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Nonlinear Sigma models CNLSM )

Fields U : ✗ c-A * UH)ET
→ g.

Lattice And
Continuum # Ra

Target (nonlinear
symmetric space

Action
"

£ffPuPd×!
E.g. $

"

Models that realise symmetry in a minimal way .



Nonlinear Sigma models CNLSM )

Examples CAPED ) :
• F- { 1=11 Ising model discrete /abelian
• F- $

' classical XY model flat / abelian
• -1=82 classical Heisenberg model curved /nonabelian

ftp.afs#Flule-EtuiF-uhtIaduHaa..
fu,-AUK-E.fm/-uy).lux-uy)



Conjectures land results) d 23
symmetry spontaneously broken

Lattice models have ordered low temperature phases
Proofs only available in special cases
and either fragile or very hard . •

deflection positivity) (Bataban)
Frohlich -Simon-Spencer

•

Goldstone mode strong correlations

continuum models do not exist
.



Conjectures d=L

Predicted behaviour depends on curvature .

"

Polyakov conjecture
"
: positive curvature
⇒ Mass gap for

all 13>0 .

Continuum theory exists .
Similar to Yang-Mills in D= 4 .
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The arboreal gas
G- = a ,E) finite graph
F- CA

,
E(F)KG is a forest if it has no cycles

PpkF) = 1-zp.pk#111lF is a forest)
• Fatuin- Kasteleyn : q to limit of random cluster model
• Lubensky- Isaacson : model for gelation of polymers
• Caracciolo-Jacobsen- saleur- Sokal - Sportiello
• Luczak -Pitted

,
Martin- Yeo : analysis on complete graph

• PemanHe
,
Kahn

,
Grimmett-Winkler : conj . negative dependence

• Brandeis - Huh
,
Anan

'

etat
.

:a main example of Lorentzian polyn .
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☒ 2

Hyperbolic plane IH
'

Vectors ui-lxi.y.az;) in 1123

$2. >0 A
⇐g)

with Uiui = -1

where ui-uj-xixj-yiyj-zizjfisn%aFia.int
Concretely zi= 1+1%2+9?

'

SF = Sdxidyilz. F
At

Lebesgue integral $5012,1 ) inv. volume form



Fermionic hyperbolic plane 11-1012

Supervectors a- = Bi ,Zi , I;) in R' '2

FEI Tien

with Ui -Ui = -1

where ui-uj-z.3j-zjasi-z.gg/0SP("2)invariant

concretely E- 1-23%1--1-Zizi
SF = 52%2%12; F
11-1012

Grassmann integral 0%412) inv. volume form



Fermionic hyperbolic plane 11-1012

Supervectors a- = Bi ,Zi , I;) in R' '2

FEI Tien

Infinitesimal supersymmetries :
T } ; = Zi

, Tzi=O , TZi= - Zi | osp( 112)F3i= 0
, 1=2 ; -- Zi , FIi=}i

plus symplectic symmetries .



11-10" model i arboreal gas

111-1012
)ae£(↳¥U)

- h Zip(

ftp.naflui-duk?glUi-ujHqlui-uj)OSpl1lHinnerprod.Thm.KJSSS
,
BCHS) Nonlinear Matrix Tree Thm .

Pp,o(O*×)= (Uo•U×)p,o •

pp.ole.EE , . . . . ,ekEF)=fEÑ!Neill)•Pei#o
:
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When does the arboreal gas percolate ?

Prop .

On any graph , the arboreal gas is stochasticallydominated by bond percolation with p = 13/(1+13) .
• Arboreal gas does not percolate on Kd if B small

Thm IBCHSI
.

In 01=2
,
no percolation for any 13>0 .

Thm
.

(BCH)
.

In 01>-3
, percolation for 13 > Po .



When does the arboreal gas percolate ?

Thm
.
IBCHSI

.

Let 01=2
.

For any 13>0, 7431>Ost .
Ppi0 ☒ X ) I 04×1

-"P') for all ACK?

Thm
. IBCHI . Let d23 .

