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Overview

Verlinde ring

as representation theory of loop group

construction of CFT from modular tensor category

K-theory and higher equivariant twisted K-theory

subfactors and conformal nets

orbifolds
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subfactors

NG ⊂ N;G group  N ⊂ M

ρ : M → N, ρ̄ : N → M ρρ̄ � idN

ρ generates N-N, N-M, M-N, M-M sectors via ρρ̄ , ρρ̄ρ , ρ̄ρρ̄ etc

A series for SU(2)

orbifold of A4n+1 NZ2 ⊂ MZ2 is D2n
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WZW loop group

Verk(SU(2)) ∼= Z[ρ]/〈Sk+1〉

πλ(LISU(n))′′ ⊂ πλ(LI ′SU(n))′

λ = 0 : N = N λN ⊂ N Wassermann

λ endomorphism, N type III1 factor: λµ =
∑

ν N
ν
λµν

representations of
conformal net of
factors N(I )

I ⊂ S1

braided system of endomorphisms Rep(N)
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CFT - the search for the exotic

Verlinde ring as representation theory of loop group at level k

modules or representations of

vertex operator algebra

conformal nets of von Neumann algebras

Rep(G ) or Rep(LG )k is a category

tensor λ⊗ µ trivial object id

morphism λ⊗ µ ' µ⊗ λ

tensor category N = Rep(Φ) where Φ =???
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CFT - the search for the exotic

Beyond 4: Haagerup subfactor at index (5 +
√

13)/2

quantum double of finite group, Haagerup subfactor etc

X on N : ∃A ⊂ N ⊗ Nopp, ιι = Σν∈X ν ⊗ νopp

A-A is MTC Ocneanu, Longo-Rehren, Izumi, Popa
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CFT - the search for the exotic

µ2 =
∑

g g
µg = µ
Tambara-Yamagami

Orbifold
g ↔ −g
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Verlinde Ring and K-theory

WZW Verlinde ring as twistKG (G ) Freed-Hopkins-Teleman

G a finite group, D(G ) is q double:

Verlinde ring KG (G ) ' Rep(D(G )) , G on G by conjugation

G -graded vector spaces VectG  K (G ) = ZG

KG (•) = Rep(G )

q double of NG ⊂ N is (N ⊗N)G×G ⊂ (N ⊗N)G , G ⊂ G ×G

G × G
↗ ↖ G y G by conjugation

G G
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Temperley Lieb as Hilbert modules

For Temperley-Lieb C*-tensor category C = TLJk constructed a
C*-algebra Bk such that as braided C*-tensor categories

TLJk ∼= ModB
f

for right Hilbert modules which admit a finite orthonormal basis
Aaserud–E

Virasoro with central charge ck = 1− 6/(k + 2)(k + 3):

su(2)k+1 ⊂ su(2)k ⊕ su(2)1

Bk ⊗ B1 ⊂ Bk+1 ??
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higher equivariant twists

SU(n)-equivariant M∞F ⊗K-bundles E-Pennig

M∞F = ⊗∞End(F (Cn)

F :Vect→Vect ;F (V ⊕W ) = F (V )⊗ F (W ), e.g. Λtop,Λ∗

G = {(g , z1, z2) ∈ G × Z × Z | z1 , z2 /∈ EVg} , Z = T \ {1}

G −→ G
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SU(n) adjoint action groupoids, equivariant Fell bundles

E (g , z1, z2) =
⊕

z1<λ<z2
λ∈EV(g)

Eig(g , λ)

E(g ,z1,z2) = F (E (g , z1, z2))⊗M∞F

M∞F
∼= End(F (E (g , z1, z2)))⊗M∞F

Fell bundle E → G

C ∗(E)⊗K ∼= section alg. of locally trivial bundle, fibre M∞F ⊗K
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higher equivariant SU(2) twists

KG
0 (C ∗(E)) = 0 , RF (SU(2)) ∼= K

SU(2)
0 (M∞F ) ∼= Z[ρ][F (ρ)−1]

KG
1 (C ∗(E)) = RF (SU(2))/(g2(F ))

for F (V ) = Λ∗(V )⊗k , F (ρ) = (ρ+ 2)k , g2(F ) =
∑k

`=1

(k
`

)
ρ`−1

k = 3 : 3 + 3ρ1 + ρ2 = ρ2 + 3ρ+ 2 = (ρ+ 2)(ρ+ 1)

k = 4 : 4 + 6ρ1 + 4ρ2 + ρ3 = ρ(ρ+ 2)2 ,

k = 5 : 5 + 10ρ1 + 10ρ2 + 5ρ3 + ρ4 = (ρ+ 2)2(ρ2 + ρ− 1)

k = 6 : 6 + 15ρ1 + 20ρ2 + 15ρ3 + 6ρ4 + ρ5 = (ρ+ 2)3(ρ2 − 1) ,

k = 7 : 7 + 21ρ1 + 35ρ2 + 35ρ3 + 21ρ4 + 7ρ5 + ρ6

= (ρ+ 2)3(−1− 2ρ+ ρ2 + ρ3)
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higher equivariant SU(3) twists

