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Motivation
Open the black box of tensor networks (TN)

wide range of applications:
quantum many-body physics,

counting complexity, 
machine learning, etc.

Quantum circuits & Partition function as special cases

The information of A,B,C,D are blackboxes 
in the diagram, hidden in the tables of 
A_xik, …
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define two tensors:
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<latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit><latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit><latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit><latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit>
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<latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit><latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit><latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit><latexit sha1_base64="QOmkH1nRzb/7oRMtynvx1/cKBbM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRoS6LblxWsA9ohyGTZtrYJDMkmUIZ+iduXCji1j9x59+YtrPQ1gOXezjnXnJzopQzbTzv2yltbG5t75R3K3v7B4dH7vFJWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51ofDf3OxOqNEvko5mmNBB4KFnMCDZWCl23r9lQ4JAV/Sl0q17NWwCtE78gVSjQDN2v/iAhmaDSEI617vleaoIcK8MIp7NKP9M0xWSMh7RnqcSC6iBfXD5DF1YZoDhRtqRBC/X3Ro6F1lMR2UmBzUivenPxP6+XmfgmyJlMM0MlWT4UZxyZBM1jQAOmKDF8agkmitlbERlhhYmxYVVsCP7ql9dJ+6rmezX/4brauC3iKMMZnMMl+FCHBtxDE1pAYALP8ApvTu68OO/Ox3K05BQ7p/AHzucPvXGTtg==</latexit>
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<latexit sha1_base64="RJnj/j+o/SBUw/24YXSDDYapSyI=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIoBuh6EZcVbAPaGOYTG/aaScPZiZCCdm78VfcuFDErT/gzr9x2mahrQcu93DOvczc48WcSWVZ30ZhaXllda24XtrY3NreMXf3mjJKBIUGjXgk2h6RwFkIDcUUh3YsgAQeh5Y3upr4rQcQkkXhnRrH4ASkHzKfUaK05JrlC7hPj7seKIJv3JQNs65k/YC4LO/DzDUrVtWaAi8SOycVlKPuml/dXkSTAEJFOZGyY1uxclIiFKMcslI3kRATOiJ96GgakgCkk05vyfChVnrYj4SuUOGp+nsjJYGU48DTkwFRAznvTcT/vE6i/HMnZWGcKAjp7CE/4VhFeBIM7jEBVPGxJoQKpv+K6YAIQpWOr6RDsOdPXiTNk6ptVe3b00rtMo+jiA5QGR0hG52hGrpGddRAFD2iZ/SK3own48V4Nz5mowUj39lHf2B8/gAfG5sb</latexit><latexit sha1_base64="RJnj/j+o/SBUw/24YXSDDYapSyI=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIoBuh6EZcVbAPaGOYTG/aaScPZiZCCdm78VfcuFDErT/gzr9x2mahrQcu93DOvczc48WcSWVZ30ZhaXllda24XtrY3NreMXf3mjJKBIUGjXgk2h6RwFkIDcUUh3YsgAQeh5Y3upr4rQcQkkXhnRrH4ASkHzKfUaK05JrlC7hPj7seKIJv3JQNs65k/YC4LO/DzDUrVtWaAi8SOycVlKPuml/dXkSTAEJFOZGyY1uxclIiFKMcslI3kRATOiJ96GgakgCkk05vyfChVnrYj4SuUOGp+nsjJYGU48DTkwFRAznvTcT/vE6i/HMnZWGcKAjp7CE/4VhFeBIM7jEBVPGxJoQKpv+K6YAIQpWOr6RDsOdPXiTNk6ptVe3b00rtMo+jiA5QGR0hG52hGrpGddRAFD2iZ/SK3own48V4Nz5mowUj39lHf2B8/gAfG5sb</latexit><latexit sha1_base64="RJnj/j+o/SBUw/24YXSDDYapSyI=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIoBuh6EZcVbAPaGOYTG/aaScPZiZCCdm78VfcuFDErT/gzr9x2mahrQcu93DOvczc48WcSWVZ30ZhaXllda24XtrY3NreMXf3mjJKBIUGjXgk2h6RwFkIDcUUh3YsgAQeh5Y3upr4rQcQkkXhnRrH4ASkHzKfUaK05JrlC7hPj7seKIJv3JQNs65k/YC4LO/DzDUrVtWaAi8SOycVlKPuml/dXkSTAEJFOZGyY1uxclIiFKMcslI3kRATOiJ96GgakgCkk05vyfChVnrYj4SuUOGp+nsjJYGU48DTkwFRAznvTcT/vE6i/HMnZWGcKAjp7CE/4VhFeBIM7jEBVPGxJoQKpv+K6YAIQpWOr6RDsOdPXiTNk6ptVe3b00rtMo+jiA5QGR0hG52hGrpGddRAFD2iZ/SK3own48V4Nz5mowUj39lHf2B8/gAfG5sb</latexit><latexit sha1_base64="RJnj/j+o/SBUw/24YXSDDYapSyI=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIoBuh6EZcVbAPaGOYTG/aaScPZiZCCdm78VfcuFDErT/gzr9x2mahrQcu93DOvczc48WcSWVZ30ZhaXllda24XtrY3NreMXf3mjJKBIUGjXgk2h6RwFkIDcUUh3YsgAQeh5Y3upr4rQcQkkXhnRrH4ASkHzKfUaK05JrlC7hPj7seKIJv3JQNs65k/YC4LO/DzDUrVtWaAi8SOycVlKPuml/dXkSTAEJFOZGyY1uxclIiFKMcslI3kRATOiJ96GgakgCkk05vyfChVnrYj4SuUOGp+nsjJYGU48DTkwFRAznvTcT/vE6i/HMnZWGcKAjp7CE/4VhFeBIM7jEBVPGxJoQKpv+K6YAIQpWOr6RDsOdPXiTNk6ptVe3b00rtMo+jiA5QGR0hG52hGrpGddRAFD2iZ/SK3own48V4Nz5mowUj39lHf2B8/gAfG5sb</latexit>=>

