f:DJ'scr(mW\O\Jﬁ'V\ﬂ Letween t/mhLary/ qwam’fum :jgroceSseS
S

N(\@Uana Dodta
(vaersfk;/ Oj( C,ambrddje)

jék‘,\er/ W({—F : Sfr\/\ér\ Becke(’ CCavv\BHb%@)
Ludovico LQW‘" (Wﬂ"\)

Cambyse Rouze” (Mutf»\'d”\)

o Xiv: 2004 . 06609 G 10 S@.P%@_VV\ZDQFQOQO

Harvard



jr\/\/eelﬂ LAV\LW\ OWIN OljJ@C“‘_S

Df'§crimiwajfz'nﬂ be
n a quiJre set

5

IS o ?ur\ol QMQH+G‘ +OKSL< I OcV\>/ QJ}(%ZF{T\/\@V\A){O&]

Scl1enc e



Dl'scrl'm\'r\aqL\’vxﬂ between CltACtlr\']lum 54—<3+6S’ ‘

o \/QLL are guven : @A e &Lucmjrum S?/SJrem In an unknow N
Ol/uuan%um s+a+€ g

. | S N
>/@u aCe ‘J'OIOQ . 53 /\F \/\”H/\ eﬂ)ual jprobablfnly

2
I-€ . §€ S = {Elafzg €9 A :an elec\-rom)'éae:f_ G:Z

O = [0Xo] 5, = | %+ |

07= 147 5 1+ = (1775




rDl'_SC\”l'm/\\'r\O\‘F\’\/\ﬂ BG'I‘WGQV\ q/l/\&h']lu.m 5‘]’G+€S’ ‘

* You are goven : @/A\ e &Luanjrum S?/SJrem in an unknow N
Ol/uxan%um s+a+€ g

. | S N
you aCe ‘J'OIOQ . 5; /\F W,H/\ eﬂ)ual jprobalolinly

re. §€ N {Slafzg

.your task o determine whether The stote is
S 00 S,




D\'scrl'm\'r\aqL\’vxﬂ between CltACtlr\'Jlum 54—<31L6S’ ‘

°7ou Pzr]COrm A rr\ZOxSur@w\erﬁ;

A M oujfcome/ +

ﬂ_ : l'n{e(" § = ‘SD]
>

S 1m2\\\\__({2:(W%(§:§Z

(?Oujrco Mme,
meas uremeV\J[)

o A\/eraa\e ’probab(({\? o% ercor 10 cl\‘sgr{m\'y\q%'gv\:
pece (8 0)= § PO le) + 2P0 I8)

: OP_}\'W\O\l 2rroy %Dro}ac\bt'l{_(;/

_ ™ _)M
JP“err (9\)?Q> - \l)u;? T:érr Cijui )




rDl'SC\”l'V\/\{r\CK‘F\’\/\ﬂ IDG'LWGQV\ q/uxamlum 5‘]’G+€S’ ‘

Hole\/o - H@lSWLrbm Theore m

.%

—

L

Poce ($0£) = = (1= 1 lg-gll, )

D & \\?1“3@2“152—
-5l =2 T 61§ (5529

(mu—\'ua\l>/ érﬁ?\ocjorxaj

Perr <f\>§1> =0 HF{ L §y

A U,IZTr\lAJfA

N Quantum Mechanics cmly mujrually ovaPogor\or(_

S{‘Cljces can be ?er{eo“/ c{fscrn‘m{r\a’}ecﬂ ]

—]



>

Dl'scrl'm\'r\aqL\’mﬂ between guantum 54—<3+6S’ ‘

\/\fhaﬂL { 7c5u AN th\/en L Jrll: (h) (den+1’ca\ Co?\'eg

O][ ﬁﬁe U\r\\ﬂnowr\ Sjraﬁg

"\/ou %EJC‘ . §®“/
g

SD@H

W fﬁ% eﬂual j;ro bobi H}/

o Olojﬁmal LYrovy FYO]DO\E' 1_7 (107 Holzvcer sjrrém—mn/\)
dSN @N \
Perr (f\)fQD )Pera’ (gb\ § ?1 > ! I H /\)

S - S,
. [Nussbaum- Szkola 2 Audenaecl 2k al]

- &LuamLt/tm
) g&‘ C’kernoﬂf bOUV\OI

)

ere (S, 80~ 12 )




Discrinai r\oan’vxﬂ between q}u & nhumn startes ‘
(n) R T s sy
ere (91,82)~ exp (-nDg ) 5> 5= ~log ‘gijr 5e, )>

Auaarntumn ChernofL EQUV\O‘QJ

(r)

o %@: 0 When f( ‘LS>2_ 3 %.rr g\)ﬁ):@



Dl'_ﬂ:r(m(n@%’mﬂ between q}t/\@th’][um startes ‘

b (5823 <xb (030 > Sg- kg ok T 675.7))

0¢3s¢ |
Auaarntumn ChernofL EQUV\O{

. (")
® FO\” O<%Q<OO ; ﬂlg lfjerr C§\3€2> O

> PEWEQCJV C;\\'gor\'mt‘r\alﬁ'om C’ﬂi o 3%126 S1 ¥ S5
such Hhat f\ ){ S, 'S on\y Fosgfb\e in The

