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Quantum Markov semigroups — the physical origins

In 1974, Brian Davies showed how quantum Markov semigroups naturally
arise in physics.

Consider a physical system on Hilbert space H with the Hamiltonian H
that is in contact with a heat bath at inverse temperature 3. The heat
bath is taken to be an infinite free fermion system. Let Hpg and Hg be the
heat bath Hilbert space and Hamiltonian. The combined system lives on
the Hilbert space

K:=H®Hsp

and for A > 0, we take the Hamiltonian to be
KN=H®1+1®Hg+\V

where V is an interaction term on which certain reasonable restrictions are
imposed.
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Let & denote the density matrices on H, and let G denote the density
matrices on K. Let |2) be the vacuum state for the free fermi system, and
imbed & into & using the map

p s e PR (I g 1) Qe VIR IR =

We recover a density matrix p; y on H by taking the partial trace over K.
That is, for a self-adjoint operator A on H,

Tr[pmA] =Tr [PIC,/\,t(A ®1)] .

Davies proved that under reasonable conditions,

I|m Pt = »] +p where @I — et?!
and he provided an explicit formula for the generator .Z1.
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Quantum operations

Let ® : M,(C) — M,(C) be a linear transformation. Equip M,(C) with
the Hilbert-Schmidt inner product, making it a Hilbert space. We write ®f
to denote the adjoint with respect to the Hilbert-Schmidt inner product.

The map & is unital if it takes the identity to the identity; i.e.,

The map ¢ is trace preserving if
Tr[®(X)] = Tr[X] .

for all X.
It is easy to check that ® is unital if and only if &1 is trace preserving.
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® is positive when ®(A) > 0 for all A > 0. ® is 2-positive if the block

igé)) igg; > 0 whenever ? D > 0. For each integer

k > 2, the condition of k-positivity is defined in the analogous manner,

matrix

and & is completely positive if it is k positive for all k.

Example: For any m x n matrix V, consider the map ® : X — V*XV.

*

o(A) oB) | |[Vv o AB|llV o
®(C) D) | |0 V C D 0 VvV
Hence @ is completely positive, and it follows that for any {V4,..., V;} so
is
‘
O X Y VEXV .
j=1
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If & is completely positive and unital, its adjoint ®T is a completely
positive trace preserving map, and so evidently it takes density matrices to
density matrices. Such maps ®' are known as quantum operations.

Example: Let m, n € N. We may think of matrices in Mp,(C) as m x m
block matrices with entries in M,(C). Define

X

X

where the matrix on the right is the m x m block diagonal matrix each of
whose diagonal entries is X. This is completely positive and unital. lts
adjoint, =}, is
Xi1 - Xim "
=, Do = X,
Jj=1

Xml Xmm

) )

is the partial trace.
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The structure of quantum operations

Every quantum operation ®f on M,(C) has a Stinespring factorization:

Define ®p : My(C) — Mpmn(C) by

Win(A) = | =aemal.
0
Then for some unitary U on Mp,,(C), and some m,

of(X) = =L (UV,(X)V)

m m

= > UPXUp; =) ViXv; .
j=1 j=1
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Definition

A Quantum Markov Semigroup (QMS) is a semigroup {Z:}+>0 of
completely positive unital maps on M,(C). Its dual {QI}QO is a
semigroup of completely positive trace preserving maps. Such semigroups
are called Quantum Dynamical Semigroups.

For any QMS {Z#;}+>0, and any t > 0 since P;1 = 1, 1 is an eigenvalue of
each &, and hence of each 91 By a simple Perron-Frobenius argument,
there will be invariant density matrices o for the dynamical semigroup
{P:}>0; i.e., density matrices o such that Z0 = o for all t > 0.

We will generally be interested in the ergodic case in which there is
exactly one such state o, as in the cases treated by Davies, where it is

1
og = Z—BefﬁH ., Zg:=Tr[e PH].
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In this finite dimensional setting in the ergodic case with unique invariant
state o, soft arguments provide a spectral gap, from which it follows that
for any p € G,

lim L@Ip =0

t—o0
with exponentially fast convergence in the Hilbert-Schmidt norm.
We would like to quantify the exponential rate of convergence as precisely
as possible and in the more meaningful trace norm

|2lp — ol = Te[|2{p - o] .

We are mainly interested in methods for doing this when the system

(H, H) that is in contact with the heat bath consists of N interacting
particles so that H, while finite dimensional, has a dimension that is
exponential in N. It is natural to make use of quantum relative entropy.
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Quantum relative entropy

Given two density matrices p and o, the quantum relative entropy of p
with respect to o is the quantity

D(plle) := Tr[p(log p — log )] .