b

=> a c

d

= �ab�bc�cd
<latexit sha1_base64="HHj8NTGn5gRFPt4Rt0W9NTVcyr0=">AAACC3icbZDLSsNAFIZPvNZ6i7p0M7QIrkoigm6EohuXFewF2hImk0k7dDIJMxOhhOzd+CpuXCji1hdw59s4baNo6w8DH/85hzPn9xPOlHacT2tpeWV1bb20Ud7c2t7Ztff2WypOJaFNEvNYdnysKGeCNjXTnHYSSXHkc9r2R1eTevuOSsVicavHCe1HeCBYyAjWxvLsykUvoFxjL8N+/o0++UES5J5ddWrOVGgR3AKqUKjh2R+9ICZpRIUmHCvVdZ1E9zMsNSOc5uVeqmiCyQgPaNegwBFV/Wx6S46OjBOgMJbmCY2m7u+JDEdKjSPfdEZYD9V8bWL+V+umOjzvZ0wkqaaCzBaFKUc6RpNgUMAkJZqPDWAimfkrIkMsMdEmvrIJwZ0/eRFaJzXXqbk3p9X6ZRFHCQ6hAsfgwhnU4Roa0AQC9/AIz/BiPVhP1qv1NmtdsoqZA/gj6/0LKy6bwg==</latexit><latexit sha1_base64="HHj8NTGn5gRFPt4Rt0W9NTVcyr0=">AAACC3icbZDLSsNAFIZPvNZ6i7p0M7QIrkoigm6EohuXFewF2hImk0k7dDIJMxOhhOzd+CpuXCji1hdw59s4baNo6w8DH/85hzPn9xPOlHacT2tpeWV1bb20Ud7c2t7Ztff2WypOJaFNEvNYdnysKGeCNjXTnHYSSXHkc9r2R1eTevuOSsVicavHCe1HeCBYyAjWxvLsykUvoFxjL8N+/o0++UES5J5ddWrOVGgR3AKqUKjh2R+9ICZpRIUmHCvVdZ1E9zMsNSOc5uVeqmiCyQgPaNegwBFV/Wx6S46OjBOgMJbmCY2m7u+JDEdKjSPfdEZYD9V8bWL+V+umOjzvZ0wkqaaCzBaFKUc6RpNgUMAkJZqPDWAimfkrIkMsMdEmvrIJwZ0/eRFaJzXXqbk3p9X6ZRFHCQ6hAsfgwhnU4Roa0AQC9/AIz/BiPVhP1qv1NmtdsoqZA/gj6/0LKy6bwg==</latexit><latexit sha1_base64="HHj8NTGn5gRFPt4Rt0W9NTVcyr0=">AAACC3icbZDLSsNAFIZPvNZ6i7p0M7QIrkoigm6EohuXFewF2hImk0k7dDIJMxOhhOzd+CpuXCji1hdw59s4baNo6w8DH/85hzPn9xPOlHacT2tpeWV1bb20Ud7c2t7Ztff2WypOJaFNEvNYdnysKGeCNjXTnHYSSXHkc9r2R1eTevuOSsVicavHCe1HeCBYyAjWxvLsykUvoFxjL8N+/o0++UES5J5ddWrOVGgR3AKqUKjh2R+9ICZpRIUmHCvVdZ1E9zMsNSOc5uVeqmiCyQgPaNegwBFV/Wx6S46OjBOgMJbmCY2m7u+JDEdKjSPfdEZYD9V8bWL+V+umOjzvZ0wkqaaCzBaFKUc6RpNgUMAkJZqPDWAimfkrIkMsMdEmvrIJwZ0/eRFaJzXXqbk3p9X6ZRFHCQ6hAsfgwhnU4Roa0AQC9/AIz/BiPVhP1qv1NmtdsoqZA/gj6/0LKy6bwg==</latexit><latexit sha1_base64="HHj8NTGn5gRFPt4Rt0W9NTVcyr0=">AAACC3icbZDLSsNAFIZPvNZ6i7p0M7QIrkoigm6EohuXFewF2hImk0k7dDIJMxOhhOzd+CpuXCji1hdw59s4baNo6w8DH/85hzPn9xPOlHacT2tpeWV1bb20Ud7c2t7Ztff2WypOJaFNEvNYdnysKGeCNjXTnHYSSXHkc9r2R1eTevuOSsVicavHCe1HeCBYyAjWxvLsykUvoFxjL8N+/o0++UES5J5ddWrOVGgR3AKqUKjh2R+9ICZpRIUmHCvVdZ1E9zMsNSOc5uVeqmiCyQgPaNegwBFV/Wx6S46OjBOgMJbmCY2m7u+JDEdKjSPfdEZYD9V8bWL+V+umOjzvZ0wkqaaCzBaFKUc6RpNgUMAkJZqPDWAimfkrIkMsMdEmvrIJwZ0/eRFaJzXXqbk3p9X6ZRFHCQ6hAsfgwhnU4Roa0AQC9/AIz/BiPVhP1qv1NmtdsoqZA/gj6/0LKy6bwg==</latexit>



Motivation
Open the black box of tensor networks (TN)

It’s hard to answer the following questions 
from the picture of TN directly

Partition function of 2D Ising model  
as tensor network

A constraint such that all 

the 3 indices to be equal

A matrix: the weight of

two body interaction

Why is it exactly solvable? 
Why free fermion (Jordan-Wigner transformation)? 
How to understand Kramers-Wannier duality 
pictorially?

Idea: fractionalizing the spins 
inner structure of lines and box in TN 
from picture directly 
open the black box



Motivation
Fractionalizing a qubit

Kitaev’s honeycomb model: 
1 spin <=> 4 Majorana modes

Kitaev, Alexei. "Anyons in an exactly solved model and 
beyond." Annals of Physics 321.1 (2006): 2-111.

• Can we generalize this approach to 
tensor network? 

• Relations to other solvable models in 
statistical physics, quantum information 
and computer science?



Motivation
Fractionalizing a qubit

• Open the black box of tensor network, 
topological characterization


• Understanding 2D Ising model pictorially: 
Yang-Baxter equation, Jordan-Wigner 
transformation, Kramers-Wannier duality


• Generalizing Kramers-Wannier duality, new 
solvable models


• A unified framework for classically 
simulable quantum circuits: Clifford circuits 
& matchgate, and their generalization

The answer is affirmative:



Motivation
Fractionalizing a qubit

4 Majorana zero modes (2 ground states of Kitaev’s Majorana chain) 
with total even fermion parity, Quon language on Z_2, also known as sparse encoding

or equivalently, under the constraint ��1�2�3�4 = 1
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Liu, Zhengwei, Alex Wozniakowski, and Arthur M. Jaffe. "Quon 3D language for quantum information." 
Proceedings of the National Academy of Sciences 114.10 (2017): 2497-2502.

Sarma, Sankar Das, Michael Freedman, and Chetan Nayak. "Majorana zero modes and 
topological quantum computation." npj Quantum Information 1.1 (2015): 1-13.
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Motivation
Fractionalizing qubits in tensor network

Ising model / Kramers-Wannier duality in Quon language

Representing genus

1 line => 4 strings in a tube



Motivation
Fractionalizing qubits in tensor network

Ising model / Kramers-Wannier duality in Quon language

remove

String-genus relation

1 line => 4 strings in a tube



Motivation
Fractionalizing qubits in tensor network

Ising model / Kramers-Wannier duality in Quon language

Reshape
1 line => 4 strings in a tube

(free-fermion)



Motivation
Fractionalizing qubits in tensor network

Ising model / Kramers-Wannier duality in Quon language

Add

String-genus relation

1 line => 4 strings in a tube



Motivation
Fractionalizing qubits in tensor network

Ising model / Kramers-Wannier duality in Quon language

KW duality: shift the positions of string-genus

<——>



Motivation
Fractionalizing qubits in tensor network

Generalization of Kramers-Wannier duality

Not make sense so far, the rest of the talk is to make it clear

+

free-fermion

nested string-genus



Motivation
Fractionalizing qubits in tensor network

Not make sense so far, the rest of the talk is to make it clear

involving magnetic field in Ising model 
involving interacting-fermionic terms

Generalization of Kramers-Wannier duality



Motivation
Fractionalizing qubits in tensor network

Generalization of Kramers-Wannier duality
Even more complicated

Not make sense so far, the rest of the talk is to make it clear

+ —>



Outline for the rest of the talk 
• Pictorial rules from sparse encoding of Majorana zero modes: Z_2 Quon language


