
Reconstructing (1+1)-𝜒CFTs from (2+1)-TQFTs
Realizing TQFTs/MTCs/Anyon models by 𝜒CFTs/VOAs/Edge physics

Zhenghan Wang
Microsoft Station Q and UC at Santa Barbara

Harvard, October 6, 2020



Mathematical 
Quantum Field 
Theory

• Constructive

• Axiomatic

• Algebraic

• Functional

• …

• Topological quantum field theory (TQFT)

• Chiral conformal field theory (𝜒CFT)

• …

• (Aspects beyond perturbation and geometry)



Another Motivation: 
Quantum Churn-Turing Thesis

Simulation of QFTs efficiently by quantum computers

Inspired by the bulk-edge connection for 2D topological phases of 
matter, study 𝜒CFTs via (2+1)-TQFTs. 𝜒CFTs and (2+1)-TQFTs share:

Modular tensor category (MTC)

(2+1)-TQFT=MTC  (Turaev+)    

(1+1)-𝜒CFT=?MTC + 𝝐 (Dream)

All CFTs  and MTCs are unitary



Why MTC Good Starting?

• Ubiquitous and abundance: Quantum groups, von Neuman 

algebra, low dim topology, M-theory, condensed matter, quantum 

computing,…

• Emerging structure theory: first classify up to Witt equivalence 

(gapped boundaries), then within each class, reduced to seeds 

(condensation and gauging), then enumerate for each rank (number theory 

and representation of modular groups SL(2,Z)),…

• …

Anyon model=(2+1)-TQFT=Modular Tensor Category (MTC), all unitary.



Motivations 
for Abelian Anyon Models: Besides 

as examples of reconstruction

• Fractional Quantum Hall States

• Topological Insulators

• Quantum cellular automata

• Fracton physics

• Exotic CFTs: Lattices with exotic symmetries related 
to potential generalized Moonshine???  Probably 
tip of an iceberg---lots of exotic anyon models

• …



Prime Abelian Anyon Models



Examples of Abelian 
Anyon models: 

Metric finite abelian 
groups



A fusion category is a categorification of 

a based ring ℤ[𝒙𝟎, … , 𝒙𝒓−𝟏]

finite rigid ℂ-linear semisimple monoidal category with simple unit

finite rank: Irr 𝒞 = {𝟏 = 𝑋0, … , 𝑋𝑟−1}

𝑿 simple if 𝐇𝐨𝐦 𝑿, 𝑿 = ℂ

Rank of 𝓒:  𝐫 𝓒 = 𝒓 = 𝐝𝐢𝐦 𝑽(𝑻𝟐)

monoidal: (⊗, 𝟏),

semisimple: 𝑋 ≅ ۩𝑖 𝑚𝑖𝑋𝑖,

linear: Hom 𝑋, 𝑌 ∈ Vecℂ,

rigid: 𝑋∗ ⊗ 𝑋 ↦ 𝟏 ↦ 𝑋 ⊗ 𝑋∗

A UMC is a unitary fusion category with a non-degenerate braiding



UMTC = Anyon Model 𝓒

An anyon model: a collection of numbers {L,  𝑵𝒂𝒃
𝒄 ,  𝑭𝒅;𝒏𝒎

𝒂𝒃𝒄 , 𝑹𝒄
𝒂𝒃, 𝝐𝒊} 

that satisfy some polynomial constraint equations including pentagons and hexagons.

6j symbols for recoupling   
Pentagons for 6j symbols

R-symbol for braiding Hexagons for R-symbols



Invariants of Modular Tensor Category

MTC 𝒞 RT (2+1)-TQFT (𝑉, 𝑍)

• Pairing 𝑌2, 𝒞 = 𝑉 𝑌2; 𝒞 ∈ Rep(ℳ 𝑌2 ) for a surface 𝑌2, ℳ 𝑌2 =
mapping class group

• Pairing 𝑍𝑋,𝐿,𝒞 = 𝑋3, 𝐿𝐶 , 𝒞 ∈ ℂ for colored framed oriented links 𝐿𝑐 in 

3-mfd 𝑋3

fix 𝒞, 𝑍𝑋,𝐿,𝒞 invariant of (𝑋3, 𝐿𝑐)

fix (𝑋3, 𝐿𝑐), 𝑍𝑋,𝐿,𝒞 invariant of 𝒞

fix 𝑌2, 𝑉(𝑌2; 𝒞) invariant of 𝒞



• Label set 𝐿 = isomorphism classes of simple objects

• Quantum dimension of a simple/label 𝑎 ∈ 𝐿:

• Topological twist/spin of 𝑎: finite order by Vafa’s thm

• Dimension 𝐷2 of a modular category (D>0):

dim(𝒞) = 𝑫𝟐 = ∑𝒂∈𝑳𝒅𝒂
𝟐

Quantum Dimensions and Twists: Unknot



Modular S-Matrix: Hopf Link

• Modular S-matrix: ǁ𝑠𝑎𝑏 =

• Modular T-matrix: ǁ𝑡𝑎𝑏 = 𝛿𝑎𝑏𝜃𝑎-diagonal

• (𝑆, 𝑇)-form a projective rep. of 𝑆𝐿(2, ℤ):
0 −1
1 0

ǁ𝑠

1 1
0 1

ǁ𝑡



Anyons: Topological Phases

Local Hilbert Space

Local, Gapped Hamiltonian

E

Egap

Two gapped Hamiltonians 𝐻1, 𝐻2 realize the 
same  topological phase of matter if  there 
exists a continuous path connecting them 
without closing the gap/a phase transition.

A topological phase is a class of gapped Hamiltonians that realize the same 
TQFT or anyon model in low energy.



Anyons: Quarsi-particles

Finite-energy topological quasiparticle excitations=anyons

Quasiparticles a, b, c
a

b

c
a

Two quasiparticles have the same topological charge 
or anyon type if they differ by local operators

Anyons in 2+1 dimensions described mathematically by a 
Unitary Modular Tensor Category



Fractional Quantum Hall Effect:  Fractions Have Been Observed   80

80 Anyon models?

1/3 1/5   1/7   1/9   2/11   2/13   2/15   2/17   3/19   5/21   6/23   6/25

2/3   2/5   2/7   2/9   3/11   3/13   4/15   3/17   4/19  10/21

4/3   3/5   3/7   4/9   4/11   4/13   7/15   4/17   5/19   

5/3   4/5   4/7   5/9   5/11   5/13   8/15   5/17   9/19

7/3   6/5   5/7   7/9   6/11   6/13  11/15  6/17  10/19

8/3   7/5   9/7  11/9  7/11   7/13  22/15  8/17   

8/5 10/7  13/9  8/11 10/13  23/15  9/17

11/5 12/7  25/9 16/11 20/13

12/5 16/7          17/11

19/7                                                              

m/5, m=14,16, 19                                                                    Pan et al (2008)

5/2

7/2

19/8

=
𝑁𝑒

𝑁

filling factor or fraction

𝑁𝑒 = # of electrons

𝑁 =# of flux quanta

How to model the quantum 

state(s) at a filling fraction?

What are the electrons doing 

at a plateau?



2D Topological Phases

A genus is a pair (𝓒, 𝑐) of a UMTC 𝓒 (=anyon model) and a (rational) 
number c≥0 (not mod 8) such that 

𝑝+

𝐷
= 𝑒

𝜋𝑖𝑐

4 , 𝑝+ = ∑𝑖 𝜃𝑖 𝑑𝑖
2, 𝐷𝟐 = ∑𝑎∈𝐿𝑑𝑎

2 , 𝐷 > 0. 

Any such c mod 8 is called the chiral central charge of 𝓒.

“Conjecture”:

2D topological phases are 1-1 correspondence with genera (𝓒, c).



Bulk-edge Connection of 2D Topological Phases

• Edge physics of fractional quantum Hall liquids:

∂Witten-Chern-Simons theories∼Wen’s chiral Luttinger liquids

∂TQFTs/UMTCs ∼ 𝜒CFTs/Chiral algebras

Chiral algebras               UMTCs=Rep(chiral algebras)

Injective?  No.   e.g. all holomorphic ones goes to trivial.

Onto?  

Conjecture: Yes

• Tannaka-Krein duality (Gannon): 

Reconstruct chiral algebras from UMTCs=Rep(Chiral algebras)

Symmetric fusion categories are 1-1 correspondence with pairs (G, 𝜇)



Chiral and Full Conformal Field Theories

Chiral CFT (𝜒CFT) = the chiral algebra mathematically=vertex operator algebra (VOA).
A full CFT is determined by a VOA V plus an indecomposable module category over Rep(V).



Vertex Operator Algebra (VOA)

A VOA is a quadruple (V, Y, 1, 𝜔), where 𝑉 =⊕𝑛 𝑉𝑛 is Z-graded vector 
space and 

a(z) is a field if it satisfied the truncation condition,



Genus of Vertex Operator Algebra

Genus of lattice: 

genus of a lattice Λ is equivalent to (q, G, c), 

G=discriminant Λ∗/Λ, 𝑞: 𝐺 → 𝑈 1 , 𝑐 =signature.

