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Discriminating between unknown objects

/ " " " t" "" sets:•• /is a fundamental task in any experimental
science

-



-

Discriminating between quantum States1--1
• You are given : ④ * : a quantum system in an unknown
-

quantum state S

•Youareetod :

g Ifj
,

with equal probability
-

i. e . f E S = {S , , gz } e.g . A : an electron ; SEE
2

/51=10×01 , gz = I txt I1107--147,1+7=(147+117)/522



-

Discriminating between quantum States1-
--

I
•⇐given : ④ * : a quantum system in an unknown

quantum state g

•Youareetod :

g Ifj
,

with equal probability
i. e . f E S = {Si , 52 }

• Your task : to determine whether the state is
-

S ,
or 52



1-Discriminating between quantum States#
• You perform a measurement :

'

-

if I : infer g = S,

§# if 2 : infer 5=52
(2-outcome
measurement)

• Averageprobabil.it#oferrorindiserimination:PerrCSi.gz;M)='zRCinferlsz) t { RENEE IS. )

ooptimalerrorpr-bab.li#Hpej=inmfPerrC5is5zsU)-
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Discriminating between quantum States1--1

Holevo-Helstr-o-m-heoren.FI HAHy=TrFA|PerrCSnSz)=I(l-tzHKGl#
• O E lls ,

- Sally E 2

• 1151-5214=2 iff e , tf ( sik -- O)
(mutually orthogonal)

⇒
-

lperrlsnfzj-oifffitf.rs#
Instate's:'Inning.hr?se::;::Y.::t::th.or*osonay
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Discriminating between quantum States1--1
• What if you are given multiple (n ) identical copies
of the unknown state ?

5 ,
⑤ n

•You get : g④n/ with equal probability
-

\ fz④n

•Optib (by Holevo -Helstrom -1hm)

Peirce
,E) = Per . ( SF? E)=L It - I 119×015944)

• [ Nussbaum -
Szkola & Audenaert et al] .

-

. .

ki5I Sa ELLIFF bound



1-Discriminating between quantum States#
#

Peirce , ez) - exp C- nsa) : So - log finf-sc.ir Est)(iqtumcnernofbou.no#
O E Sa E N

•• Sq = 0 when 51=52

•• So
,

= a when g , 152 ; peiir' Csi , -

- O



1-Discriminating between quantum States-#
feints . .E) next C- nsa) i Soi -- dog fonts.ir#EsD/&umChernoffbo.undJ
• For OL Seco :fnlinfapeiics.ie/.perfectdis-riminationoftwostatesgi#
such that g , I gz is only possible in the|asymimitn→a
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Discriminating between quantum pro cisses1--1
• Focus : the task of discriminating between

unitary quantum processes /quantum channels

( involve unitary operators/ superoperators )

•Motivationi.unitaryoperatorsarethebuilding.be#
-

for quantum computation :

In the quantum circuit model for quantum computation(quantumlogicgates-unitaryoper.at#
• Unitary channel ( superoperator) : U (g) = Uf

Ut
( re )

S : state of a quantum system ; U : unitary operator
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Discriminating between unitaries : an example1--1
• 5={8,9%03} ; 9=169194,9 '

o ) ,El :
-i ) , EY:

• unitary operators on EZ
-

Pauli matrices
• form a group

• You are given the unitary operator as a black box :
-

-Et
• Youretask : determine whether his room ,Borg

inputprobe state
A Intestate •µ>

E EZ R E { Oo , Oi , Oz , 03 }
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Discriminating between unitaries : an example1--1
•

'¥estaTe output {possible output
states .

A
state oil 47 i tie { Oil , 2,3 }

l47EE2r#
BUT : . { oily> ; i - o, i. 2,3 } a linearly dependent

set of
States

ooei.car.no/-beferfecHydiscriminate#

•

Instead use an ancilla A 's a bipartite probe state
A
'

zipa Masha ' ' Q2
state -

HAA
→ bipartite tX④I)HAA

output state
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Discriminating between unitaries : an example

lofty I @⑤I ) IET>\-71#toutputstae
• Choose 14¥ ,> = loft> = lo%z ( entangled state)

• Possibleoutputstates :(R E { oooh , Oz , B} )

(to ④ 3) I Iot 7=1 Iot > .