• Topological characterization of Ising model on planar graph without magnetic field:


• Star-Triangle relation, Jordan-Wigner transformation, Kramers-Wannier duality


• New solvable class:  

• Generalizing Kramers-Wannier duality in a topological way 

• Interpretation: Ising model with magnetic field / interacting fermion operator 

• Other applications: 


• Matchgate & Clifford circuit and their combination / algorithm: like untying knots


• a representation suitable for coding, quantum circuit compiler



Basic Rules



Basic Rules
Fractionalizing a qubit

The idea started from Kitaev’s Majorana chain (in topological phase):

Two ground states

i�1�2N = +1
<latexit sha1_base64="xOCAiaNElsC/JJK5aOQczpTZ/ok=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBKFMiqAboejGlVSwD2iHIZNm2tAkMyQZoQyz8VfcuFDErZ/hzr8xbWehrQcu93DOvST3hAln2njet7O0vLK6tl7aKG9ube/sunv7LR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0c3Ebz9SpVksH8w4ob7AA8kiRrCxUuAest4AC4EDVPSsdpdfnaHArXhVbwq4SFBBKqBAI3C/ev2YpIJKQzjWuou8xPgZVoYRTvNyL9U0wWSEB7RrqcSCaj+bHpDDE6v0YRQrW9LAqfp7I8NC67EI7aTAZqjnvYn4n9dNTXTpZ0wmqaGSzB6KUg5NDCdpwD5TlBg+tgQTxexfIRlihYmxmZVtCGj+5EXSqlWRV0X355X6dRFHCRyBY3AKELgAdXALGqAJCMjBM3gFb86T8+K8Ox+z0SWn2DkAf+B8/gCSEpW4</latexit><latexit sha1_base64="xOCAiaNElsC/JJK5aOQczpTZ/ok=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBKFMiqAboejGlVSwD2iHIZNm2tAkMyQZoQyz8VfcuFDErZ/hzr8xbWehrQcu93DOvST3hAln2njet7O0vLK6tl7aKG9ube/sunv7LR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0c3Ebz9SpVksH8w4ob7AA8kiRrCxUuAest4AC4EDVPSsdpdfnaHArXhVbwq4SFBBKqBAI3C/ev2YpIJKQzjWuou8xPgZVoYRTvNyL9U0wWSEB7RrqcSCaj+bHpDDE6v0YRQrW9LAqfp7I8NC67EI7aTAZqjnvYn4n9dNTXTpZ0wmqaGSzB6KUg5NDCdpwD5TlBg+tgQTxexfIRlihYmxmZVtCGj+5EXSqlWRV0X355X6dRFHCRyBY3AKELgAdXALGqAJCMjBM3gFb86T8+K8Ox+z0SWn2DkAf+B8/gCSEpW4</latexit><latexit sha1_base64="xOCAiaNElsC/JJK5aOQczpTZ/ok=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBKFMiqAboejGlVSwD2iHIZNm2tAkMyQZoQyz8VfcuFDErZ/hzr8xbWehrQcu93DOvST3hAln2njet7O0vLK6tl7aKG9ube/sunv7LR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0c3Ebz9SpVksH8w4ob7AA8kiRrCxUuAest4AC4EDVPSsdpdfnaHArXhVbwq4SFBBKqBAI3C/ev2YpIJKQzjWuou8xPgZVoYRTvNyL9U0wWSEB7RrqcSCaj+bHpDDE6v0YRQrW9LAqfp7I8NC67EI7aTAZqjnvYn4n9dNTXTpZ0wmqaGSzB6KUg5NDCdpwD5TlBg+tgQTxexfIRlihYmxmZVtCGj+5EXSqlWRV0X355X6dRFHCRyBY3AKELgAdXALGqAJCMjBM3gFb86T8+K8Ox+z0SWn2DkAf+B8/gCSEpW4</latexit><latexit sha1_base64="xOCAiaNElsC/JJK5aOQczpTZ/ok=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARBKFMiqAboejGlVSwD2iHIZNm2tAkMyQZoQyz8VfcuFDErZ/hzr8xbWehrQcu93DOvST3hAln2njet7O0vLK6tl7aKG9ube/sunv7LR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0c3Ebz9SpVksH8w4ob7AA8kiRrCxUuAest4AC4EDVPSsdpdfnaHArXhVbwq4SFBBKqBAI3C/ev2YpIJKQzjWuou8xPgZVoYRTvNyL9U0wWSEB7RrqcSCaj+bHpDDE6v0YRQrW9LAqfp7I8NC67EI7aTAZqjnvYn4n9dNTXTpZ0wmqaGSzB6KUg5NDCdpwD5TlBg+tgQTxexfIRlihYmxmZVtCGj+5EXSqlWRV0X355X6dRFHCRyBY3AKELgAdXALGqAJCMjBM3gFb86T8+K8Ox+z0SWn2DkAf+B8/gCSEpW4</latexit>