There are Bo C- (0,01 and
3431=1-01413) set . for B ? Bo

,

Pp" 10$ * ✗1=3431-1 ¥¥yd -2 -104311×10-2+1<+131*14)
if A is a torus 11=7-4/4424 1- I told 1

.



11-102 model i arboreal gas

Pp,o( 0# X) = (Uo • Ux>p.co
⇒ percolation * spontaneously broken symmetry

"

spins point in same direction overlarge dist.
"

A

Continuous symmetry
• expect diffusive corrections

€-51 (Goldstone mode)

Ward identity: "" = Biz;)pin



'

Magic formula
'

• No percolation in d--2

-1hm CBCHS )
.

For the arboreal gas ,/ Ppl 0$ * ×) afetx e- ¥; pcoshlti-tjlldetl-dpu-DH.IE#dti
.

* Versions of Merrin-Wagner can be adapted to RHS .

IBCHS
,
sabot
,
Kozma- Peled

,
Merkt - Roles)

'

Magic formula! Same measure but with 3 → 1

is related to reinforced walks
.



Symmetry breaking Cd>_3)

Want to prove :

- (Uo • Ux)p
,

0--0-4314 2§Y¥µz + 01¢
""+1×1*-2*4B-1)

Introduction of h>0 breaks symmetry :
(same ward identityf- pin =¥¥%%>pin as in other NLSMS)

Two possible limits :
'
N→00

,
hto ' and

'
b4QN→a

'

.



Symmetry breaking Cd>_3)

Tim
.

CBCH)
.

Let d 23
,

1- 7- told} AN= 24K¥! Then
- (Uo • Ux)p

,0--0-4314%4?feet 01
"+1×1*-2*913

-

y



Symmetry breaking Cd>_3)

Tim
.

CBCH)
.

Let d 23
,

1- 7- told} AN -- EYEZ! Then
- (Uo • Ux)p,o= 0-4314%4,3%+01

"+1×1*-2*913
-

y
B.

same constants
Also

, Iim Iim Kolp
,,
= 0-43) 431,0437

Into Nia •

CCB )Iim Iim (}oM×)p
,
h
-

p ☒Id -2
+ 0¥10-2¥Into Nia

41312 1
Iim Iim (Zo;Z×)p,h = ☒(B)21×120-4+0/134×12"-4¥Into Nia



Many questions
The arboreal gas arises as the q i 0 limitof the random cluster model

.

The 11-10" model behaves in all ways as
the

"

9=0
" Potts model

.

Is it solvable in 01--2 ?

The Potts model with 9>-2 has symmetry Sq ,while the 11-10" has Osp 4121 : " / in Sg = 05pct 12J
"

?

Parisi :
"

ligyfsg
"
is continuous

" °



Many questions
• Universality . Is the order statistics of the
component sizes on 2d/ LZD , d 23 , B>Po, the
same as on the complete graph ?

Expected similarly to universality of Wigner -Dyson .
Distributions known explicitly for complete graph :

4-" 1 am) N
-"3

* limiting distribution
k- th largest→TH' N

-2B * limiting distributioncomponent



Many questions
• Critical dimension should be ok 6

Deng- Garoni - Sokal : Numerical evidence
cubic saddle point in mean- field theory

can one show this
,
at least for spread- out

interaction 1finite range spin coupling) ?
• 6-e and Lte expansions ? klebanovet.at .
• Mass gap in d--2 ?



Many questions
• Negative correlation conjecture .

cpemantk
,
Grimmett-winkle,Kahn )

Pple, c- F, ezC-F) I Pple, c-F) Pple,c- F)

Known only in limit B.→a 1USD or 11418 .

Briindén - Huh and Anan
'

etat
. recently proved

Pple, c- F, ezC-F) I 2 Pple, c-F) Pple,c- F)
and the partition function with edge dependent
weights is log concave (Lorentzian polynomial ) .



Thank you !
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,
E(F)KG is a forest if it has no cycles

Pp%F ) = Ep, 131*1=11
-

11th VCT) ) 11 F is a forest)
TEF
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Symmetry breaking Cd>_3)

In coordinates
, 3--4731,2--41FB, 2=1-4-443

exp / 0411047 - § 11th) 44--1-344-1014047 )
B

incl
.
in d>2

same coupling elevant

• Couplings related * Use Ward identity to fix
relevant coupling

• Limit h¥0 first • Propagator will have 0-mode .