( o, ④ I ) 1 Iot > = lift7=4017+11071/6 . Bell states

( Oz ④ I ) I Eft > = IVI
- 7=(1107-1017)/52 . mutually I

( Oz ④ I) loft 7=150
-

Ja (1007-1117)/6



-

Discriminating between unitaries : an example

mined
18+7 I @⑤2) lofty msmnt

.

correctly¥#outputs
• Choose 14*7=1 §t7=1o%z ( entangled state)

• Possibleoutputstaes :(BE { ooh , 02,033 )

k¥+7
, 18-7,14-+7 . I -47 E e

? -

• Bell states

• mutually I
• can be perfectly
discriminated



Discriminating between unitaries : an example#

*

ned

•
Use of an ancilla IA

' ) e a bipartite probe state
14am) - l Iot) (Bell state)

allows perfect discrimination of the unitaries in(thesets-foo.a.oz.gl



⑧

Next :
consider the task of discriminating

between unitary quantum channels

→
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Discriminating between unitary channels1-
-

n a unitary channel (U) as a black box
•Yo-Id U y

,

with equal probability

• A : quantum system ; HA density operators
D (Ha) := set of quantum States (530 ,Trs = I

• U
, ,Uz :D (Ha)

→ D CHA)

Ui ( s ) = U , suit ; U , (g) = Uzguzt ,
L'n'iffy
operators

task : determine whether U is Up or Nz



Discriminating between unitary channels
---

J

/T*aa¥⇒iEttore :::
output

C- D (Ha⑤ HAD state

IAA , = IUIAAIXUIAA . I 's U E {Ui ,U2 }

• Need to discriminate between 2 possible output states :

Twi:=(Ui④id)Iaa&wz:=(Uz⑤id)IA
• Byttolevo.lt#esromTheorem : optimal error probability

Perrotti ,U2) -- inyfaa
,

Ifl - Ill wi - wall , )



Discriminating between unitary channels-1
• Optimal error probability in discrimination

Derr Cui Mz) = infafa , I ft - tzlltuixoidhfaaituzxoidltaa.lt)
-

= I ( t - I 'ftp.llfuixoid) Eaa . - Nz④ id ) Iaa. lls)Haitian -
a measure of discrimination for channels

•

Diamondnormdist.am#HUi-Uzllo--Ifta,llCUixoid)uIaae-(Nz⑧ id) Faa . Ily I#(RAINA ')

µerrlUnUz)=k(1-'zHUi-Uz



Discriminating
-

1-unitaryhamesu.FI
• Optimal error probability in discrimination

lperrtui.UD-tzlt-IHU-U.tl#
HUI -Mall; sfftaa , 114M

- Ma) ④ id ) Faa Hr

01HUi-U.tl#←
. /Perr(Ui,UD=OiffHUiUzHj



-

Discriminatingetweenunitaryhanneu.mil
• Optimal error probability in discrimination

Perrelli .us) -- 'z ( t - I Hui - Mallo )
-

• Perrelli ,Nz) = O iff HU ,
- Us 115-2 I|lnthiscaseUi&UzcanbeperfeoHydiscrimina,

I



#

Henceforth : we focus on discriminating between
a pair of unitary channels acting on anI-infinite-dimensionalquantumsystem-I.ae

.g. a collection of electromagnetic modes travelling
along an optical fibre /at

•
each mode is modelled by a quantum harmonicoscillator

• a continuous variable Ccv) quantum system Leggs;y÷Igmf
• relevance : such systems are candidates for many

protocols of quantum communication
& quantum computation



-continuous variable CCV ) quantum systems-1
'

• We consider an m mode CV quantum system
• Hilbert space Jem -

-

L2 ( Rm )
• ajt , aj : creation & annihilation operators corrs

.