Qéymﬁxjf’olﬂ‘c; \W\m\’\‘ Nn—> X




Dl'scrllm{ha+\'mﬂ between q/uxamlum brocesses ‘

e FOCUS : H\e 40\§k C)TC dfécrl'mimqﬁhﬂ bejrweer\
UV\\A‘\‘QTV O\)MQHF]LUV‘V\ ?Proce SYZES /OLMOH(T]‘UM CL\QN\G'S
(l'r\vo lve Ur\\'qur)'/ O]bzraierrS/ U }szro FQV@&@B)

o Mah‘\/awt(ov\: MV\I\}’O\ry oﬁ)eVaJm(s avre, "ﬁf\e }om((&\‘/\ﬂ blocks
jfor ﬂmahJ(um Comj:ujra'}\bﬂ .

n he quﬁvﬁ‘um Cl'rCLM“} mo&e\ ~§or OI'MGV\""UN\ Lom?ujﬁjﬁbh
C%U\QV\‘\'U»N\ \Oﬂl'c ﬂajfe$ = UW{4@T// O%QVG'S’O(’S

L

* cheracdor): - Ue Ut
° [/LY\(+O&F)/< i\gﬂ\f\el <5UPQV }?Q’m\% > M(iy U§ U

g i Slrod”g éi Q Otuam+wm 5>/5‘\-2m ’)U : um\'+ar/ OFZF@&OV



Dl'scrl'w\\'r\ajr\'mﬂ between unitaries > G QXam]ale

® =) | - [V © (D | O—(’ 1
S {O—D)G\)OEDGE} ) O;) (©\>)OI:(A OBJO;;(C ©>J (75)_—_(0_0‘)

® /L/LerO\r7 olaerof}ofs ON CZ

v jcorm a aFOOF

o \/ou are given Fhe /um'Jrar/ QF@HQ%( as o black 20X

Pauli matrice ¢

O

’ 7/0\*( jm‘fk . delermine wL\eJﬂ?\erQ&s 653@,3042“63)

{Y\PUJY/WO%@ stake —— osubput slaTz
A - > L ! - QY
N’7g =

Cle §0,,0,0,, 03 §



Dl'scrllm{ha+\’mﬂ Jﬂﬁl'wee\r\ UY\‘\+O\N€S . QN QXarV\]Dle

\\r\})u)r/{a\robe SLaTe

oquPqu ansable OUHDUJV S&'Cl\_@S
A [ s | o
2. state o | by s 16{0/\,2333
AL 2 \y7

\'r\ | dependent 52+ o
BUTI 6 {GL\\P7) {:O/IJQJ?)} @ e 7/ 6']@3725 +

. CO\V\F\Oi— 196 f)@ﬁ(@@“)/ cl\'ScHrm'nor}ed'

L |

MSFZQQ{ use on a‘/\c‘;“& /A\/& a fﬁ"f]arntt#z #roge 5710%‘]%

&

A/
biggrm_é 7T ¥y 2 €=
rop£
5{'0\7@
A\ . ‘ | flel \4{%\,@/7
7 @ g b}}j&r}rl‘Je ( >

|
\PAAD c sz@ C.EZ OU+Z}DM+ 6’}‘0&—\—8



Dl'scrl'w\\'r\ajr\'mﬂ between unitaries > G QXam]ale

\

@*7<

\
/

1

N
/

<)

|
|
L Qel) [Py

:cujrpujr stale

o Choose N)AA,7 - L%;*?: o674+ 1117 <2,(\‘L'0W\f)\€,cl SqLaJre,D

N2

°Passs‘\o]e oquPqu 57LO\T€5 " C*Q = 2%36‘3623053 >

(e I P 7= 137
(0,8 1)) F - 1§y =07 Ne o e
(G, 1) [@*72 l\@-7= [\1O7~\©l7)/\& . mujruwc“y L

(530 1) 1§ 7- 187 (-7



Dl'scrl'w\\'r\ajr\'mﬂ between unitaries > G QXample

N

@*>< X

1

<)

| 7
|
Q1) Dt

{cujrpu} s—}a\]/Té

Bell

i

O, CJeJrermfneG)

e —

Co TF/GG‘HY

o Choose WJAA,7 - Lc}jﬁz o674+ 1117 (ra:\Jra\Aﬂ\ed SqLoﬁ'e,D

N2

°Passs‘\o]e oquPqu 57LO\T€5 " C*Q = 2%36‘)@23%3 >

17,1877, VWP 1$77 eClec®

. Bell stales
. mujma?“y L

S CGn lge I)@T{@CT”?/

disc ciminaled



Dl'scrl'w\\'r\ajr\'mﬂ between unitaries > G QXample

Lzl

1

<)

\i >
|
Qo) $

‘JGUJFPUVL 5"]’0\]/_6-

Bell

WISWH’\,?L‘

O, delermined

SN .

Co rr/ecHy

. Use 61[ an oancillg (A/) 2. O Jj}j;&wqtijra {D}obz sjmﬂ'é; '
Whaay= 1377 (Bell stale)

allows ?QHCQCJF AiSCrimindMon G]C the unitaries W

the zer

> - fk%»@u@izs%}



Nexjr : COV\S\'AQF ﬂf\e +ask OWE Q]1'5cr1'ml'na+{nj

lQQJY\/\IZQ\/\ %r\ijrar/ qmamjrum chOmne(S




Dl'SCrl'm{ha+\’Wﬂ loei‘weﬁlf\ UV\\'+04('>/ C\F\O\V\V\ng | ,‘

c>/OUL are. Cﬂt\/en Qa %n{Jrar)/ channe) (M) as a black looX

°\/ou are told v //M’