It has a direct physical meaning. Loosely speaking the number of
experiments required to distinguish the state p from o with an error
probability of size € is —loge/D(p||o), in a complete analogy with
“hypothesis testing” in classical probability.

In this sense, the relative entropy is a good measure of the “divergence”
of p from o. While the relative entropy is not a metric — D(pl||o) is not
symmetric in p and o — it does dominate the square of a natural metric, as
expressed by the quantum Pinsker inequality

D(ollo) > 2 Tx(lo — o).
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Some fundamental entropy inequalities

In 1973, Elliott Lieb proved two convexity inequalities that are
fundamental for what we discuss here, but also in many other settings.

Theorem (Lieb 1973, Lieb Concavity Theorem)

For 0 <t <1, and any fixed K € M,(C), the function

(X,Y) = Tr[K*YEKXI ]

is jointly concave on M;F(C) x M;(C).

Theorem (Lieb 1973)

00 1 1
XY, K)o T K* K d
G Vo) {A Sty sdrxX"

is jointly convex on M+ (C) x M+ (C) x M,(C).
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The first of these theorems in known as the Lieb Concavity Theorem
(LCT). The second does not have a name, and its direct significance was
overlooked for many years.

In 1975, Lindblad proved, as a consequence of the LCT, the Data
Processing Inequality (DPI)

Theorem (Lindblad 1975, Data Processing Inequality)

For any two p,o € &, and any quantum operation ®f on &,

D(@1pl|®to) < D(pllo) -

Roughly speaking, performing any quantum operation on p and o can only
make then harder to distinguish. This inequality is one of the cornerstones
of quantum information theory.
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The DPI is a prototypical monotonicity theorem. The LCT is a
prototypical convexity theorem. The passage back and forth between
monotonicity and convexity is crucial to our subject, and therefore we
briefly explain how LCT implies DPI.

In the special case K =1, the LCT asserts the convexity of

Tr[X] — Tr[YEX11]
t

for all t > 0. Taking the limit t | O yields the joint convexity of

(X,Y)— D(X]|Y) .
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Next, recall the Stinespring factorization
(X)) = =1 (UV,(X)U) .

It turns out =, can be written as an average over unitary conjugations,
and this allows the convexity to be applied. Evidently unitary conjugations
have no effect on the relative entropy, and neither does the initial
embedding ¥,

In exactly the same way, one can prove monotonicity versions of the two
theorems of Lieb introduced above, and these are:

Eric Carlen (Rutgers) Quantum Entropy Harvard, November 1, 2022 14 /42



Theorem (Uhlmann 1977)

Forall0<t<1,allmneN,alX,YeM:(C), all Ke M,(C), and all
completely positive unital maps ® : M,(C) — M,(C),

Tr[d(K*) Y1~ to(K) X < Tr[K*oT (V)1 tKoT (X)),

Theorem (Petz 1996)

Forall0<t<1,allmneN,alX,YeM:T(C), all K € My,(C) and
all completely positive unital maps ® : M,(C) — M,,(C),

o ) 1 1
Tr Uo (K )Ww(K)st] <

Tr/OOK* 1 K 1 ds
0 SI+Y SI+X
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In the form stated here, Uhlmann’'s Theorem is equivalent to LCT, but
Uhlmann actually proved more: He showed that is monotonicity inequality
is true for all unital maps ® that satisfy the Schwarz inequality

(X*X) > O(X)D(X) .

This class of maps strictly includes the class of unital completely positive
maps. This class of maps is the best possible.

Other monotonicity theorems, some now and some extended, may be
found in Carlen 2022, Carlen and Miuller-Hermes 2022, and Carlen and
Zhang 2022. However, in this talk we need only the two inequalities
discussed here, and only for quantum operations and not more general
classes of positive maps.
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Monotonic decrease of the relative entropy

Consider a quantum dynamical semigroup {@Z}QO with invariant state o.
Then by the invariance of ¢ and the DPI, for any density matrix p.

D(Z}pllo) = D(2]p||P]0) < D(pllo) -
That is, in complete generality, the function
t = D(Z{pllo)

is monotone decreasing. The research discussed in the rest of this lecture
is motivated by the following questions:
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(1) Under what circumstances can we write the evolution p — ,@Ip as
gradient for for the relative entropy with respect to some metric on the

space &7
The gradient flow equation, in R” say, is x(t) = =V F(x(t)), hence

CF(x(1) = VF(x(1)) - %(t) = [ VF(x(t) < 0.