to the

jlh mode ; j = 1,2 , . - - im

• Canonical commutation relations (CCR ) : [aj , ant ] = Sjk I
• Quantum states : SET him - trggeodagf.pe?tgr
• Hamiltonian

, H : densely defined self-adjoint operator
assume {

its spTCH ) is bounded from below
mini O ( H ) = O

''

grounded
"



-continuous variable CCV ) quantum systems-1
'

• Experimentally, for a CV quantum system governed by a
Hamiltonian H

,
one only hasaccesstostatesgwith

bounded mean

energy : /Tr(gH)fEforsomeE
• a natural Hamiltonian energy constraint

m

Number operator N = Eatsan
K - I

• This energy constraint
leads to a modified measure

of discrimination for
.

channels acct ing on✓ quantum systems
# Shiro ko vIEnergyconstraineddiam-ndnormdistanelff.int a)



--

Energy - constrained diamond (ECD ) norm distance I¥-11U
,
- U
, Ho : = sup It - Us) ④ id ) Eaa , lls
*
AA ' EDCHA④ Ha ,)t.LI#IonsEaintLIeIIeoistieotaI

l
; sengoku ,

-Uzi Huitkllo

*¥¥E¥!
FA -- Tra , UIAA , ((U '

-U2) ⑤ id ) UIAA ,



•westudye.discriminationofpairsofunitar.FI"channebactingonCVquantumsystem#
③

£0urResu
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1Results
• Result : noenta-gementis.no/ed to discriminatelicevtwgeueannfmunsitasnfenihannelsactingonaf
•theorem : Let U

,
U be 2 unitary channels acting on

a CV quantum system A s t g E D CHA ) :¥*wt!÷Hu -V Hot" = 2ft - in f Kula NtvHall
'

E sa
HA7 E HA

I HAI HIYA> E EHh
-

l l



Results

#-Theorem 1 : Hu - uh'j' t.az#IFuUtT 14712

• How does this tell us that an entangled probe state(isnotneededforthediscriminationtask.pl
• HU - Ullom E Efta, Hku

-a) ④ id) Taa , Ha - ⑨
Al Tr FAH EE (IAAF WIAA ,XUIAA 'D
# but in ① only 147 E HA appears

in:*. tait.FA - Trai UIAA , '

⇒supi.no#eresrioTedousfaIEs9ed



I

Note : Theorem 1 general ises the seminal
-

result by Aharanov, Kitaev & Nisan

to the infinite - dimensional setting
#



-

#Results
#

• Theorem 2 :
- in the setting of Theorem I , there exists a

positive integer n such that n uses of
U & V can be perfectly discriminated using inputs(t finite , fun:{9¥: "Ez E " \
Hcn) =

,
?E

,
Hj (n - copy Hamiltonian)

HI - I ⑦ -⑦I⑤yH⑤J⑦ ' I

jth location

-

- Eui- -El-
perfect -②-

us
. T.ttdiscrimination
-②- n copies



-

1Results
.

I

• In particular ÷ let U , U be such that

f.we.. .::::: :::÷i÷÷÷÷¥fthe④ n- U
④ n Htjn' 'I 2 can be perfectly

discriminated

-



-

1 Results I
-

•
Note I : This is in contrast to the case of state
- discrimination

If pi , ez : 2 distinct estates which are not mutually 1 ,
thenI:¥:e±÷::÷i:¥:di¥i¥i::i÷

• Note 2 : Our Theorem 2 is an extension of
'

a
f

-t

celebrated result by A . Ac in Kool )

( for unitary channels acting on|fiasystems |
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1Results
• Note : the most familiar unitary channels are those
arising from the time evolution of a closed quantum
system evolving under the action of a Hamiltonian
#

• Let H e H ' : Hamiltonians governing the evolutionfof2suchquantumsystemsA.tt
cocorrs.unitarychanne.FM(g) = e- itttgei Ht ; V, egg = e-

it 't ein't|gEDCH)H=Ha=Ha#



-

1Results
• Result 3 : quantifies the relative drift caused by
-

.