\Mz

wi T zﬁ)ml }Drobab.‘ l;‘?7

° A ; &Luav\JrLAm €\/15Jr€w\ ) JX/{A J@mst']}—/ O%}JZ,FQ’J’OJB
A (JS/QA> = 564 GJ; %uam+wm 51L0Jé§ [?ZQ DTrg = i

) /M\')M’Zo’ab (&(AB-’%;B (%A> Up‘Ul
Uy (g) = UigUT 5 Ualg)= UaSt 5 Ghithe,

°)€>uf Task o determine whelhar U 1s U o7 Moo




Dl'scrl'mx'r\a+\'\f\ﬂ between UW\\'JIOW7 channels

A/ (~d ) ‘\
|
|

\

E\]%\A/ A Jf »
& D ($a® ) e

\%AA/ - \QAA%\YAA/

M

OU\‘}COWH@

A ovr 2

s U € LU LU

4:/1/{:/M|

e Nﬂec{ 4’0 C{\'Scrfm\'r\djre \OQereeV\ 2 D{JOSSVEI@ OUJFPqu él'all-éSj

= (U ®d) %AA

= (M2®/L'o\> @AA/ ’

%y Holevo - He lshvony  1neorem - Oliﬂwv\@l 2Xro “Probabx hT}

Pocr (Ui, My ) = LMC (/\~ | >



e OFJﬁ‘ma\ gyeoyr 13%050\55\1'\7 'n discrimination

Perc (U >/ul> - I‘f\{j | <1~12 HKUL@@IH?AAT (02‘@{&) QAAI”/]>

\‘PAA’ -

_ il(j__l Sup H(u]@zg) SDAA,— (‘f(z@)ﬂ)fl?%,l

2 4>
AA/

QAR Measure o¥ drscrimination jfor c}\anne’g

b3 1Bt

°:D1'avv\ond ior m oh'5+at/\C€:

Hul“uz HQ = | (@) @AA/’* (U, @) EPAA/ H/]

AA/

F«Q\“r (M|3U2) = 1/2 (4—' é“@h-“z“o>




Dl'scrllm{ha+\'Wﬂ between umjmwy channels Uy » Uz

o OFJﬁ‘ma’ error ’Probabi\f\? ‘N discrimination

Pere (WiU) = 4 (15 144U )

O S (T o) Vol




Dl'scr\'m{ha+\'Wﬂ between ur\\'JfoWy channels U x Uy

o OFJ(\‘ma’ error ’Probabi\f\? ‘N discrimination

P&rr <M1>Mz>= 11 (4‘ ‘% HM\“MZ ”<>>

® ?e,rrC/MU/MZB - O I]C{j Hﬂl—/l/lz ”<>:’ 9

lr\ Jﬂ'f\ls case /Ul A Mz Cain 196 jazrjfecjrly CJI'Scrl'mfmojecJ
|




Hﬁ.r\ce-?orﬁr‘\ © wWe {-ocu\S O Oll’scrimima’}l"/\ﬂ LJ€”|W€6V\

@) )Pa\'r ogf uMerxry Qhar\r\elg C{CJrl'r\ﬁ b an

lnn—gt'm'JVQ — oh'mmen sio V\O\,l OLLAanJrum S’>/S7L€m

® eﬂ. A COHZGHOV\ @i Q|echrOW\aﬂr\e’]‘fc Mo Cles ’}rcx\/eua'nﬂ

@\\Ov\?) an O,j:"“l'CCT\l WCADI’Q, W

oQO\C% W\OAQ (S l/\AOOl@He,A b)/ A q’\/\ay\}mw\ lﬂarmom(c
oscillateorv

o A COV\JH'Y\UOLAS \/arfab\e CC\/> OLL/\amLuwvx Sjsjrﬂ\/\ flfmlmt}r(lvvn
O{;—h’cﬁ
ff”el@\/aﬂce . SV\CL’\ Syélrfzvv\s dve C&wxclt'ol(ﬂ%g *For mO\r\y

‘Dro+cco\§ CDJ ﬂMam+um C’OW\V\AUMCOF}‘I'OV\
2 q)l/\amlt/wv\ COV\AFLA'}O\*?W'OVI




C@V\‘HV\U\,C)US vaci able CC\/) ﬂuavﬁum §>/S+QV\/\S

o \/\/,e covxét'c(er an '\ V\/\CJO\@ C\ Otmam+mm §>/5Jr€W\

« Hilber! 5%0&68 ym: L U?\m)

N aﬂ_) A Cr2a+|'oy\ X O\V\r\lll'\i{a‘l';or\ OJ»QFGH‘OVS Corrs,‘]-o 'h7\€

)
jﬁR W\OC\Q ) j—”—/lnfzg"'um
5. 1

° CO\V\OV\\‘CQ\ COW\MLA’]'OK']‘(OV\ I’ZIO&'HOV\.S CCCE>: LOJ‘JQL—C}]: J‘k

,Q\/\a(/\l‘um SJ O\J[es : f c (T]l (HD trace clasg otagmr}or
cz0 5 wo=1
e HO\W‘{)J@V\"QH) [—‘[ : olevxsety Ole*{l'#\e,ct Szl\fﬂ—acﬁcdx\" @Fzro&#or

0SS g 'IPS SF}ZCLTMW\ U(H) 15 EOL\V\OlQCQ *F’('GW\LQ‘OV\]
min O(H)= O ﬂ%rouwcﬁedu