i�1�2N = �1
<latexit sha1_base64="5sKV3UVSuqnIMBaTTXTK84asdSs=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR3FgmRdCNUHTjSirYB7TDkEkzbWiSGZKMUIbZ+CtuXCji1s9w59+YtrPQ1gOXezjnXpJ7woQzbTzv21laXlldWy9tlDe3tnd23b39lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Gbitx+p0iyWD2acUF/ggWQRI9hYKXAPWW+AhcABKnpWu8uvzlDgVryqNwVcJKggFVCgEbhfvX5MUkGlIRxr3UVeYvwMK8MIp3m5l2qaYDLCA9q1VGJBtZ9ND8jhiVX6MIqVLWngVP29kWGh9ViEdlJgM9Tz3kT8z+umJrr0MyaT1FBJZg9FKYcmhpM0YJ8pSgwfW4KJYvavkAyxwsTYzMo2BDR/8iJp1arIq6L780r9uoijBI7AMTgFCFyAOrgFDdAEBOTgGbyCN+fJeXHenY/Z6JJT7ByAP3A+fwCVHJW6</latexit><latexit sha1_base64="5sKV3UVSuqnIMBaTTXTK84asdSs=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR3FgmRdCNUHTjSirYB7TDkEkzbWiSGZKMUIbZ+CtuXCji1s9w59+YtrPQ1gOXezjnXpJ7woQzbTzv21laXlldWy9tlDe3tnd23b39lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Gbitx+p0iyWD2acUF/ggWQRI9hYKXAPWW+AhcABKnpWu8uvzlDgVryqNwVcJKggFVCgEbhfvX5MUkGlIRxr3UVeYvwMK8MIp3m5l2qaYDLCA9q1VGJBtZ9ND8jhiVX6MIqVLWngVP29kWGh9ViEdlJgM9Tz3kT8z+umJrr0MyaT1FBJZg9FKYcmhpM0YJ8pSgwfW4KJYvavkAyxwsTYzMo2BDR/8iJp1arIq6L780r9uoijBI7AMTgFCFyAOrgFDdAEBOTgGbyCN+fJeXHenY/Z6JJT7ByAP3A+fwCVHJW6</latexit><latexit sha1_base64="5sKV3UVSuqnIMBaTTXTK84asdSs=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR3FgmRdCNUHTjSirYB7TDkEkzbWiSGZKMUIbZ+CtuXCji1s9w59+YtrPQ1gOXezjnXpJ7woQzbTzv21laXlldWy9tlDe3tnd23b39lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Gbitx+p0iyWD2acUF/ggWQRI9hYKXAPWW+AhcABKnpWu8uvzlDgVryqNwVcJKggFVCgEbhfvX5MUkGlIRxr3UVeYvwMK8MIp3m5l2qaYDLCA9q1VGJBtZ9ND8jhiVX6MIqVLWngVP29kWGh9ViEdlJgM9Tz3kT8z+umJrr0MyaT1FBJZg9FKYcmhpM0YJ8pSgwfW4KJYvavkAyxwsTYzMo2BDR/8iJp1arIq6L780r9uoijBI7AMTgFCFyAOrgFDdAEBOTgGbyCN+fJeXHenY/Z6JJT7ByAP3A+fwCVHJW6</latexit><latexit sha1_base64="5sKV3UVSuqnIMBaTTXTK84asdSs=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR3FgmRdCNUHTjSirYB7TDkEkzbWiSGZKMUIbZ+CtuXCji1s9w59+YtrPQ1gOXezjnXpJ7woQzbTzv21laXlldWy9tlDe3tnd23b39lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Gbitx+p0iyWD2acUF/ggWQRI9hYKXAPWW+AhcABKnpWu8uvzlDgVryqNwVcJKggFVCgEbhfvX5MUkGlIRxr3UVeYvwMK8MIp3m5l2qaYDLCA9q1VGJBtZ9ND8jhiVX6MIqVLWngVP29kWGh9ViEdlJgM9Tz3kT8z+umJrr0MyaT1FBJZg9FKYcmhpM0YJ8pSgwfW4KJYvavkAyxwsTYzMo2BDR/8iJp1arIq6L780r9uoijBI7AMTgFCFyAOrgFDdAEBOTgGbyCN+fJeXHenY/Z6JJT7ByAP3A+fwCVHJW6</latexit>

to label 1 fermion charge

Removing irrelevant part

in the ground subspace

|0̄i
<latexit sha1_base64="lf4TkJHQYQegPYuDy0yNg2Jg9HI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWCbbTbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG11O/9cCU5rG8M+OE+REOJA85RWOl+6dugIq4XYVyIFivXHGr7gxkmXg5qUCOeq/81e3HNI2YNFSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpRIjpv1sdvWEnFilT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ISXfsZlkhom6XxRmApiYjKNgPS5YtSIsSVIFbe3EjpEhdTYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg2goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHEj+SOA==</latexit><latexit sha1_base64="lf4TkJHQYQegPYuDy0yNg2Jg9HI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWCbbTbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG11O/9cCU5rG8M+OE+REOJA85RWOl+6dugIq4XYVyIFivXHGr7gxkmXg5qUCOeq/81e3HNI2YNFSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpRIjpv1sdvWEnFilT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ISXfsZlkhom6XxRmApiYjKNgPS5YtSIsSVIFbe3EjpEhdTYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg2goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHEj+SOA==</latexit><latexit sha1_base64="lf4TkJHQYQegPYuDy0yNg2Jg9HI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWCbbTbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG11O/9cCU5rG8M+OE+REOJA85RWOl+6dugIq4XYVyIFivXHGr7gxkmXg5qUCOeq/81e3HNI2YNFSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpRIjpv1sdvWEnFilT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ISXfsZlkhom6XxRmApiYjKNgPS5YtSIsSVIFbe3EjpEhdTYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg2goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHEj+SOA==</latexit><latexit sha1_base64="lf4TkJHQYQegPYuDy0yNg2Jg9HI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWCbbTbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG11O/9cCU5rG8M+OE+REOJA85RWOl+6dugIq4XYVyIFivXHGr7gxkmXg5qUCOeq/81e3HNI2YNFSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpRIjpv1sdvWEnFilT8JY2ZKGzNTfExlGWo+jwHZGaIZ60ZuK/3md1ISXfsZlkhom6XxRmApiYjKNgPS5YtSIsSVIFbe3EjpEhdTYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg2goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHEj+SOA==</latexit> |1̄i

<latexit sha1_base64="erZUYS3QICF5VQ8lGx0BrqR4rEw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbD6g0j+WdGSfoR3QgecgZNVa6f+oGVBGvq6gcCOyVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/Nrp6QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEwjIH2ukBkxtoQyxe2thA2poszYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg1goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHE8qSOQ==</latexit><latexit sha1_base64="erZUYS3QICF5VQ8lGx0BrqR4rEw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbD6g0j+WdGSfoR3QgecgZNVa6f+oGVBGvq6gcCOyVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/Nrp6QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEwjIH2ukBkxtoQyxe2thA2poszYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg1goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHE8qSOQ==</latexit><latexit sha1_base64="erZUYS3QICF5VQ8lGx0BrqR4rEw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbD6g0j+WdGSfoR3QgecgZNVa6f+oGVBGvq6gcCOyVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/Nrp6QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEwjIH2ukBkxtoQyxe2thA2poszYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg1goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHE8qSOQ==</latexit><latexit sha1_base64="erZUYS3QICF5VQ8lGx0BrqR4rEw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7G6XE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbD6g0j+WdGSfoR3QgecgZNVa6f+oGVBGvq6gcCOyVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/Nrp6QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEwjIH2ukBkxtoQyxe2thA2poszYoEo2BG/x5WXSPKt6btW7Pa/UrvI4inAEx3AKHlxADW6gDg1goOAZXuHNeXRenHfnY95acPKZQ/gD5/MHE8qSOQ==</latexit>

Kitaev, A. Yu. "Unpaired Majorana fermions in quantum wires." Physics-Uspekhi 44.10S (2001): 131.