2 different unitary dynamics generated by
Hamiltonians H and H ' respectively
-

theorems : If ( H - Hy is relatively H
-
bounded

Iii:iii.'a't.ius.i.ie#t:o:it:i::::mofHUt-VeHjEE2FTaEt
t p
#



"

Results#
Corollary-I [aypeofquapeedlimi:]

#

|Whatismeantbyquantumspeedlimit



Quantumspeedlimits1-1
°•%on sider a closed quantum system A .

• Let tmin the minimum time needed for the:

system A to evolve from a

given initial state 141077=-1 Yin)(to a prescribed final state loorfstaasfes,



Quantumspeedlimits1-1
°•%insider a closed quantum system A .

• Let tm in the minimum time needed for the:

system A to evolve from a

given initial state 141077=-1 Yin>
to a prescribed final state for class

of States)
e.9 . 14 AminD= Iffy such that tuft tiny -- O{ ie

. 14ft I 1.4in) .



Quantumspeedlimits1-1
°•%insider a closed quantum system A .

• Let t min the minimum time needed for the:

system A to evolve from a

given initial state 141077=-14in
to a prescribed final state for class

of States)
e's . 14 AminD= Iffy such that Lyft tiny -- O{ ie

. Itf> I 14in)
• A quantum speed limit provides a lower bound on

+min



Quantumspeedlimits1-1
•

e.9 . if 14ftmin )> I 141077=-1 4in>
it [Mandelstamm & Tamm]then thin 7 -
2AE

AE : variance of the energy of the initial
state
14in>

• if l Yamin)) 114197€Hii) ehgsneregpyesqted
+
min 7 max {fates 2¥ } MandelstammeTamm;(Levitin e Toffoli



Quantumspeedlimits1-1
• There have been various generalizations of
quantum speed limits :

> 14 Amin )) for fixed -0
e.g. •/#14627=14 in>

• mixed States : tm.cn > ?
such that Slo) -- Sin

dist (g Am ;D, eco) ) = d for fixed d .

• open quantum systems ( with boundedgenerators )
etc
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/ResuHs#
Corollary-I [anypeofquapeedlimi:]
a bound on the minimum time needed for the
2 different dynamics (Corrs . to H & H ' ) to
evolve a given state 147 to a pair of States

left> = e-
it't
147 & let> = e- in 't ly>

such that 1114+7 - 141711 = d Cfixed )

ta÷÷E÷÷



-

|ResuH#
Corollary-I [anypeofquapeedlimi:]
a bound on the minimum time needed for the
2 different dynamics (Corrs . to Hett ' ) to
evolve a given state 147 to a pair of States

left> = e-
it't
147 a lot> = e- in 't ly>

LET 1114+7 - 141711 =D (fixed )

ltyffd.GL#/ explicitly
- Getermined ]
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Results
In particular , for 147 such that 44111147- E ,
the minimum time t for which

1114+7 - let > It = d (for some fixed d)
satisfies

'

cpdtaE-FEIGY.aenetdum|t7 limit )

where a
,pyo and

Tittup (relative boundedness)1-1



Quantumspeedl.im#I
• Quantum speed limits in the literature :

Bounds on The

minimum time needed for a given initial state
of a quantum system to evolve to a Cpure Imixed)(prescribedn%e5ttatecordassoffinalstat.es#
•0urquantumspeedlimitpertainsto2differ#
quantum systems /unitary dynamicsl:in¥:::÷"÷i÷;:÷:i¥a¥i¥eiis/
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|ResuHs#
K¥-4 : extension of Theorem 3 to quantify
the relative drift caused by
① unitary dynamics (Ut) of a closed quantum

system ; Hamiltonian H

⑤ dynamics of an open quantum system
governed by a QDS (quantum dynamical semigroup)

( A e)
ego

At : a quantum channel ht t > o
• No -- id • At + 5- Ato As fseprmoipserr P )