C@V\Jrl'V\U\,C)US vaci able CC\/) Ol’uavr}um 5>/5+Qms

v Exj%r\'memjfally) jﬁov a CV olmamluxm sysjre‘m c‘ﬁoverneol l:y a

HGWVH' ljrovu'au/\ H) She on|7 has access +o 51La1L€§ 8 win

bounaed me an\ Q,ner‘37 : v <§ H) \{ E ‘—\F@y soméE. E <=0

* O\ V\G\qura\ HamilHonian cnerdy Constraint

Y
NU\W\IDQ(’ o?zra%o( N = Z“i“w
k=1

* [his €ﬂ€r37 constraint leads to @ moch’—g\’@c:l Measure

O,{ O{\'SCH\W\\PRO’HQV\ *For Cl’\O\V\*’\e\S &th‘/\@ o
C\/ quoLmLum SySEMS

Shirokos;
Eﬂergy/ Covstrm\“V\eo) diamond norm Aistance || Winter s

I'KO&V\AD' 7N



Enerﬁy-Comsjrrm/\ecl Cll'amor\cj (ECD) Norm O[\'S'l"O\V\Cﬁ

—

H,E —
=00, o sp |- w)ed ) D,
q]AA /€ ;OC/S/(A@ JSXA/D

(8 A> Tr(eaH) < E Pa= T Yo
(er\erg?f cOn_cf\:row/\“}) (Yeduced state OWLA)
L— =
N N
/ <d a HE
A/ ‘. , Sup \W\‘%H = \WF“?_
| E7D %

A . |
\SDAA/ 7 _@{1‘“9 7 [




\/\/6 541/&0[)/ Ollscrlmwxalﬂom @L Falrs O_J[ uml+ﬁ9/

c(f\anels Oxclrmﬂ on CV ﬁmam4um s/SJremS

O ur Réﬁu (ILS




Resalts |

e Result 1] no 2ntong lement is mopded 4 discriminate
betfween \JQ Uva'Clr)/ C[ﬂanne]ﬁ OKC‘I',lr\ﬂ on d
C\/ OLU\O\V\Jruw\ 575+€M |

‘Tl”\eomm j.’LQx'/M)(\} loe ) Ul-ﬂl\J'OLV C.Lwarmejs anl-l’/\ﬂ O
a CV q‘uam{‘um Sys+€m A 5 Vg & %(%AD -
. S5A-O Zr"a’]‘of
U)=UeUT "V (g)=VeVt 5 H- mm_ijon 2
CHam| —Fomom)

lw =0 [4 o Lot
b7 € X,
£ <=0 4%\\”\%74‘;—




EZS’UHSL

[ N 2
Jhesrem 1 }I/LL-'\/QHZE o | 1- LWWEJ;QA < | UTV Iy

N LRI 4E

« How does this Yell us Hrat an entangled probe shate
'S WOJF V\eede‘j f@r WLI/\e oiiﬁcrim'mq%’or\ ngk ?

o MRISE = e Je)ed) T, |~ @

AT Tr Pat 2 € (Q]AA’? @AA,)@AA,D

“d
< bU\Ji’ in@ On’y/ N)?é }(A aF?@QFS
@ A @/{—VL) = fA‘:H]X\\/] (pure S‘}a‘}e)

AR T
— ™ - rad C+ 5Jra‘}€
sd) o, 7 Gy = 197 @1P7 prodoct sl
stade AL Lan/ S,? Sw«‘; . (@) Can be mgjw{ae&ﬁ ;]f;\:r@_gﬂ,




NC)¥Q 0 W\GGFQ,M /L ﬂ&/\eralbses W\ﬁ 52m(mq(

result lox/ Alvaranov, Kitae Vv A Nisan

’Fo he J‘Agmjre,—ollmemgol/\@(Sﬁjﬂ}/\i



Resalts |

¢ theorem 9 in the seHrr\f) Ojﬁ Theérem 1 ihere exists o
?OSYJ“‘VQ "mteﬂer“ n such that n qualle/ ASES CL?

W, &2V can be JDeerech‘/ discriminated ug"mj ff\F‘H'S
O*& +inide _nergy, ie.

non (Hay E =)
H 4/{" (\} HOL | S— 2 E )
" H) =T ol® H®1s - ®l
oy 3 s Gonopy Hamiiron) S
J=|
N v

*
|

Vs,

Pef{ecjr : /L

Gjyl'QCY‘J'W\l\V\Q'{'l'DV\

l_l_j_,—— = — YLCDF[@S




Resolls |

o \r\ Fawjm'cular . let U r\} be su ch Jr\mCML
/{/L (\}“ # 2 cowxnmL 196 FeﬁFZGH/

OlSCrwmnal‘ec}

HO\/\IEU&F/ H’\€r'€ Q)\/\/ayg 3 ]/\<00 sWGCh Jrl'\a?‘

\ch),r‘i— o e apevjﬁe,cjf’/
< \—2 Oh'scm'mx'najreoj

"Q/L@VL V@h



Resalts |
» Note 1 : This (s in contrast +o The case 04: state

discrimm Jnna’llbm

t{ \Dl) EZ: 2 G“IS”HV\QWL SJqures whl'cfl are 00'} mujruau)/ _]_ , "HOQV)
F‘®ﬂ A ?2,®V\ Cawn b@ 4D€r eCT,./ C‘l\'SCW‘mfma,‘fec&

Oh\y A the OiS/mPJf‘é’,'f‘c Il'mfj“ ((\—?06)

& NOTLG Q’. Our ‘l—lf\eorem 2 'S QN ‘€X1L€m§lbﬂ QQ .OL
celebragted resulb E/ A. Acin (2001)

(jCOr umjroxr/ c]/\ar\r\els ClCﬁ(‘l'f\g ON
‘(ZI'V\H'*& ~ O“I(Vhenglbno\z S)/sz-emS)