(2) When it is possible to write the evolution p — 9’1,0 as gradient for the
relative entropy with respect to some metric on the space &, under what
circumstances can we explicitly find such a metric on & and relate the rate
at which lims_ oo D(QZI,@HU) = 0 to geometric properties of the metric? Is
the rate of convergence exponential?
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To clarify the last question, again consider gradient flow in R"” specified by
x(t) = —=VF(x(t)) where F is a twice differentiable function such that

D?F(x) > 2X1
for all x. Then for any solution,
%IIVF(X(t))II2 = 2VF(x(t)) - D*F(x(t))VF(x(t)) < =2A[VF(x(t))[|* -

Hence ||[VF(x(t))|? < e2||[VF(x(0))||> and then assuming the
minimum value of F is 0, and x(0) = x,

/ DAt < o5 [VF()I?

and

F(x(t)) < e ?*F(x(0)) .
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It turns out that a QMS does not always describe gradient flow for relative
entropy with respect to a Riemannian metric on &. The following
theorem, proved by myself and Jan Maas, refers to a particular
self-adjointness condition that will be explained next.

Theorem (Carlen-Mass 2020)

Let (Z+)t>0 be an ergodic QMS with generator £ and invariant state

o € 6. If there exists a continuously differentiable Riemannian metric g,

on G such that the quantum master equation % p = L1p is the gradient
flow equation for D(p||c) with respect to g,, then each Z; is self-adjoint

with respect to the BKM inner product associated to o.

We now introduce a family of inner products on M,(C) including the
BKM inner product.
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Inner products on M,(C) associated to 0 € &

Let P[0, 1] denote the set of probability measures on the interval [0, 1].
Notice that for each s € [0, 1],

TI‘[B*O'lisAO'S] — Tr[(o_(lfs)/2805/2)*0(175)/2/40_5/2] ,

and the right hand side is strictly positive when B = A # 0.

Definition
For each m € P[0,1], (-,:)m denotes the inner product on M,(C) given by

(B, A)m = Tr[B* Mm(A)] where Mm(A) = /0 % Ao dim(s)

The Gelfand-Naimark-Segal (GNS) inner product corresponds to m = Jp,
the point mass at s = 0.
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Other cases are known by name. Taking m = 4, yields the
Kubo-Martin-Schwinger (KMS) inner product

(B, AYkus = Tr[B*'/2Act/?]

Taking m to be uniform on [0, 1] yields the Bogoliubov-Kubo-Mori (BKM)
inner product. The BKM inner product is defined by

1
(B, A)gkm = / Tr[B*o° Ao ~]ds .
0

The condition that an operator .Z on M,(C) be self adjoint with respect
to the GNS inner product is is quite restrictive, so that such an operator is
automatically self-adjoint with respect to any of the other inner products
(-, -Ym-. Such a QMS generator is said to satisfy the detailed balance
condition.
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Alicki proved the following structure theorem:

Theorem (Alicki 1976, Structure of QMS with detailed balance)

Let 2, = et be a quantum Markov semigroup on M, (C) satisfying
detailed balance with respect to o € &. Then the generator £ and its
adjoint 1 have the form

2= g, HA) = IAVI+LAY,
Jj€J
L1=3 eyl L) =V oV + Vie Vi
T
where J is a finite index set, the operators V; € B(’) satisfy
{Vitieq = {V/'}jes, and w; € R satisfies

oVicTt=e iV, forallje J.
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Gradient flow on &

S is a relatively open subset of {A € M;(C) : Tr[A] = 1}. Identify the
tangent space 7,65 at p € & with

V:={Aec M,(C): A=A" and Tr[A]=0}.

The cotangent space T,IG may also be identified with V' through the
duality pairing (A, B) = Tr[AB] for A, B € Ay.

Let g, be a smooth Riemannian metric on &. Then g, determines an
operator 4, : T,6 — T,/ defined by

(A, ng>YJ = gp(A, B)

for A,B € T,&. Clearly, ¢, is invertible and self-adjoint with respect to
the Hilbert=Schmidt inner product on ). Define K, : TJG — T,6 by
Kp=(4,)""
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For a smooth functional F: & — R and p € G, its differential

dF(p) € T}& is defined by lim._0c 2 (F(p + £A) — F(p)) = (A, dF(p))
for Ae T,6. The gradient Vg F(p) € T,5 depends on the Riemannian
metric through the duality formula g,(A, VgF(p)) = (A,dF(p)) for

Ac T,6. Thatis

VeF(p) = KydF(p) -

For F(p) = D(p||o), dF(p) = logp —logo. If £ is a QMS generator and
o € G satisfies ZTo = 0, we seek a metric, specified by some K, such

that
ZLp= Ky(logp —logo) .
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A classical model

Jordan, Kinderlehrer and Otto showed that
0
ap(xa t) - AP(X, t) -V (p(Xa t)v |OgU(X))
=V (plx, £)(V log p(x) — Vlog o(x)))

describes gradient flow for the classical relative entropy

Jgn p(x) log £ ol % dx with respect to the 2-Wasserstein metric.