• lffot.li/AtLS7-Slly=0 (strong continuity)
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|ResuH#
( interactions )scenario :

-

interactions⇐

do::"system
:i:::{Item

-

Uzi . ) - e'
i'Htc. ,eiHt At - eth , Siugnebnoeunatdord

Assume

t.sn#LS-typeform/dCX)=-ifHX7ttzq2LeXLet-LeLeX-XLeLe.-
{ he} : Lindblad operators dissipative part



"

Results#
•
Theorem 4 : If iz HE Let Lely> HE all HH> Ktp
testatefor some constants 970 , okay then t§¥ii+hjEs4lrEtp
• Quantumspee-d.mil : bound on minimum time t

needed such that It @t - http 11
,
=D fixed )

t 7g ( E ,d. a. p) (explicitly
determined)



⑧

Proof sketches
②#



|ProofSketohforTheorem# I
#

Theorem 2 : U ,
U unitary channels acting on

/ a Titian:iii.systems " : Hamiltonians . )but I n ca such that

11 U④1V④h HI ' Ee 2
--



⑨ /ProofSketohForTheorem#-
• For 2 unitary channels U ,

V ( acting on a CV quantum
system ,

under what condition can Uav be perfectly|discriminated.i-e.yu-UHHJE-2iff.la
Theorem 1 :

mu- UH
= z €f¥WI47tT

147W±
Hu -Ullom: z iff

HHMI

•Se CW) : = { cull w 147 ; t 1.47 ,
Ltl H 147 E E }|"Hu-VHo"E2iff0ESe#f



1-Proof sketch for Theorem 2
-

I
• HU- V Hot' ' E- = 2 iff O ESE (W ) , where

SE CW ) : = { at IW 147 ; 41.14147 EE }
• It can be shown that
#

int ( com (pews )) E USE CW ) - ⑨

• If O E int Cconvcocw ) ) then ⑨ ⇒ O ESE (W )
for some ECO
#

• This would ⇒ Hu - Ullom E- 2 for thatET
.

1-



-

Proof sketch for Theorem 2#
Theorem 2 : F n ca such that the④I won Ittf¥2
• It suffices to prove that O E int (corn ( TCW⑦ n ) )
W = Utv

.

: unitary operator

o.letusseehow.ofintfonvCTFI.no::::
" " in:c:#eat:*

'

"e .

H re④here ④ n HOH'm z for some Edo
&

-
: U④n & V ⑤n can be perfectly discriminated



IProofsketohfor-heoremT-ookeyideacpictori.at#: W unitary operator

: on the unit
circle in The complex

plane



1-Proof sketch for Theorem 2-
•keyideacpictori.at# : W unitary operator

• Spectrum Ofw ) : on the unit circle in
the complex

- plane
W = Utv-#

u+v .

: W t I

① := sup { argue ) - arg
Cw ' ) } 70I.÷iI



IProofsketohfor-heoremT-ookeyideacpictori.at#: W unitary operator

:

⑨ Is OE int (com ColWD ) ?



IProofsketohfor-heoremT-ookeyideacpictori.at#: W unitary operator

amnio



IProofsketohfor-heoreml.keyideacpictori.at#/: W unitary operator
,

.



IProofsketohfor-heoremT-ookeyideacpictori.at#: W unitary operator
,

sp¥ a

"""""# °

WZ



IProofsketohfortheorem2-I.keyideacpictori.at#/: W unitary operator
,

""

.



IProofsketohfortheoreml.keyideacpictori.at#/: W unitary operator
,

*÷¥¥÷÷tonmw④



IProofsketohfor-heoremT-ookeyideacpictori.at#: W unitary operator
,

spectrum:

'

f¥t⇐namo
⇒ U④3&V④3 can be perfectly discriminated .