0

2

1

A0

A2

A1

Mayer-Vietoris −→ spectral sequence

exponential twist — computable K -theory for:

twist F = (Λ∗)m, m = 1, 2, 3, 4, 5, 6, 7, 8 with Mathematica

non-trivial twist F over Q
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higher equivariant SU(3) twists

KG
0 (C ∗(E))⊗Q ∼= (RF (SU(3))⊗Q)/JF , KG

1 (C ∗(E))⊗Q ∼= 0

JF is the submodule generated by σF1 and σF2

σF1 =
1

∆
det

(
F (t1) F (t2) F (t3)

t1 t2 t3

1 1 1

)
, σF2 =

1

∆
det

(
F (t1)t1 F (t2)t2 F (t3)t3

t1 t2 t3

1 1 1

)
.

Full twist F = (Λ∗)⊗m , F (ti ) = (1 + ti )
m , JF generated by

σF1 =
m∑
l=2

(
m

l

)
Syml−2(ρ) , σF2 =

m∑
l=1

(
m

l

)
Syml−1(ρ)
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Principal graphs of the Haagerup (5 +
√
13)/2 subfactor

α3 = 1 , ρα = α2ρ , ρ2 = 1 + ρ+ ρα + ρα2

dλ = [M, λM]1/2 d2
ρ = 1 + 3dρ; dρ = (3 +

√
13)/2
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Modular data for Haagerup DHg

S =
1

3



x 1− x 1 1 1 1 y y y y y y
1− x x 1 1 1 1 −y −y −y −y −y −y

1 1 2 −1 −1 −1 0 0 0 0 0 0
1 1 −1 2 −1 −1 0 0 0 0 0 0
1 1 −1 −1 −1 2 0 0 0 0 0 0
1 1 −1 −1 2 −1 0 0 0 0 0 0
y −y 0 0 0 0 c(1) c(2) c(3) c(4) c(5) c(6)
y −y 0 0 0 0 c(2) c(4) c(6) c(5) c(3) c(1)
y −y 0 0 0 0 c(3) c(6) c(4) c(1) c(2) c(5)
y −y 0 0 0 0 c(4) c(5) c(1) c(3) c(6) c(2)
y −y 0 0 0 0 c(5) c(3) c(2) c(6) c(1) c(4)
y −y 0 0 0 0 c(6) c(1) c(5) c(2) c(4) c(3)


T = diag(1, 1, 1, 1, ξ3, ξ3, ξ

6
13, ξ

−2
13 , ξ

2
13, ξ

5
13, ξ

−6
13 , ξ

−5
13 )

x = (13−3
√
13)/26 y = 3/

√
13 c(j) = −2y cos(2πj/13) ξ = e2πi/13

Sjj′ = (−2y/3) cos(2πjj ′/13)

E-Gannon
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Potts model and orbifold H(σ) = −
∑

i ,j n·nJδ(σi , σj)

WiWi+1 = e2πi/QWi+1Wi , WiWj = WjWi , |i − j | > 1 in MQ∞

ei =Spectral(Wi , 1) eiei±1ei = ei/Q

V = exp L
∑

e2i+1 , W = exp L∗
∑

e2i (eL − 1)(eL
∗ − 1) = Q

µ on OQ µ2 =
∑

g αg g ∈ ZQ

Orbifold g ↔ −g ; take ×Z2

−→ Ẑ2 = σ± µ± mg = αg ⊕ α−g

mamb = ma+b + ma−b m0 = σ+ + σ−
µτµτ ′ = στ+τ ′ +

∑
ma a ∼ −a 6= 0

µτma = µ+ + µ− σ±ma = ma
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fusion rules of double of Haagerup

Z13

Z3 × Z3

σ± ' Z2 ma = e ia + e−ia : mamb = ma+b + ma−b
µτµτ ′ = στ+τ ′ +

∑
ma a ∼ −a 6= 0

µτma = µ+ + µ− σ±ma = ma

σ+ = identity
σ2
− = σ+ + σ− +

∑
µα +

∑
ma = R

µαmb = R − σ+ = R−

µαµβ = R− + µα+β + µα−β µ0 = σ+ + σ−

mamb = R− −ma+b −ma−b m0 = −σ+ + σ−

σ−µα = R− + µα σ−ma = R− −ma
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Groups and Orbifolds

for ω ∈ H3(G ), ∃ a conformal net with Rep(A) = RepDω(G )

If Rep(A) ' Dω(G ), then A ' VG for a holomorphic net V

V holomorphic conformal net, G ⊂ Sk
Rep (Vk⊗)G = RepDω(G ) - with ω3 = 1

E-Gannon

input : classification of group actions Jones thesis

· · · → H2(K/N)→ H2(K )→ Λ→ H3(K/N)→ H3(K )→ · · ·

for G finite abelian odd, ∃ conformal net Rep(A) = TY (G )Z2

for G finite abelian, ∃ conformal net with Rep(B) = DTY (G )

Bischoff, E-Gannon
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