Basic Rules
Starting from dense encoding (2 Majorana modes)

“half” exchange

Strings as Majorana modes / charges as Majorana operators

�1
<latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit><latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit><latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit><latexit sha1_base64="QRy3uz3YDKT/zWc88ZEfdR1RI/E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROZpMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTlDVoIhLdjtAwwRVrWG4Fa6eaoYwEa0Wj25nfemLa8EQ92HHKQokDxWNO0Tqp3R2glNgLeuWKX/XnIKskyEkFctR75a9uP6GZZMpSgcZ0Aj+14QS15VSwaambGZYiHeGAdRxVKJkJJ/N7p+TMKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIKAZ3iFN+/Re/HevY9Fa8HLZ47hD7zPH7A1j7k=</latexit>

�2
<latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit><latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit><latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit><latexit sha1_base64="Fz6WZSmWF87aLtzVFbMiwzG9FOo=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCb2T2WTIzOw6MyuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7g5QSuxVe6WyX/HnIKskyEkZctR7pa9uP6GZZMpSgcZ0Aj+14QS15VSwabGbGZYiHeGAdRxVKJkJJ/N7p+TcKX0SJ9qVsmSu/p6YoDRmLCPXKdEOzbI3E//zOpmNr8MJV2lmmaKLRXEmiE3I7HnS55pRK8aOINXc3UroEDVS6yIquhCC5ZdXSbNaCfxKcH9Zrt3kcRTgFM7gAgK4ghrcQR0aQEHAM7zCm/fovXjv3seidc3LZ07gD7zPH7G5j7o=</latexit>

�1�2 = ��2�1
<latexit sha1_base64="cfP5sjRPQPvbr/T/DKFtGCbj2IA=">AAACC3icbZDLSgMxFIYz9VbrbdSlm2AR3FhmiqAboejGZQV7gXYYzqSZNjSZGZKMUIbu3fgqblwo4tYXcOfbmLZT0NYDIR//fw7J+YOEM6Ud59sqrKyurW8UN0tb2zu7e/b+QVPFqSS0QWIey3YAinIW0YZmmtN2IimIgNNWMLyZ+K0HKhWLo3s9SqgnoB+xkBHQRvLt424fhADfze/q1dmc5o5vl52KMy28DG4OZZRX3be/ur2YpIJGmnBQquM6ifYykJoRTselbqpoAmQIfdoxGIGgysumu4zxiVF6OIylOZHGU/X3RAZCqZEITKcAPVCL3kT8z+ukOrz0MhYlqaYRmT0UphzrGE+CwT0mKdF8ZACIZOavmAxAAtEmvpIJwV1ceRma1YrrVNy783LtOo+jiI7QMTpFLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPnOI/pT1+QOpJpon</latexit><latexit sha1_base64="cfP5sjRPQPvbr/T/DKFtGCbj2IA=">AAACC3icbZDLSgMxFIYz9VbrbdSlm2AR3FhmiqAboejGZQV7gXYYzqSZNjSZGZKMUIbu3fgqblwo4tYXcOfbmLZT0NYDIR//fw7J+YOEM6Ud59sqrKyurW8UN0tb2zu7e/b+QVPFqSS0QWIey3YAinIW0YZmmtN2IimIgNNWMLyZ+K0HKhWLo3s9SqgnoB+xkBHQRvLt424fhADfze/q1dmc5o5vl52KMy28DG4OZZRX3be/ur2YpIJGmnBQquM6ifYykJoRTselbqpoAmQIfdoxGIGgysumu4zxiVF6OIylOZHGU/X3RAZCqZEITKcAPVCL3kT8z+ukOrz0MhYlqaYRmT0UphzrGE+CwT0mKdF8ZACIZOavmAxAAtEmvpIJwV1ceRma1YrrVNy783LtOo+jiI7QMTpFLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPnOI/pT1+QOpJpon</latexit><latexit sha1_base64="cfP5sjRPQPvbr/T/DKFtGCbj2IA=">AAACC3icbZDLSgMxFIYz9VbrbdSlm2AR3FhmiqAboejGZQV7gXYYzqSZNjSZGZKMUIbu3fgqblwo4tYXcOfbmLZT0NYDIR//fw7J+YOEM6Ud59sqrKyurW8UN0tb2zu7e/b+QVPFqSS0QWIey3YAinIW0YZmmtN2IimIgNNWMLyZ+K0HKhWLo3s9SqgnoB+xkBHQRvLt424fhADfze/q1dmc5o5vl52KMy28DG4OZZRX3be/ur2YpIJGmnBQquM6ifYykJoRTselbqpoAmQIfdoxGIGgysumu4zxiVF6OIylOZHGU/X3RAZCqZEITKcAPVCL3kT8z+ukOrz0MhYlqaYRmT0UphzrGE+CwT0mKdF8ZACIZOavmAxAAtEmvpIJwV1ceRma1YrrVNy783LtOo+jiI7QMTpFLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPnOI/pT1+QOpJpon</latexit><latexit sha1_base64="cfP5sjRPQPvbr/T/DKFtGCbj2IA=">AAACC3icbZDLSgMxFIYz9VbrbdSlm2AR3FhmiqAboejGZQV7gXYYzqSZNjSZGZKMUIbu3fgqblwo4tYXcOfbmLZT0NYDIR//fw7J+YOEM6Ud59sqrKyurW8UN0tb2zu7e/b+QVPFqSS0QWIey3YAinIW0YZmmtN2IimIgNNWMLyZ+K0HKhWLo3s9SqgnoB+xkBHQRvLt424fhADfze/q1dmc5o5vl52KMy28DG4OZZRX3be/ur2YpIJGmnBQquM6ifYykJoRTselbqpoAmQIfdoxGIGgysumu4zxiVF6OIylOZHGU/X3RAZCqZEITKcAPVCL3kT8z+ukOrz0MhYlqaYRmT0UphzrGE+CwT0mKdF8ZACIZOavmAxAAtEmvpIJwV1ceRma1YrrVNy783LtOo+jiI7QMTpFLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPnOI/pT1+QOpJpon</latexit>

