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Quantum Symmetry

@ symmetries beyond groups, quantum groups — subfactors

Vaughan Jens Bockenhauer Yasu Kawahigashi Mathew Pugh

@ K-theory — higher twists

Terry Gannon  Andreas Aaserud  Ulrich Pennig Corey Jones
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Quantum Symmetry

Verlinde ring
@ as representation theory of a loop group

@ bimodules for subfactors or representation theory of conformal
nets

@ as twisted equivariant K-theory of equivariant bundles of
compact operators

higher twists

@ equivariant bundles of self absorbing C*-algebras
@ their twists and their K-theory

provide

@ ® categories, fusion modules, CFT conformal field theory

@ actions of ® categories as modules and bimodules
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Braided subfactors a-induction

N C M with
e yXy C End(N) braided
e 0 = = yMy € E(nXN) ax.b= axA(b) bimods—endos

+ M—M +
o .
T

@ (M-My

(M-M)° = (M-M)"  (M-M)

as A — af

. + o\ - . .
Z\u = (), ay, ) is a modular invariant

Bockenhauer-Evans-Kawahigashi, Feng Xu, Ocneanu
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Braided subfactors a-induction

(M-M)y
N-N

(M-My

M-M = (M-M)" (M-My

@ N-M sectors from ¢\
t:NC M, A € N-N system

N-N sectors act on N-M sectors with multiplicity graph of
Cappelli-ltzykson-Zuber CIZ

@ M-M sectors from tA\T ClZ graph for ZZ* = Z1+ 2o+ ......

o + o\ . . .
Zyu = (@), a;) is a modular invariant

Bockenhauer-Evans-Kawahigashi, Feng Xu, Ocneanu 5/2



Braided subfactors a-induction

e NC My CM, N C My satisfy chiral locality Béckenhauer-E

Y bt
Z)\H - szT)\b,B(T))\

N® N°PP C M, ® M°°P C B

canonical endomorphism of N ® N°PP C B is

el= @B Zv.ou™].

AueEnXy
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Quantum Symmetries — 1998 and 2023

CLLETIN (New Serics) OF THE
AMERICAN MATHEMATICAL SOCIETY
hutps://dot .org/10. 1090/bul1/1799

Article electronically published on June 1, 2023

SUBFACTORS AND MATHEMATICAL PHYSICS

DAVID E. EVANS AND YASUYUKI KAWAHIGASHI
This paper is dedicated to the memory of Vaughan Jones
AsstraCT. This paper surveys the long-standing connections and impact be-
tween Vaughan Jones’s theory of subfactors and various topics in mathematical

physics, namely statistical mechanics, quantum field theory, quantum informa-
tion, and two-dimensional conformal field theory.
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quantum symmetries and K-theory

Verlinde ring for G = SU(n) as

Rep (LG)level = tWiStKG(G) Freed-Hopkins-Teleman 00

G a finite group
doubleof RCRxG: ACB=(R®R)xG C(R®R)x (G x G)

categorical equivalence : Kosaki-Yamagami 92
bimodules ~ equivariant vector bundles
ABg =Z¢ Cex ¢ vector bundle on G

A-A bimodules >~ G-G equivariant bundles on G x G
GxG
Ve N G ~ G by conjugation
G G

D(G) is q double:
Verlinde ring Kg(G) ~ Rep(D(G)), G on G by conjugation
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modular invariants, K and KK

° )\—>ozf, ozf|N:)\,
o 7y, = (af ,a,) is mod invt
e NC My CM, NC My satisfy chiral locality

Z =X b7'>\ B(T)A

(Z,E)
LN
X Y

b(f (=) ® E) € Hom(K(X), K(Y)) ~ KK(X, Y)
@ DEE, T. Gannon. Tambara-Yamagami, loop groups, bundles and KK-theory.
Advances in Math 421 (2023)109002
@ DEE, T. Gannon. Reconstruction & Local Extensions for Twisted Group
Doubles, Permutation Orbifolds. Trans Amer Math Soc 375 (2022), 2789-2826.

@ DEE T. Gannon. Modular invariants and Twisted Equivariant K-theory II:
Dynkin diagram symmetries. J of K-theory. 12 (2) (2013) 273-330

@ DEE, T. Gannon. Modular invariants and Twisted Equivariant K-theory.

Commun Number Theory Phys, 3 (2009) 209-296
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D or bimodules PN
Modular ® Category as modules * °* or bimodules %

e For a finitely generated braided C*-® category C constructed
a C*-algebra B such that Kp(B) = Ko(C) and as braided
C*-® categories

C = Mods"

for right Hilbert modules which admit a finite orthonormal
basis

Aaserud-E 19
e.g. Temperley-Lieb-Jones ®-category TLJx = Modgy”

@ ®-category C on C*-algebra A as bimodules with
Ko(A) ~ Z[dimC]??
e.g. Haagerup 62 = 360 + 1 with Z[dimC] = Z + 76
e Action of Haagerup system
{L,a,02, p, pa, pa? : a3 = 1,ap = pa?, p? = 1+ p+pa+pa?}
on irrational rotation algebra Ay
° Categorify Ag Q@ Ag — Ap E - Corey Jones in progress
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A® K-bundles, AQ A~ A
eg ./4 - MQ == ®HENMH
Bunx(K @ Mg) ~ HY(X, RY) @ (Di>1 H2K1(X, R))

R = Ko(Mg) ~ Q

Dadarlat-Pennig 13
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higher equivariant twists

SU(n)-equivariant UHF ®/KC-bundles E-Pennig 19, 23
UHF = Mg = @<End(F(C")

F :Vect—Vect; F(Va@ W) = F(V)® F(W), eg.