Resulls |
'NO‘IQ:Hﬂe most -Pam( ar /umjrar)/ c\/xdhr\alg are Fh\’\OSG

aris \'mj from The dime evolution cj[ o closed Ciucwx’}um

§7/S+€m 6\/6|\/{nﬁ unc{er _H/\e O»C/Jrl’or\ O{Q Hami H‘om'an

olel H e H : Hami Honians ﬂovem{mf] e evolution

Oj(- 9 such Cluatfﬁ‘um sysjrems A) A/

- Corrs . um'Jm\r)/ c:'f\am\els’
/ /
SHE (Bt —CHE (HE

U (g)=e ee Vlg)e pe

cc J(R) e Hyxy Hy




Resalts |

o Resyult 3 - &Lmﬁmh‘ﬁes The re‘ajrf\/e cfm’ﬁ caused 197
2 different unitary dynamics generated by

Hamiltontans H and 4 kzépzanz've‘y
—EOUHOYGCJ

———

lheorem 3 []C (H-H 's re\quz'vefy H

(=m0 Lo N7l (2, for some @70
OW\O\ all SJVO\lVZS l“P75+\/1€n vt 70 and E} O !

i E
o

(U, — V[ 4 20T {oBE + P



Results |

COVO”O\F)/ ..0\ ncs\fG' ,}7]% ©¥ OLMOHGJHAM 5}:{661 ’fr\/\i%‘l

\/\H/\Cﬂ‘ | s \rv\eoun—} 197 O)/U\QVT}U\WW ssfzec] \l(m‘lltd?

!



&U\avﬁum S]beed Lfm{—}s

.9,
o Cons{cfer xR c(oﬁeog %mam‘Lum Sysntem /A\

(] LeE —Emfﬂ; ﬂ%e mfr\fmum ‘Hme, mee,ded? 7@%‘ TF\&

5}’5Jrem 7A\ +o QVO(\/Q —From 3

doven nitial stale t\%[o)?z Hjm?

Jc re ribct |'r\a( 4‘—1“ orc)&és
00‘1}56 ) 7[7 Sae(cﬂféﬁﬂ'@s)



&u\avﬁum S]beed Linnits

.9,
é Consfder xR 6(0560{ %mam‘l'um 37/S1tem /A\

(] LGE‘ T ﬂﬁg eNaNiaaloN e ‘HMQ/ mee,cfed? 7@\" TF\&

5)’51r€m A 4o evolve —Prom R

Given initial stale 1Y (7= 1,7

JC(D ON r@é(xib@ct n'r\a( + ‘la alg C)OL%
p 7? Stale (ojf s%ad‘@

e.q. l&PCJ‘rm'r\)>E ijc7 such Jr(/\a+ <\h}\k\/t‘/>: O
e . (&ch7 _\_, lk‘/'m?

min e



&u\avﬁum S]beed Linnits

.9,
é Consfder xR 6(0560{ %mam‘l'um 37/S1tem /A\

(] LGE‘ T ﬂﬁg eNaNiaaloN e ‘HMQ/ mee,cfed? 7@\" TF\&

5)’51r€m A 4o evolve —Prom R
doven nitial stale l\]/[@?z AV

Jc re ribct ma( 4‘—1“ orc)&és
00\1956 © ~F SQQ(OWES%Q{EQ

>3- [&PCJVrm'r\)> = t\(j§7 such %.\OCP <\h}\k\)tr>: O

e . (&ch7 _L l\‘/'m>

o A q/\/\W\Jvuw\ i\f&ec@ \(W\H‘ #ro\/{cks o} 'ower bound ©n
1!imfm

min e



&u\avﬁum S]beed Linnits

5@‘ (WC )\W{mm)? 1 \\\/(0)75(4/,',\7

+|f\2l/\ \:m' > T [Mav\de‘smmm A TOWV\YY\}
"7 aE

AE CNArtance C“D{j JFKQ /QV\QF?V/ 6_? —Hf\@ P‘n(k’l(@‘ S%@Té

\\{/1‘;(\7
o1 1Yl 7 LIYO7E AT ) 4 has expected
LN r37/ JE

T v
JCm(/\ 7 MAK — ) L} {MamC{Q(SI@M&M&Tam%

=
LhE ’ L@\/(Jm 2 To]CFo[c'



&uan+um 5]be€c£ Linnits

® T\ﬂer’@ lqawe, ]066(/\ ‘\/(}Jious 3@/\&(@&‘%@6%3 O]E

(?)u\avxjrum 5{966(:\ l(mHS:
0g.0 4 e Por dixed ©
| 7 1\4)(‘3)75'\-'/(/\7
* mmixed stales "Jtm‘m7/ 7 such %”O\Jr SCD): Sjl}f\
dist (3 @mmﬁ) ?(@) - d  tor Lixed d.