{�i, �j} = 2�ij
<latexit sha1_base64="Z2xaERShSiBBDnsY/L/eJAg6AJA=">AAACC3icbZDLSsNAFIYn9VbrLerSTbAILqQkRdCNUHTjsoK9QBPCyWTSTjuThJmJUEL3bnwVNy4UcesLuPNtnLZZaOsPAx//OYcz5w9SRqWy7W+jtLK6tr5R3qxsbe/s7pn7B22ZZAKTFk5YIroBSMJoTFqKKka6qSDAA0Y6wehmWu88ECFpEt+rcUo8Dv2YRhSD0pZvHru52wfOwadnBQzdyVXdDQlT4Od0OPHNql2zZ7KWwSmgigo1ffPLDROccRIrzEDKnmOnystBKIoZmVTcTJIU8Aj6pKcxBk6kl89umVgn2gmtKBH6xcqaub8ncuBSjnmgOzmogVysTc3/ar1MRZdeTuM0UyTG80VRxiyVWNNgrJAKghUbawAsqP6rhQcgACsdX0WH4CyevAztes2xa87debVxXcRRRkfoGJ0iB12gBrpFTdRCGD2iZ/SK3own48V4Nz7mrSWjmDlEf2R8/gA7fJsp</latexit><latexit sha1_base64="Z2xaERShSiBBDnsY/L/eJAg6AJA=">AAACC3icbZDLSsNAFIYn9VbrLerSTbAILqQkRdCNUHTjsoK9QBPCyWTSTjuThJmJUEL3bnwVNy4UcesLuPNtnLZZaOsPAx//OYcz5w9SRqWy7W+jtLK6tr5R3qxsbe/s7pn7B22ZZAKTFk5YIroBSMJoTFqKKka6qSDAA0Y6wehmWu88ECFpEt+rcUo8Dv2YRhSD0pZvHru52wfOwadnBQzdyVXdDQlT4Od0OPHNql2zZ7KWwSmgigo1ffPLDROccRIrzEDKnmOnystBKIoZmVTcTJIU8Aj6pKcxBk6kl89umVgn2gmtKBH6xcqaub8ncuBSjnmgOzmogVysTc3/ar1MRZdeTuM0UyTG80VRxiyVWNNgrJAKghUbawAsqP6rhQcgACsdX0WH4CyevAztes2xa87debVxXcRRRkfoGJ0iB12gBrpFTdRCGD2iZ/SK3own48V4Nz7mrSWjmDlEf2R8/gA7fJsp</latexit><latexit sha1_base64="Z2xaERShSiBBDnsY/L/eJAg6AJA=">AAACC3icbZDLSsNAFIYn9VbrLerSTbAILqQkRdCNUHTjsoK9QBPCyWTSTjuThJmJUEL3bnwVNy4UcesLuPNtnLZZaOsPAx//OYcz5w9SRqWy7W+jtLK6tr5R3qxsbe/s7pn7B22ZZAKTFk5YIroBSMJoTFqKKka6qSDAA0Y6wehmWu88ECFpEt+rcUo8Dv2YRhSD0pZvHru52wfOwadnBQzdyVXdDQlT4Od0OPHNql2zZ7KWwSmgigo1ffPLDROccRIrzEDKnmOnystBKIoZmVTcTJIU8Aj6pKcxBk6kl89umVgn2gmtKBH6xcqaub8ncuBSjnmgOzmogVysTc3/ar1MRZdeTuM0UyTG80VRxiyVWNNgrJAKghUbawAsqP6rhQcgACsdX0WH4CyevAztes2xa87debVxXcRRRkfoGJ0iB12gBrpFTdRCGD2iZ/SK3own48V4Nz7mrSWjmDlEf2R8/gA7fJsp</latexit><latexit sha1_base64="Z2xaERShSiBBDnsY/L/eJAg6AJA=">AAACC3icbZDLSsNAFIYn9VbrLerSTbAILqQkRdCNUHTjsoK9QBPCyWTSTjuThJmJUEL3bnwVNy4UcesLuPNtnLZZaOsPAx//OYcz5w9SRqWy7W+jtLK6tr5R3qxsbe/s7pn7B22ZZAKTFk5YIroBSMJoTFqKKka6qSDAA0Y6wehmWu88ECFpEt+rcUo8Dv2YRhSD0pZvHru52wfOwadnBQzdyVXdDQlT4Od0OPHNql2zZ7KWwSmgigo1ffPLDROccRIrzEDKnmOnystBKIoZmVTcTJIU8Aj6pKcxBk6kl89umVgn2gmtKBH6xcqaub8ncuBSjnmgOzmogVysTc3/ar1MRZdeTuM0UyTG80VRxiyVWNNgrJAKghUbawAsqP6rhQcgACsdX0WH4CyevAztes2xa87debVxXcRRRkfoGJ0iB12gBrpFTdRCGD2iZ/SK3own48V4Nz7mrSWjmDlEf2R8/gA7fJsp</latexit>

�2
1 = 1

<latexit sha1_base64="N2E5V5NBUpJg2pkQ06uJD4tL2x8=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqWyKoBeh6MVjBfsB3bXMptk2NMkuSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PWibJNGVNmohEdyIwTHDFmpZbwTqpZiAjwdrR6Hbmt5+YNjxRD3acslDCQPGYU7BOCoIBSAk98li7Jr1yxa/6c+BVQnJSQTkavfJX0E9oJpmyVIAxXeKnNpyAtpwKNi0FmWEp0BEMWNdRBZKZcDK/eYrPnNLHcaJdKYvn6u+JCUhjxjJynRLs0Cx7M/E/r5vZ+CqccJVmlim6WBRnAtsEzwLAfa4ZtWLsCFDN3a2YDkEDtS6mkguBLL+8Slq1KvGr5P6iUr/J4yiiE3SKzhFBl6iO7lADNRFFKXpGr+jNy7wX7937WLQWvHzmGP2B9/kD0paQ3w==</latexit><latexit sha1_base64="N2E5V5NBUpJg2pkQ06uJD4tL2x8=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqWyKoBeh6MVjBfsB3bXMptk2NMkuSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PWibJNGVNmohEdyIwTHDFmpZbwTqpZiAjwdrR6Hbmt5+YNjxRD3acslDCQPGYU7BOCoIBSAk98li7Jr1yxa/6c+BVQnJSQTkavfJX0E9oJpmyVIAxXeKnNpyAtpwKNi0FmWEp0BEMWNdRBZKZcDK/eYrPnNLHcaJdKYvn6u+JCUhjxjJynRLs0Cx7M/E/r5vZ+CqccJVmlim6WBRnAtsEzwLAfa4ZtWLsCFDN3a2YDkEDtS6mkguBLL+8Slq1KvGr5P6iUr/J4yiiE3SKzhFBl6iO7lADNRFFKXpGr+jNy7wX7937WLQWvHzmGP2B9/kD0paQ3w==</latexit><latexit sha1_base64="N2E5V5NBUpJg2pkQ06uJD4tL2x8=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqWyKoBeh6MVjBfsB3bXMptk2NMkuSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PWibJNGVNmohEdyIwTHDFmpZbwTqpZiAjwdrR6Hbmt5+YNjxRD3acslDCQPGYU7BOCoIBSAk98li7Jr1yxa/6c+BVQnJSQTkavfJX0E9oJpmyVIAxXeKnNpyAtpwKNi0FmWEp0BEMWNdRBZKZcDK/eYrPnNLHcaJdKYvn6u+JCUhjxjJynRLs0Cx7M/E/r5vZ+CqccJVmlim6WBRnAtsEzwLAfa4ZtWLsCFDN3a2YDkEDtS6mkguBLL+8Slq1KvGr5P6iUr/J4yiiE3SKzhFBl6iO7lADNRFFKXpGr+jNy7wX7937WLQWvHzmGP2B9/kD0paQ3w==</latexit><latexit sha1_base64="N2E5V5NBUpJg2pkQ06uJD4tL2x8=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqWyKoBeh6MVjBfsB3bXMptk2NMkuSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PWibJNGVNmohEdyIwTHDFmpZbwTqpZiAjwdrR6Hbmt5+YNjxRD3acslDCQPGYU7BOCoIBSAk98li7Jr1yxa/6c+BVQnJSQTkavfJX0E9oJpmyVIAxXeKnNpyAtpwKNi0FmWEp0BEMWNdRBZKZcDK/eYrPnNLHcaJdKYvn6u+JCUhjxjJynRLs0Cx7M/E/r5vZ+CqccJVmlim6WBRnAtsEzwLAfa4ZtWLsCFDN3a2YDkEDtS6mkguBLL+8Slq1KvGr5P6iUr/J4yiiE3SKzhFBl6iO7lADNRFFKXpGr+jNy7wX7937WLQWvHzmGP2B9/kD0paQ3w==</latexit>