Genus of VOA:

genus of VOA=the pair 𝒞, 𝑐 . Recall 
𝑝+

𝐷
= 𝑒

𝜋𝑖𝑐

4

𝒞=MTC of Rep(Good VOA) (Huang), c=central charge.



Conjectures

Given a UMTC 𝓒

1. Existence (W., Gannon): 
There is a genus (𝓒, c) that can be realized by a VOA (𝜒CFT).

e.g. (Toric code, 8) is realized by 𝑆𝑂(16)1

2. Genus finiteness conjecture (Hoehn):
There are only finitely many different realizations of any genus 



Known Realization

• Quantum groups MTCs: WZW models

• Double of finite groups: Evans, Gannon

• Abelian anyon models

• Low rank ones

• …

• Exotic ones??? Drinfeld centers from subfactors such as DHaag.



Holomorphic VOAs: Trivial UMTC Vec

• (Vec, 0) trivial

• (Vec, 8) 𝐸8

• (Vec, 16), 𝐸8 ⊕ 𝐸8, 𝐷16

• Monster Moonshine VOA has genus (Vec, 24)

John McKay’s remark: 196 884=196883+1

𝐽 𝜏 =

• There are at least 71 VOAs in the genus (Vec, 24)

• Classify VOAs modulo lattice ones



Classification of Prime Abelian Anyon Models

• Enumeration

• Central charge

• Symmetry



Lattice Realization

• Lattice VOAs: 

+-definite lattices lead to VOAs by Borcherds

• +Definite lattices: 

1) Nikulin existence proof : "Integral symmetric bilinear forms and some of their 
applications." Mathematics of the USSR-Izvestiya 14.1 (1980): 103.

2) Evans, Gannon construction: "Tambara-Yamagami, loop groups, bundles and KK-theory." arXiv
preprint arXiv:2003.09672 (2020).

3) Algorithmic approach: "In and around abelian Anyon Models." arXiv preprint 
arXiv:2004.12048 (2020).

• Minimal central charge not unique in (𝑺𝑼 𝟐𝟑 𝟏, 2):

• …



Extremal CFTs: 
Given Central Charge with Maximal Total Conformal Weights

Given a realizable genus (𝒞, c) with c>0, then 𝜒CFTs in the genus (𝒞,c) with 
(𝒞,c,ℎ𝑖) s. t.

𝟏

𝟐
𝒓 𝒓 − 𝟏 +

𝟏

𝟐𝟒
𝒓𝒄 − ∑𝒊 𝒉𝒊 ≥ 𝟎

where is 𝑟 the rank of 𝒞, s, t=𝑒2𝜋𝑖Λ the modular matrices, 𝑈 = 𝑠𝑡−1, and 
ℎ𝑖≥0 conformal weights.

For all 𝒄 + 𝟖𝒍, 𝒍 ≥ 𝟎,  the extremal solutions, if realizable, are not products 
with holomorphic ones.



Non-lattice Extremal Realization: 
Generalization of Moonshine?

• Any prime anyon model can be realized as rep category of extremal 
non-lattice VOAs such as the moonshine for the trivial theory.

• Interesting bulk-edge physics: stability

• Lattice with exotic symmetries:



Semion 𝑺𝑼 𝟐 𝟏 : Candidate Characters



CHING HUNG LAM, 
HIROSHI YAMAUCHI in 
Grady, J. Connor, Ching 
Hung Lam, James E. 
Tener, and Hiroshi 
Yamauchi. 
"Classification of 
extremal vertex 
operator algebras with 
two simple 
modules." Journal of 
Mathematical 
Physics 61, no. 5 (2020): 
052302.

Proposed generalized 
Moonshine is about 
lattices with exotic 
symmetries.



Algorithmic Lattice Realization: Wall Algorithm
from metric group to lattice



𝓜𝝆=all VVMFs with 𝝆 as multiplier---infinite dim vector space over 𝖢.

We will fix an MTC as above.

General: Vector-Valued Modular Forms (VVMF)



Zhu’s Theorem

Given a good VOA and an irreducible module M, 

the character 𝜒𝑀 of M is 

The vector X= 𝝌𝟏, … , 𝝌𝒓
𝒕 is a vector-valued modular form.



General 
Reconstruction: 
1. VVMFs
2. Anyonic
Chains
3. ……

• Modular group 𝑆𝐿(2, ℤ) in two places in a TQFT: 

Torus and 4 punctured sphere MCGs (spherical braid group)

• Torus characters and sphere correlators as VVMFs

• …