6 OBE,Q,\/\ %V\O\V\‘]'\JU/V\ S7/5‘/6W1_< (\N'\Jﬂ; IDOUV\OQGOA >

6—61/\ QF’OVS_O 1<

2fc



[ Results |
e O ncs\fe] 47]:2 q‘j Ol)mam}wm 5}:{6@1 ]WMLI

9, Joouncx] O N WLlf\e MmIinl Mo m ‘Hme hceoled %Oi’ Tﬁe

\C{zrenjr &7nam7c5 (corrs. +o H 2 H > PN
eVé\ve < ﬂwe“ stote |y to @ FQN Oj[ states

Corollar)/

]kptv = € Ny, LP{;? = -LH/JC N
such that  [[1WP, D — [l =d  (fixed )
3c\f\QmmL(ca|(/ K JVT“PQ dJ 1P 7 JEmim = ?
+:m{r\ 1 b‘&\ A
t 7 ¢
t=0 — 55 7




[ Resalts |

Coro\lar)/ . O n@ve] ,}7PQ o<‘j OLLA&V]JrMM 5}:{661 ]l"r\/\ﬁf

9, Joouncx] O N WLIK\C Mmin!mom ‘Hme h@ed@@] %Oi’ Tﬁe
) ah \C{zrenjr dynam?'cs (covrs. +o H zH/> +5

evelve a given state U7 4o o Fa‘]( oj[ states
W7 oe =y
such that  [[1WP, D — [l =d  (fixed )

1 7 £ 5wp) | ol
P é@%@rmmeﬂj




Kesu s |

g Hv7=E
In F&trjr(ou\\a(/ j@\r N/7 su ch that W 7

’H/\e M mum %l‘me ‘Ij 7[01/ \/\Ilf\\'c(/\ ‘P CJ o))
H\L&7-\LEE|7|) = C:} ({oy Zome —TIXE

5| (quantum
Smtfﬁfg‘es (@CJ + E — \] x E > ) é)be/@d
t 7 /g | i 14‘)

where O(,(b?o ay\cj

[ (H-H) 97|l < <1 HIW71 + f’

( re \ajrf\/e, jjou hO[@J»V\@§S>



Quantum 5?860\ Limmits

'QU\&W\JIU\W\ 5})666} limits in the literature . Bou ~ds on The
Minimom +ime ne_ec{ed ‘For A ﬂf\/en initial <tate

O]L * OLWM+UM system {6 evslve o a CPUWQ/YYH'XGC}
chosed/ében)

PVZSCH'L:ec} “?I'Y\G‘ erq*‘e, (@r C,[OLSS OJ; -FV\Q( 54"@%65) i

» Our qug‘ﬂ+um SJPQQC\ i PernLou'r\S +0 9 difleent
thQV\‘]'U\r\/\ 5754€N\S/UHH’O\\”/ AXHQW\VCS

s H 1/ s bofi brebared in same
DA @o s |5 fmlfa] state |7

cminty T s Lo lly-1pl 7)) = d



Resalls |
QQSU‘HQ > extension OJ; Theorem 3 7o OLMOWH—HE)/

The velative Gl\/l'jﬂ- cawnsea Ey

@ umﬁlar/v Ol\/ho\mic§ M/(JC) oj; A c\Dsec/ QUQW+UM
S)/_g-‘-em} HOLVV\I‘]"'OV\{O(V] H

%)ijhaw\fcg oi AN C)]jgm %manjrum sys%m

3overned E>/ a QDS (Otumm+um CJ\/V\awu"ca] 5@\/\\'3(%@
/\JC o) 0Lman+um chanrel + 70

76 | |
Nozid Aupsm feehs (TR

. Rin |
—{;-)(YJLH /\JG<§>’§ “4 =0 (5‘\’1/6]/\3 Com“} inuhLy)



Scenario - (interactions )

.mT%racJHbms A OP»@V\
2 @7 e
on ) Ay H B : bath
C\OS@G} 5\/ S'x‘ffh/\
— S it vt < “ , U\V\bouw\o\ec]
/UJJC(.B e ) e /\Jc = . > k- generator

Assume OQ : C(KLS—T?\% J;ovm

L b
P 2 s THYT + 4 Sy =4 X=X L L
)= o [+ T2 8

N B

SLL& : L"V\AH@A 6%32 rators diss Po&)’ve )Pomt



[ Resulls |

Theorem él : ]C I 1]7L+L£|W7\\4K ”HN’7 l‘fﬂ

V 51L0HFZ§ }\V> for some constants [57/0 D £X L, then ¥ 470
2 E Ve |

= A \Q L( |G aE® ﬂ—(&f)

° &uamjvuw\ 519663 \\’rv\fjl . loouvxo\ O, mintmum Jﬂ'mejc

needed such that || i, -\ ) ] =< (fixed)

T ;?(E)AM,F) resplicitly D

oelermine




/ono~{»‘ Sl&ewtc\qeg



?rcci 5L<€Jrc\(\ {or T%eorem 2

—Tl:\eovgm 2 ’ /l/()\ﬂ“ UntlJrqry Glflannﬁls OVCntl'r\ﬁ oN
O\ C\/HOLU\CJ\V\Jrum 575Jrzvv\ J-(H ; Havﬁt]¥on'lan>,

HE
W=V 1" 4 2
b‘/”L 3 n<w such ‘Hf\OA'

)
e || =2

2>



Proo{j SIKQ‘}CL\ F@r —H’\GQYQW\ Z I

s for 2 um'Jrary channels /MJV (acjrmﬂ sn a CV OLLAO\mLU\m
5>/SJrZW\) U\ncler W]WC\_} Co\ndfjr‘fom can Us LV be Fer{ecauy

discriminated . T e . HE 1.
" - lu-2N ) =2 iff @

‘Tlf\ebvew\ /l ; e
Hﬂ_v” ) — _ '
o =2 MRS VIR
Sl HIY7 ¢
, H,E . -
—‘Hd/(,—f]/ano :_2 1][7[ :O

FAe W)z {criwivy s 147, HH VY2 €

w9 o o€ £ (W)