i�1�2
<latexit sha1_base64="KU/msHMpMAuqtvJlxVuTZ/f/nEg=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKoMuiG5cV7APaYcikmTY0yQxJRiljP8WNC0Xc+iXu/BvTdhbaeuByD+fcS25OlHKmjed9O2vrG5tb26Wd8u7e/sGhWzlq6yRThLZIwhPVjbCmnEnaMsxw2k0VxSLitBONb2Z+54EqzRJ5byYpDQQeShYzgo2VQrfC+kMsBA79otdDt+rVvDnQKvELUoUCzdD96g8SkgkqDeFY657vpSbIsTKMcDot9zNNU0zGeEh7lkosqA7y+elTdGaVAYoTZUsaNFd/b+RYaD0RkZ0U2Iz0sjcT//N6mYmvgpzJNDNUksVDccaRSdAsBzRgihLDJ5Zgopi9FZERVpgYm1bZhuAvf3mVtOs136v5dxfVxnURRwlO4BTOwYdLaMAtNKEFBB7hGV7hzXlyXpx352MxuuYUO8fwB87nD7E2k50=</latexit><latexit sha1_base64="KU/msHMpMAuqtvJlxVuTZ/f/nEg=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKoMuiG5cV7APaYcikmTY0yQxJRiljP8WNC0Xc+iXu/BvTdhbaeuByD+fcS25OlHKmjed9O2vrG5tb26Wd8u7e/sGhWzlq6yRThLZIwhPVjbCmnEnaMsxw2k0VxSLitBONb2Z+54EqzRJ5byYpDQQeShYzgo2VQrfC+kMsBA79otdDt+rVvDnQKvELUoUCzdD96g8SkgkqDeFY657vpSbIsTKMcDot9zNNU0zGeEh7lkosqA7y+elTdGaVAYoTZUsaNFd/b+RYaD0RkZ0U2Iz0sjcT//N6mYmvgpzJNDNUksVDccaRSdAsBzRgihLDJ5Zgopi9FZERVpgYm1bZhuAvf3mVtOs136v5dxfVxnURRwlO4BTOwYdLaMAtNKEFBB7hGV7hzXlyXpx352MxuuYUO8fwB87nD7E2k50=</latexit><latexit sha1_base64="KU/msHMpMAuqtvJlxVuTZ/f/nEg=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKoMuiG5cV7APaYcikmTY0yQxJRiljP8WNC0Xc+iXu/BvTdhbaeuByD+fcS25OlHKmjed9O2vrG5tb26Wd8u7e/sGhWzlq6yRThLZIwhPVjbCmnEnaMsxw2k0VxSLitBONb2Z+54EqzRJ5byYpDQQeShYzgo2VQrfC+kMsBA79otdDt+rVvDnQKvELUoUCzdD96g8SkgkqDeFY657vpSbIsTKMcDot9zNNU0zGeEh7lkosqA7y+elTdGaVAYoTZUsaNFd/b+RYaD0RkZ0U2Iz0sjcT//N6mYmvgpzJNDNUksVDccaRSdAsBzRgihLDJ5Zgopi9FZERVpgYm1bZhuAvf3mVtOs136v5dxfVxnURRwlO4BTOwYdLaMAtNKEFBB7hGV7hzXlyXpx352MxuuYUO8fwB87nD7E2k50=</latexit><latexit sha1_base64="KU/msHMpMAuqtvJlxVuTZ/f/nEg=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKoMuiG5cV7APaYcikmTY0yQxJRiljP8WNC0Xc+iXu/BvTdhbaeuByD+fcS25OlHKmjed9O2vrG5tb26Wd8u7e/sGhWzlq6yRThLZIwhPVjbCmnEnaMsxw2k0VxSLitBONb2Z+54EqzRJ5byYpDQQeShYzgo2VQrfC+kMsBA79otdDt+rVvDnQKvELUoUCzdD96g8SkgkqDeFY657vpSbIsTKMcDot9zNNU0zGeEh7lkosqA7y+elTdGaVAYoTZUsaNFd/b+RYaD0RkZ0U2Iz0sjcT//N6mYmvgpzJNDNUksVDccaRSdAsBzRgihLDJ5Zgopi9FZERVpgYm1bZhuAvf3mVtOs136v5dxfVxnURRwlO4BTOwYdLaMAtNKEFBB7hGV7hzXlyXpx352MxuuYUO8fwB87nD7E2k50=</latexit>



Basic Rules
Starting from dense encoding (2 Majorana modes)

“rotate” the “fermion 
charge” by 180°

-

create a pair of “Majorana 
fermions” from vacuum

Strings as Majorana modes / charges as Majorana operators

Jaffe, Arthur, Zhengwei Liu, and Alex Wozniakowski. 
"Holographic software for quantum networks." Science 
China Mathematics 61.4 (2018): 593-626.



Basic Rules

Qubits and inner product

Starting from dense encoding (2 Majorana modes)



Basic Rules

Braiding 

Starting from dense encoding (2 Majorana modes)

braiding of 
Majorana fermion

charges can almost freely move !

�1 ! �2
<latexit sha1_base64="BeN7ULGr7on/EyKeLDkJ1N+Ooe4=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETyUpgh6LXjxWsB/QhDDZbtqlu0nY3Sgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJHdEBTlLKYtzTSn3VRSECGnnXB0PfU791QqlsR3epxSX8AgZhEjoI0U2MfeAISAwPUkGww1SJk84EKrB3bVqTkz4GXiFqSKCjQD+8vrJyQTNNaEg1I910m1n4PUjHA6qXiZoimQEQxoz9AYBFV+Pvtigk+N0sdRIk3FGs/U3xM5CKXGIjSdAvRQLXpT8T+vl+no0s9ZnGaaxmS+KMo41gmeRoL7TFKi+dgQIJKZWzEZggSiTXAVE4K7+PIyaddrrlNzb8+rjasijjI6QifoDLnoAjXQDWqiFiLoET2jV/RmPVkv1rv1MW8tWcXMIfoD6/MHRCGYZw==</latexit><latexit sha1_base64="BeN7ULGr7on/EyKeLDkJ1N+Ooe4=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETyUpgh6LXjxWsB/QhDDZbtqlu0nY3Sgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJHdEBTlLKYtzTSn3VRSECGnnXB0PfU791QqlsR3epxSX8AgZhEjoI0U2MfeAISAwPUkGww1SJk84EKrB3bVqTkz4GXiFqSKCjQD+8vrJyQTNNaEg1I910m1n4PUjHA6qXiZoimQEQxoz9AYBFV+Pvtigk+N0sdRIk3FGs/U3xM5CKXGIjSdAvRQLXpT8T+vl+no0s9ZnGaaxmS+KMo41gmeRoL7TFKi+dgQIJKZWzEZggSiTXAVE4K7+PIyaddrrlNzb8+rjasijjI6QifoDLnoAjXQDWqiFiLoET2jV/RmPVkv1rv1MW8tWcXMIfoD6/MHRCGYZw==</latexit><latexit sha1_base64="BeN7ULGr7on/EyKeLDkJ1N+Ooe4=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETyUpgh6LXjxWsB/QhDDZbtqlu0nY3Sgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJHdEBTlLKYtzTSn3VRSECGnnXB0PfU791QqlsR3epxSX8AgZhEjoI0U2MfeAISAwPUkGww1SJk84EKrB3bVqTkz4GXiFqSKCjQD+8vrJyQTNNaEg1I910m1n4PUjHA6qXiZoimQEQxoz9AYBFV+Pvtigk+N0sdRIk3FGs/U3xM5CKXGIjSdAvRQLXpT8T+vl+no0s9ZnGaaxmS+KMo41gmeRoL7TFKi+dgQIJKZWzEZggSiTXAVE4K7+PIyaddrrlNzb8+rjasijjI6QifoDLnoAjXQDWqiFiLoET2jV/RmPVkv1rv1MW8tWcXMIfoD6/MHRCGYZw==</latexit><latexit sha1_base64="BeN7ULGr7on/EyKeLDkJ1N+Ooe4=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETyUpgh6LXjxWsB/QhDDZbtqlu0nY3Sgl9OLFv+LFgyJe/Q/e/Ddu2xy09cHA470ZZuaFKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJaIskPJHdEBTlLKYtzTSn3VRSECGnnXB0PfU791QqlsR3epxSX8AgZhEjoI0U2MfeAISAwPUkGww1SJk84EKrB3bVqTkz4GXiFqSKCjQD+8vrJyQTNNaEg1I910m1n4PUjHA6qXiZoimQEQxoz9AYBFV+Pvtigk+N0sdRIk3FGs/U3xM5CKXGIjSdAvRQLXpT8T+vl+no0s9ZnGaaxmS+KMo41gmeRoL7TFKi+dgQIJKZWzEZggSiTXAVE4K7+PIyaddrrlNzb8+rjasijjI6QifoDLnoAjXQDWqiFiLoET2jV/RmPVkv1rv1MW8tWcXMIfoD6/MHRCGYZw==</latexit>
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exchange the two 
braidings up to 
extra two charges