APP(V) = /\dimv V = Det(V)

A (V) = @/\k %

k=0
G§={(g,z21,2) e GXxZxZ |z, ¢ EVg}, Z=T\{1}

Gg—G
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equivariant SU(n) Fell bundles

Mg = (§) End (F(C"))
i=1

E(g721722): @ Elg(gaA)
21 <A<z
AEEV(g)

Elg,z,2) = F(E(8,21,22)) © MF

C" = Eig(g, \) ® E(g, \)*
F(C") = F(Eig(g, \)) ® F(E(g, \)")

Mr = End(F(E(g, 21, 22))) ® MF

Fell bundle £ — G
C*(€) ® K = section alg. of locally trivial bundle, fibre Mg @ K
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Mayer-Vietoris and spectral sequences

JAVAN
W N N o N VAYAY
Re(SU(2)) = K3"P(ME) = Z[p][F(p) 1]
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classical equivariant SU(2) twists

classical case at level k € Nis F = (/\t"p)@k, with Mg = C
Rr(SU(2)) = R(SU(2))

pre1 = (= 179/t t71) = det (tlk tlk) J(t—t71)

KL (CH(€)) = R(SU(2))/(px-1)

Freed-Hopkins-Teleman 00

A" """
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higher equivariant SU(2) twists

K3 PCH(€) =0, Re(SU@) = K5 "2 (Mr) = Z[p[F(p) ]

For F(V) =

k=3:
k=5:
k=T7:

L)

k=5

K VP (C*(€)) = Re(SU(2))/(oF)
E-Pennig 19

N(V)ER, F(p) = (p+2)%, oF =51 (5)pes

343p14+m=p>4+3p+2=(p+2)(p+1)
5+ 10p1 + 10p2 + 5p3 + pa = (p+ 2)*(p* + p — 1)
7+ 21p1 + 35p2 + 35p3 + 21pa + Tps + pe

= (p+2>(-1=2p+p*+p’)

0 L0
k=7

k=9
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higher equivariant SU(n) twists

K UP(C(€)) @ Q = KV(C*E @ M)
= (Re(SU(M) @ Q)/ < 07,05 -, 071 >

Re(SU(n)) = Ky " (M) = R(SU(n))[F(p) "]

F(ti)t; F(t)ty ... F(ta)t;,
A -

of(t,... t)) = %det : _ :

t1 to ... th

1 1

Vandermonde A = MN;.j(t; — t;)
_ E-Pennig 23
VAN
VAVAN
JAVAVAS
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potentials and Grassmannians

KA (C(€) 0 Q= KV (Cre @ My)
>~ (Re(SU(n)®@Q)/ < of ok ... 0F | >

su o e _ o
K" (M) © Q= Qla, .., &1, F(a) ]
Ck(try - s tn) = D 1<icncip<n tint == tiy antisymmetric
Ideal given by potential < 9V > where

oV

of = (—1yI 2
ICh—(j+1)

J
E-Pennig 23

Gepner compared with cohomology ring H*(Gx(C"), Z) of

Grassmann manifolds Gx(C"+k) of k-dimensional subspaces in
Cn+k

G(C™K) = U(n + k) /U(n) x U(K)
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equivariant cohomology for circle actions on UHF®QK

D =End(V)®*, K=K(*Z)® Ho)
V is a T-representation,
character py = 27:0 ait! € Z[t] C Z[t, t7] = R(T)
Autr(D ® K) is an oo loop space with cohomology Ep, 1(X)
E-Pennig 22

Bunyx(D ® K) = Epr(X) = [X, BAuty(D @ K)]

EP9=HP(X,Efy) = EBH(X).

Coefficients are:
0 if k>0,
Efr =4 GLi(K$(D)y) ifk=0,
7_x_1(U(DT)) ifk<O.
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spectral sequence coefficients from homotopy groups

Ko (D) = Z[t, t7, py(t) "]
7T2k(AutT(D &® K)) = ng_l(U(DT))
m(U(D")) = Ko(D") 2 Roaq

Rodd =Ko(DT) = {x € K (D) | — m[1p] < x < m[1p] for some m € N}

C Zlt,pv(t)']
Rogg = {r € Roga | r(0) =0},

Rbdd = {pc,’( € Road | g € Z[t], k >0, deg(q) < kd}
v

@ If ag > 1 and a4 > 1, then ﬂzk_l(U(DT)) = Rbdd
o If ag =1 and ay > 1, then mp_1(U(DT)) = RY,.
o If ag >1and ay = 1, then m_1(U(DT)) = RSS,.
o If ag=1and ay = 1, then my_1(U(DT)) = RS, N Ry,
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equivariant bundles of D ® K on torii

BUnTTn(D ®K) = EBT(T")

o0
= HYT", G) ® H3(T", Roas) ® @D H*H(T", RYY)

k=2
2k+1
~7"e P 2" @ /\ Rbdd)" @& @/\ (Roaa )" -
alpy
q prime
E-Pennig 22
Rodd ifap>1and ag>1,
R0 _ RO, ifag=1and ag > 1,
bdd — Rggd ifag>1landag=1,

RogaNRYyq ifao=1andag=1.
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equivariant circle bundles of C ® K

Buny(C ® K) = E(é’T(X)
~ HY(X,Z) ® H3(X,Z)
~ HY(BT,Z) ® H3(X,Z) ® H*(BT,Z) ® H(X,Z)
~ H3(BT x X,Z)
~ H3((ET x X)/T,Z)

~ H3(X,Z)
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