Proo{j SIKQ‘}CL\ F@Y‘ —D’\QOYQV\/\ Z ‘

lu-v M2 2 of

Letw)i= {aviwivy; <viHIey <€

b can be shown that

O € Le (W ), where

Nt (COV\\/(O"(\/\U)) C U/g (W>~

E0

) ’7[ 0 € ind (conv (oCW)) then ® = 0¢ & (W

® Tl/u's '\/\ICSU}CJ %

jfor Some E<°0

[EYERTy
&>

7 e bt




Proo{j Sk%‘}@lﬂ F@Y‘ —D’\QQYQW\ Z |

Theovem 2 : J n <o such that || @7 158N

H(r\) g

5 =4

o b SU\]CF\'CQS 5 #rc\/e ﬁnqu O € it (conv (WS )

W = U“L\/ b Utr\ﬁ[ar)/ oéiaevoxjror’

b

.

s \_exr us See %OW S O% l‘VﬂL @6\/\\/ ((T(V\/ )

”/L/{,"’]/(J“OHJE# Z <te U 7 cavmoj' be #}ZF&CJ{/)/

U&' cllﬁCrlYMJna,‘]‘eG})
O £ ‘:W\+<C©h\/ (@“(\/\/@M}>
O u®n e H”’Ez for zome €<=
LY®N L 98N can be iberlﬂec—Hy QlISCHMJOOHLQO{)




\ ProoWC SlAleCL\ F@r _DGGOYQW\ Z ‘

° Key (dea <}91'CJroY1'qH>/> - W unhtmr)/ O]Dzrawlor

ON ”H/\e Ur\(lr CEFClQ N The COW\P(EK
\D(Cwl@

; Sf}zecjrrum O’(\/\J> °

N\

W:UW\ T
N
O

/




\ Proo]C SIAQJ(CL\ F@r _DGQOYQW\ Z ‘

° Key (dea (Fl'cjro\m'a“>/> - W um'err)/ O]Dzrar}mf

« S?ecjrrum D’(\/\]>

\/\f:U“L\/\

- ONn Hr\e, UVHH' C,frc;’ﬁ 1 hj»ﬁ Com]alﬁg(

Flane

U £\

. —
,  —

O,Wﬂ(\uj - C—Tﬂ) TC)

S W# L

sup {arglw)= @7 WD) 0
w,w/€ T (W)




\ ProoWC SlAleCL\ F@r _DGGOYQW\ Z ‘

° Key (dea Qﬁl'cho\rl'aH>/> - W um'l'mr)/ O]Dzrdr}ﬁr
; S?ecjrrum U(\/\I)

W:u+v\ T
N
O

/




\ ProoWC SlAleCL\ F@r _DGGOYQW\ Z ‘

. Key (dea <}91'CJroY1'qH>/> - W unhtmr)/ O]Dzrawlor

SPZCJV‘(LAV\/\ (W) -

N

/7\ ink (COM(O“(W))% O
0

\ 7

N




\ ProoWC SlAleCL\ F@r _D/\GOYQW\ Z ‘

’ Key (dea Qﬁl'cjro\m'a“?/) - W unfl’mf)/ O]Dzrar}or

Spectrum T (W®2) .

22

N\
X

/A

%




\ ProoWC SlAleCL\ F@r _D/\GOYQW\ Z ‘

’ Key (dea Qﬁl'cjro\m'a“?/) - W unfl’mf)/ O]Dzrar}or

Shectrum T(W®2> :

7
O\
(PR

2N




\ ProoWC SIAQJ(CL\ F@r _D/\GOYQW\ Z ‘

’ Key (dea Qﬁl'cjro\m'a\\?/) - W unfl’mf)/ O]Dzrar}or

Spec*rum T (W®3 )

/
>
AN




\ ProoWC SIAQJ(CL\ F@r _D/\GOYQW\ Z ‘

’ Key (dea Qﬁl'cjro\m'a\\?/) - W unfl’mf)/ O]Dzrar}or

Spec*rum T (W®3 )

3<\% O ¢ int (Cor\v (O‘(v\/®3>>>

N .




\ Proo]C SIAQJ(CL\ F@r _DGGOYQW\ Z ‘

’ Key (dea Qﬁl'cjro\m'a\\?/) - W um'l'mv/ O]Dzrar}ﬁr

Spec*rum T (W®3 )

2 <\zz\ O € int (c;or\v (U(w®3>>>
~Ne

(0N

002

R

:> /u@)%& V@)} co.n 136 Fﬁr{zc}r\y O\fgcrn‘mimONJreO‘ :



PVOOWC SL<€J(CI/\ FC)Y’ —DW\QOYQW\ Z ‘

>
MOV@ FY@C\'§@)7 !

. For n:ngJrij O <€ int (conv (O‘(\/\ICW\)))

= O ¢ g’g <\/\[®n> {or some E <

wker@ —_— AN
| /gﬁgw@g{@\w 975 Ly 1y [ L E syl
N N HCM)E
= WV = 2 dor et E
||



Summary |

.:Dr'SCr{mqu("mﬂ belween 2 umjrar/ dwmrweis /ULJV
O‘Cj“'ﬂﬂ On O CV Ol)mar\'}um Syﬁjrem (Ay |

[‘e' '\mocles O N <M .~y lol -}raw “ir\ Hr\r-ou "\Qr\o +I'CO>]
: 4 - {e - j 5 %[fre j