IProofsketohfor-heorem2-1.ae
More precisely :

/•Forn=It1,0EintGonv(oCW④n#⇒whereO E SE ( W
⑤ n) for some Ea /

- Selway :{141W
④4475241 Ha, 147 EE shtetl)

(⇒ Hu④IV④nH"j"E 2 for thatE-mail



-

Harriman
• Discriminating between 2 unitary channels U ,V\ acting on a cv quantum system ( A ) -

fe.g.modesofane.m.fi#travelingthroughanq.pbrteical]
• measure of discrimination : E CD norm .

#

• entanglement is not needed for the discrimination
task

• F nLa such that won & V ④n

can be perfectly
discriminatedICnparallelqueriessuff.ee#

•N6velspeedlimits:obtainedbyconsideringunit
channels Ut ,Vt arising from the t egg

lotion /|generatedbyHamiHoniansHeH&#



Thankstomycoauthors.TL,SimonBecker,LudovicoLami,CambyseRouz
|arXiv:2006.0665 (all relevant citations

included therein )



⑧

Extra slides : Proof sketch for Theorem I
#



Proof ingredients from Convex Analysis
F-

Defined [ Field of values of a matrix ]

For Z E Mn CE) ( n Plex)|fCz)={HlZIY7:H7Een}C÷
-1hm A [ Toeplitz - Hausdorff ]|V-ZEMnG),TCZ)CEisconv



Proof ingredients from Convex Analysis
#

.

- I

qefnzfk-dt.fi#fvauesofkmatricesJ/For Z
, ,Zz, - . . .Zn E IM n CK)

Fk (Zi , . . . .

, Zu) : -184.17147; - - -541714737147Eek)

if Z. . . . . it.
area self

-

"

adjoint Cs . a) then /|.tk#.--.,Zu)ClRk-



Proof ingredients from Convex Analysis
=
Theorem :[ Au - Yeung - Poon ] I

3 self-adjoint matrices X.YZEIMNGD.| Fzfx,Y,7) CIR
'

is convex /
#



/ProofSketohforTheorem#
Theorem 1 : for unitary channels U ,

U acting on a
CV - quantum system ,

H : Hamiltonian ; E Loo

µu-VllYE=2#lWHw.147 C- HA

24114147ft

• Using ① definition of the ECD - norm

② the identity Hlxxxl - lpxpl HE 2742
③ Schmidt decompositionhasta:*:*?÷¥÷÷

.

'

n
: I

weobtai@



IProofsketchfortheore.in#
=

(Wvtv )

where Vefw ) , inf l Tr#WH
fa :rkfaLN.in.ve/nmIIiiI::#!i:wmT.

÷
. ⑨ e.③ ⇒ it suffices to prove

µCw)=i#14> c- Ha
1141 W 1471241141472€



proofsketchfortheorem11-i.VECw ) = inf inf /Tr(paw ) )µ
,

Sc Dom H'k PAEDCS ) - /3 f. dims to Trfeatt ) EE
#

•
Let Its : orthogonal projection onto S

,

& H X
,

' XS := IT, XIs .

• W = Wptiwz

• fat DCS ) ⇒ Trceaw ) - Tr #sfAtTsW)=Tr¢W9↳ fr6awH=/TrfaWp?ItiTrHAWE#✓



IProofsketohfortheore.me#
=
• VECW ) = inf inf flrlpaw ) )\ Sc Dom H'k PAEDCS )

- )3 f. dims to Tr# H ) E E
-
• For a pure state pa= 14×41↳ energy constraint

t.LY?ic4WyI47sl4LH147fET✓
-

Z
-

sa -matrices

1-
-

•RzIF3(x. YZ) -- f Till > ES }

µxtiy/;energyconstraantzt



IProofsketchfor-heore.me#
I
• VECW )= inf inf flrlpaw ) )

Sc Dom Hk PAEDCS )
-

Treatise-
I

= inf inf Tasty
Sodom H'k Ge , -

y ,Z ) E#Rz
' ZEE
-

•

.

. Rz is convex
-

[Them : Au -Yeung Poon ]
Ftw) - infkulwlyyl
#
i/ osama