Setup for tenormalisation group finite range
• decomposition

Gaussian propagator G- C-☐+MY

expfs.IT411047 - a.44--1%44-1014047 )
stable manifold theorem : ailbo.MY

,
so
'
( bo.MY

Corresponds to 11-1012 if ao = Hsg ( Hh ) - m2→
parameters (Pti ) to = ( It so )Z

132
Ward identity : h= trip CHOCbot)



Magic formula for ERRW and VRJP

ERRW : Edge e has weight ¥4k It/# of crossings of edge e
parameter¥ÉTt¥¥¥ a small : strong reinforcement
a large : weak reinforcement
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Magic formula for ERRW and VRJP
random

ERRW : Edge e has weight at Nettl conductance

¥
Diaconis- Freedman
& Coppersmith-Diaconis : ¥ERRWM=fP§RWk ' day (c)t

mixing measurewalk starting given by
'

magic formula
'

at vertex 0

VRJP : Vertex reinforced version

sabot - Tarries : PINNA =/ posrwcdthc.ly, (f)



-1hm (sabot - tarred
. Mixing measure for VRJP :

dup.lt/xe-E;Pcoshlti-tjYdetT-Apa,DkfIe-tidti
I

pit > f) i =¥, Beti
+tiff. - f;)

-1hm CBCHS )
.

For the arboreal gas ,

Pp / 0$ * ×) a / etx e- E; Pcoshlti-tjlldett-dp.nl/%1Eoe-3tidti
.

Three sources for the magic .



11-1012→ 1/-1214

IH"" consists of supervectors a- 51%4*74
Ui - Ui = - l

Ui
-

Uj = Idiot +01? IQ? -Zi Zj
+ Zi

'

§! -12,
! }
,

! + zig? + zjzq? / OSPks l l 2)
Localisation :

HKU i. U ;) , ki)) )
"-1°"

= ffllui.ie;) , ki )))"p¥
"

p ,h



Horospherical coordinates for 11-1214

7- = coshtttzets
'

TER
,
SER

to'=sinht - Eets' 14741,434- Grassmann )
q2=ets3i-ety-iquadraticins.4.ly:474/zi=etyi

exponential int

←
ÉlUiAu)th§zi * BEcoshlti-tji-IT.ge#tilsi-sjTt1---)



Hyperbolic o- model

✗ e-I .¥¥Ui -uitlui-uilltdui-e-B.EE/coshlti-t;1+tzeti+tisi-sj)41Te-M-" tidtids;
i

F
Gaussian ins !



Hyperbolic o- model

✗ e-I .¥¥Ui -uitlui-uilltdui-e-B.EE/coshlti-t;1+Ieti+tisi-sj)4iTe-M-" tidtids;
F
Gaussian ins !

Thus t-marginal is

e- ¥; Pcoshlti
-

tjlfdeti-dp.it , ))
-"""

4¥ e-Mtltidti



-1hm (sabot - tarred
. Mixing measure for VRJP :

dup.lt/xe-E;Pcshjti*tjYdetT-Apw1)kfIoe-tidtiI
17=0 pit , f)i-E.pe#ttif-j-fi)ThmlBCHS)

.

For the arboreal gas ,
17=-2

Ppl 0$ * ×) afetx e- ¥; Pcoshlti
-tj•

ldett-dpu-DPY.IE#dti .
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-1hm (sabot - tarred
. Mixing measure for VRJP :

dup.lt/xe-E;PcsHti*tjYdetT-Apu-,1Y4Ioe-tidti/
17=0 pit , f) i=¥,Betittifj - f;)

-1hm CBCHS )
.

For the arboreal gas ,
17=-2

Ppl 0$ * ×) afetx e- ¥; Pcoshlti
-tj•

ldeti-dp.nl/%1Eoe-3tidti .
What is HM if NIO ? IH"" has dim

.
n=p -2g .