& 'WWeasUuve O][ O\l'séﬂm{na'}l’of\ - ECD horm

o thavxﬂ\emevﬂL B MOJf needed TQW The. A\’scrim{nadlaén ’JLG\SK

L 3 nd such that U2 V" con Lz Per:l(gc:“?/

(Y] Paro\“e] O|)L/\€1’f€5 §Mm¢e> el\”§cr]'m3mﬁﬂlgcl \

» Né\/el §P€€CL [imits - obtained 197 Consfo\eﬂ'mﬁ uni—}mr/
Q\/\O\V\nels /u% )/\/Q,t O&riS\‘nj —jjrom '1'\/\6 +J‘m2 QvaluJ'I'DV\

ﬂer\er&\—}ec\ ]o)/ Ha i [Honians H £ H/ Mt&C/\{)Jd/O




—Tf\ank 7/ou

—W\a\/\ks ’Lo W\\/ Qoauﬁor_ﬁ )

Simown %zckerj ‘_LAC\C:\/\'CO LQM{) CO\W\E se Rouéze/

or Xiv ¢ 260606659

[a\\ celevant ctations

ncluded ”HF\@FEW\)



EX\LVG\ SJ[c\zé : ?roo{skeqtc% {or _”/%CDKQM ﬁ




/PI”OO~F }V\ﬁf\églrﬁ\f\‘}s «F\”OVV\ CCJV\\/QX AWQ‘VSfS

Defp 4 [Field of values of a matrix]
F(br z e H\/\F\CC> <n><h(r\wa+cir;\i>fe><>

F(Z) = ?4%%\#/7 f NJ?Q,@:”} —

Thm A [TOZIJHL—Z/ Hctusotbr]q]

YZeM, &),

j(}Z)C(E s ConveX




/PI”OO~F ]V\ﬁ(\QCJlrﬁV\‘}S «F\”OVV\ CCJV\\/QX AWQ‘?ZS’fS

M D‘“OH {J'e\d Oi[values of L ma#ﬁ"c%] ]
For Z, 72, £, < M CQ) |
R (2, LB Coiz )9 -< 12 9D e

— C5
f{ Z()“- Z ave, 56[90(0%/@(}/& (é,a) J\'\/\en

? Tk

(B, 5%, ) C RS




Proo—(g }nﬁP@At'szFs {r’om (onvex Amq(7515

T%zomwy, [ A\A - YQur\j - ?OOV\]

FO\/’ 3 5@\{1@@5'@\?\’\' majfrl‘ceé X;\\/)%é]MHC@

F% <></Y/¥> C_ )RB (5 ConVeXx




P%’éowf Sketch J’ﬂ@r Theorem 1

Theorem 1 jfor um‘%ary channels WUV Ol,cjrfnﬂ on A
C_\Lﬂuam*bxm 6\//SL€W\) H :Hami)vtom’am; E<d e

-1 = 2 [ | g winl? 3

<P IHIV74E

V

‘uﬁmﬁ @ O)e][\'m'%'on o][ HT@ ECD-norm
@) e ic]e,mti—r] | 1o Yot | - \ﬂ}(@]ufzmz
@ SC\/\ Vl/\ldﬁ" oeco\/\/\’?o S\'J ”C‘)V\
lngAi = Z\E\€o>k€> X
126
@ Q éJYO»V\G\G\’C\ %ur\cal-l‘or\ arﬂumer\"J‘

62 obﬂtme




Proowf Sketch jrcsr Theorem 1

0 H, E
PW—MO = 2 4o v, ) J_@ (w=Utv )

where | | .
© [Ve(w) = inf RECY
fa vk f, <o
Tr(PaH) ¢ €
¢ WQDVZI/\/\ /\ g H 3 2
-V 2 0 1= nf ey wiwy|
w7ém
SPIH (WY LE
@ 2 (b) = Smﬂqces Jo prov e
Qg(w) = l;‘;{%\ | < 1w w7

LY |HIY /74 &




Préo]f Sketch J;csr Theorem 1‘

Velw)e nd o TEW]
A ¢ Dom H "% fjp(éo?)(/g> —
géd\l'm/g < =0 TV[FAH>§ E

-~ ’_Q'l' TT_/% Iérh:\oﬂOV»O\] )FA’OL}%GHQV] O}/\'J'O X
&SVL ><3' ></$ v = WXXW%

° \/\/ W%LWI

t@(/@ 5 ) = T e kW) A
[T (W)= nggwﬂ.%tﬂ}@%wzjj




P%’éowf Sketch {or Theorem 1‘

‘\)E(\/\/>: mjﬁ il Tr(@\\/\))J
/%CDom Hl/z €A€2(8>
2 < dim K <=0 TV[FAH>~< E

" For a FUWQ 6Jra+2 fDA = [q’XLF} \\/ enecgy cOnsHa.'ml

Tr(eaw ) |- | <o rws 1wy + < <PIwFw7] 5 pIrbiyy ¢ g

S Y ] Z S-Ol.VHa'/'n'Cej

- T
R,2 F, (x,Y,7) - j@[xm) I , G 121v7) v £ ]
(25 v >, %) i

T (o) =1t iy = fravge |

Qnerﬂy COV\S)fYO’\'er 2< E_




P%’éowf Sketch {cr Theorem 1‘

*Ve(w) = int nf Tr(@\\/\))J
/% C Dom Hl/z fjp(éo(Z)(/g>
TV(EAH>§ E
- i\/\~&: 1 l‘rnE \}%Q-T72~
h
8 € Dom H (%,4,2) €eorv Ry
<4 E

..6 RB \ns COV\\/@X

E‘(M: AM-YQUT\j POOV\ :]

Vo= inf b lw 197 ]
|\F§€’?(A
JBIHIYT ¢ E B