This structure is formally given in terms of the operator K|, defined by
Ko =~V - (oY) ,
for probability densities p on R". We get a linear equation since
pViogp=Vp.
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Non commutative differential structure

Consider a QMS generator .Z, satisfying detailed balance, as specified by
oand {V1,...,V|7}. Define

9GA =[Vj, Al .
Define the Hilbert space $7 by $7 = EBF)J-, where each ); is a copy of
jeJg
$H. For Ac 7 and j € J, let A; denote the component of A in ;. Pick
some linear ordering of 7, and write

A=(AL....Az) .

Equip £7 with the inner product (A, B)g, = > ;c 7(Aj, Bj)g;
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Define an operator V : $ — $H 7 by
VA= (81,...,8|J‘A) .

Thinking of elements of £ as non-commutative analogs of functions on a
manifold, we may think of A = (Ay,..., A7) as a vector field. We define
the operator div : 7 — $ by

divA=->"0lA;=>[A;, V/]
jeg jeg

Note that div is minus the adjoint of the map V : $ — $ 7, so that % is
negative semi-definite. We call V and div the non-commutative
gradient and the non-commutative divergence associated to .%Z,
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The chain rule

Define an operator M, ; by

1
M, j(A) = /0 (49/2) 1 A(e/2p)* ds .

so that

co 1 1
M 1(A) = A d\
Pd( ) /0 A+ efw/Zp A+ ew/2p

Note that if p and A commute, and w; =0,
M, j(A) = pA .

Finally,
M,(A) := (M, 1(A1), -, M, 7/(A1 7))
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Lemma (Chain rule for the logarithm)

For all p € G and j € J we have

e wil? Vip — ewf/2,o\/j =M, (9;(logp — log o)) .

We then define

KA—}Z&

jeg

Theorem (Carlen-Maas 2017)

For p € & we have the identity

M, ;(9;A)) = div (M, VA) .

Z1p=—K,dD(pllo) .

hence the gradient flow equation of D(p||o) with respect to the

Riemannian metric induced by KC,, is the master equation Oip = £ tp.

v |
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Also in 2017, Mielke and Mittenzwerg constructed a metric, by different
means, for which the master equation %p = Z1p, again under the
detailed balance condition, is gradient flow for the relative entropy.

The metric is not unique, and Carlen-Maas 2020 gives a more flexible
construction yielding a range of such metrics.

We now explain how the explicit form of our metric allows one to prove
entropy-entropy production inequalities. To do this, we write our metric
Brenier-Benamou form:
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Connection with the Brenier-Benamou formula

The Brenier-Benamou formula for the 2-Wasserstein distance on is:

Wa(po, p1)?
1
= inf {/ |V1/Jt(x)]2 dpe(x) dt : Ope +div(peVipr) =0, pelt=01 = /)0,1}
0

1 P 2
= inf { / [Pe(x)] dx dt @ Oepr +divPe =0 ,pt|t=01 = Po,l} .
o pe(x)

In our case, for a smooth curve p(t), we have that

8o, 5) = (p. K, o) = (K, 1), K (K,

That is, writing p(t) =: ICy1) B(t), 8o(p,p) = (B, K,B).
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Therefore
dz(po, p1) =
inf { /01<Bt>lcpt3t> dt @ Orpr = Kp, Bt , ptle=0 = po , ptle=1 = Pl}
Making the change of variables,
Ay =M, VB,

we get, using a minimizing property of gradients, that

d;(p()a Pl) =

1
inf {/ <AtaM;(£)At> dt : Oipr +divA; =0, ptli=0 = po , ptlt=1 = Pl}
0

which is our analog of the Brenier-Benamou formula.
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Recall that

1 1
A, M1 A T Ai); dA
(A, p(t) t) ;/ r[ ) At eil?) ( t)f)\+ewj/2p ’

and the second monotonicity theorem, equivalent ot the second convexity
theorem of Lieb, now applies to each summand. This will be the key to

proving entropy-entropy production inequalities.
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Geodesic convexity and relaxation to equilibrium

Let (.#, g) be any smooth, finite-dimensional Riemannian manifold. For
X,y in ., the Riemannian distance dg(x, y) between x and y is given by
minimizing an action integral of paths ~y : [0, 1] — . running from x to y:

1
) =inf{ [ 15 By ds 20 =x. 1) =y}

where
15() 12 (1) = &) (), 4(s)) -

(If the infimum is achieved, any minimizer - will be a geodesic.) If F is a
smooth function on .Z, let grad,F denote its Riemannian gradient.
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For A € R, the function F is A-convex in case whenever «y : [0,1] — .Z is
a distance minimizing geodesic, then for all s € (0,1),

d2

RO 2 26(5).4(5))

It is a standard result that whenever F is A\-convex, the gradient flow for F
is A-contracting in the sense that for all x,y € .# and t > 0,

%d§(5t(x),5t(y)) < —2XdF(Se(x), Se(v)) -

Otto and Westdickenberg developed an approach to geodesic convexity
that takes this last conclusion as its starting point. Consider the semigroup
St of transformations on .# given by solving §(t) = —grad, F(y(t)); we
assume that nice global solutions exist, which will be the case in our
application. The semigroup S, t > 0, is gradient flow for F.
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Let {7(s)}sejo,1) be any smooth path in . with v(0) = x and (1) = y.
They use the gradient flow transformation S; to define a one-parameter
family of paths 4* : [0,1] — .#, t > 0 defined by

74 (s) = Sev(s) -

Since ¢ is admissible for the variational problem that defines
dg(Se(x), Se(y)), it is immediate that for each t > 0,

d2(5:() / 15() 120, sy

In the present smooth setting it is shown by Danieri and Savaré that if for
all smooth curves v : [0,1] — .Z,

d

dt|,

(WO Mon) < -2

for all s € (0,1), then F is geodetically A-convex.
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If one wishes to check convexity directly, one needs to take two
derivatives. A direct brute force computation is difficult at best, and
nobody has succeeded for physically interesting cases. The problem is that
one does not have good expressions for the geodesics of the metric.

However, the theorem of Otto and Westdickeberg reduces the problem to
one of monotonicity — one only needs to check one derivative. Even this
would be difficult to do by brute force in interesting cases, but fortunately

this is not necessary.

The quantity ||"y0(s)|]§(70(s)) is closely related to the monotone metric
discussed earlier that is provided by a convexity theorem of Lieb. Using
this, one can readily prove the required monotonicity inequality in a
number of important cases.
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We now present a simple sufficient condition for the monotonicity

inequality that we shall be able to verify in a number of interesting
examples.

Definition

A semigroup ﬁt on $) 7 intertwines with a semigroup Z; on ) in case for
all t > 0, and all A € 9,

VP,A= PVA.

By duality, the intertwining relation V o &, = ﬁit o V implies the identity
PLdiv(A) = div(P, A),  for Ac g .
We will be particularly interested in cases in which for some A € R,

ﬁtA = (ei)\te@tAl, ey ei/\tL@tALfﬂ) .
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Suppose that the intertwining relation
Pldiv(A) = div(P, A),  for Ae g .

with
@'tA = (ef)‘ﬂ@tAl, ey ei)\tgtAL'ﬂ) .

is valid.

To apply it, consider any smooth path p : [0,1] — & with p(0) = po and
p(1) = p1. Recall the formula

dZ(po, p1) =

inf{/ <At,M_(t) t) dt 1 Orpe +divAr =0, ptft=0 = po 7Pt’t—1:P1}
0
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Set pt(s) := ﬁjp(s). Since we suppose that the semigroup 2,
intertwines with 22;. It follows that

d

P8 = 21 divA(s) = div ZIA(s) .

Consequently,

2

=) ZLION

IN

—2)\t 1 -1
e M(ZA(s),M L
g(pt()) Zerls)
d 2

< e PUAS), ML Ay = 2| ()

&(n(s))

which is the desired monotonicity inequality.
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Using this, Jan Maas and | proved:

Let &; be the Bose Ornstein-Uhlenbeck semigroup with generator £3,
and let o3 be its invariant state. Then for all p € &,

D(Zpllog) < e 25" P/2D(pl|og) .

Theorem

For 8 > 0, let &; be the Fermi Ornstein-Uhlenbeck semigroup with
generator £3, and let og be its invariant state. Then for all p € &,

D(Z:pllog) < e 2%t D(pl|os)

where A\g = min{cosh(f8e;/2) : j=1,...,m}.
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Michael Loss and | are now working on probing such entropy production
theorems for quantum analogs of the Boltzmann equation, and have
succeeded in a number of interesting cases. But much remains to be done!

Thank you for your Interest!
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