZlBfuAJpTJdNoOnUeYmQglFPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KEUW18/9spLC2vrK4V10sbm1vbO+7uXkPLVGFSx5JJ1YqRJowKUjfUMNJKFEE8ZqQZD28nfvORKE2leDCjhEQc9QXtUYyMlTruwRCGmnIo4CkMPRgy2S+Lk47r+RV/CrhIgpx4IEet436FXYlTToTBDGndDvzERBlShmJGxqUw1SRBeIj6pG2pQJzoKJueP4bHVunCnlS2hIFT9fdEhrjWIx7bTo7MQM97E/E/r52a3nWUUZGkhgg8W9RLGTQSTrKAXaoINmxkCcKK2lshHiCFsLGJlWwIwfzLi6RxVgkuK+f3F171Jo+jCA7BESiDAFyBKrgDNVAHGGTgGbyCN+fJeXHenY9Za8HJZ/bBHzifPyGFk6w=</latexit>

k ⇠ n�# log(n)

Shadow tomography with bounded quantum memory



Discussion

Quantum advantage
Quantum computers better than 
classical computers at classical
problems

Quantum memory advantage
Quantum memory has advantage 
over classical memory for quantum
experiments 



Discussion
§ Developed a new framework for proving exponential separations 
iibetween quantum learning algorithms with and without a quantum 
iimemory

§ Established the first exponential tradeoff between bounded quantum 
amemory and query complexity
§ Experimental demonstration of quantum memory advantage in NISQ era
§ What are effects of noise?

§ Other ‘physical’ examples along the lines of the             task? 
<latexit sha1_base64="ARmjd61TmCUH03nxb0QuUZlcmaQ=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0UoKCUpRV0W3bisYB/Q1DKZTNqhk0mYmRRKyC/4G/6AW/0DdyK4cud3OGmzsK0HBg7n3Ms9c9yIUaks68sorK1vbG4Vt0s7u3v7B+bhUVuGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY67vg28zsTIiQN+YOaRqQfoCGnPsVIaWlgVhxfIJw4AVIjTyZ2Cs+hM0GCRJKykDsXsJkmtUeeDsyyVbVmgKvEzkkZ5GgOzB/HC3EcEK4wQ1L2bCtS/QQJRTEjacmJJYkQHqMh6WnKUUBkP5n9KIVnWvGgHwr9uIIz9e9GggIpp4GrJ7PkctnLxP+8Xqz8635CeRQrwvH8kB8zqEKY1QM9KghWbKoJwoLqrBCPkK5I6RIXrngyi5aWdDH2cg2rpF2r2pfV+n293LjJKyqCE3AKKsAGV6AB7kATtAAGT+AFvII349l4Nz6Mz/lowch3jsECjO9fZMOlrw==</latexit>

1+ "P

2n