Basic Rules

Isotopy and Redemeister moves

Starting from dense encoding (2 Majorana modes)

However, easier than ordinary knots: 
up to almost freely-movable charges, all the diagram are trivial “links”

Because of world line of extreme points in Kitaev’s Majorana chain



Basic Rules
Starting from dense encoding (2 Majorana modes)

General superposition (parameterized crossing)  
Yang Baxter equation as Euler decomposition

spinor representation 
of so(3) generators

2 ways of Euler decomposition 
as Yang-Baxter equation !



Basic Rules

Qubits  

The reason why it is |+>

Sarma, Sankar Das, Michael Freedman, and Chetan 
Nayak. "Majorana zero modes and topological quantum 
computation." npj Quantum Information 1.1 (2015): 1-13.

Sparse encoding of 4 Majorana modes (Quon on Z_2)



Basic Rules

Kitaev’s encoding of Pauli operators

- Kitaev, Alexei. "Anyons in an exactly solved 
model and beyond." Annals of Physics 
321.1 (2006): 2-111.

Sparse encoding of 4 Majorana modes (Quon on Z_2)

Pauli operators: 
a pair of Majorana operators / charges



Basic Rules

Other single qubit Clifford gates
-

e.g.,
H|1i = |+i
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Sparse encoding of 4 Majorana modes (Quon on Z_2)
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Basic Rules

A redundant degree of freedom

Sparse encoding of 4 Majorana modes (Quon on Z_2)

2 modes can not carry 
1 qubit information

originate from the sparse encoding 
important for evaluating Clifford circuits



Basic Rules

General single qubit gate

3 modes contain complete information 
1 modes is redundant

Sparse encoding of 4 Majorana modes (Quon on Z_2)
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Basic Rules

Control-Z (operational meaning as Majorana zero modes)

1. measure 
2. braid modes 3,6 
3. prepare states with 
4. measure parity for 1,2,3,4 and 5,6,7,8 
5. braid modes 3,4 and 5,6

ignore correction due to 
undesired measurement result

Sarma, Sankar Das, Michael Freedman, and 
Chetan Nayak. "Majorana zero modes and 
topological quantum computation." npj Quantum 
Information 1.1 (2015): 1-13.

Sparse encoding of 4 Majorana modes (Quon on Z_2)



Basic Rules

Graph (TN) => 3D Manifold (4 strings in 1 tube)

parity constraints for each 4 modes 
(drawn in 1 tube) 
strings living in 3-manifold with genus

a convenient 
way to draw

Liu Z. Quon language: Surface algebras and fourier 
duality. Communications in Mathematical Physics. 2019 
Mar 1;366(3):865-94.

Sparse encoding of 4 Majorana modes (Quon on Z_2)
Multi-qubits and Genus

Liu, Zhengwei, Alex Wozniakowski, and Arthur 
M. Jaffe. "Quon 3D language for quantum 
information." Proceedings of the National 
Academy of Sciences 114.10 (2017): 2497-2502.



Basic Rules

Copy tensor

Sparse encoding of 4 Majorana modes (Quon on Z_2)



Basic Rules

Control-Z (from copy tensor and Hadamard gate)

Sparse encoding of 4 Majorana modes (Quon on Z_2)



Basic Rules

String-genus relation

Here, parity is always preserved!

prepare and measure: 
could be removed as long as 
it preserves sparse encoding 
at any time slice

Sparse encoding of 4 Majorana modes (Quon on Z_2)

String-genus relation

Liu, Zhengwei, Alex Wozniakowski, and Arthur M. Jaffe. "Quon 
3D language for quantum information." Proceedings of the 
National Academy of Sciences 114.10 (2017): 2497-2502.

E.g., appear in CZ^2=I



Basic Rules

String-genus relation

Here, parity is always preserved!

prepare and measure: 
could be removed as long as 
it preserves sparse encoding 
at any time slice

Sparse encoding of 4 Majorana modes (Quon on Z_2)

not works 
cannot balance the parities 
aside

E.g., appear in CZ^2=I



Basic Rules

Basic elements

Summary

can also be drawn in 3D

universal for any TN

1 line in TN <=>  
1 tube in Quon



Basic Rules

Evaluation rules

Summary Which makes it more powerful than tensor network: 
fractionalization, topological rules, string genus 
relation

Isotopy moves (world line of Majorana zero modes)

charges moves (Majorana fermion)



2D Ising model:  
• Kramers-Wannier duality 


• Star-triangle relation


• Jordan-Wigner transformation



Ising model
Ising model without magnetic field on planar graph



Ising model
Kramers-Wannier duality

no genus remained in the bulk, works for any planar graph

that’s why free fermion quadratic operator



Ising model
Kramers-Wannier duality

Kramers-Wannier duality: 
adding string-genus at different positions



Ising model
Yang-Baxter equation and star-triangle relation



Ising model
Jordan-Wigner transformation

Jordan-Wigner transformation: creating a pair of charges around a genus 
To free fermion: simply locally-removable string-genus relations

adding string-genus relations



Generalizing Kramers-Wannier 
duality



New solvable TN
Extending Kramers-Wannier duality in a topological way



New solvable TN
Extending Kramers-Wannier duality in a topological way



New solvable TN
non-Gaussian fermion interaction terms

the parities aside the

genus should be even



Other results



Matchgate circuits
Dimer model / counting perfect matching
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W-states



Matchgate circuits
Dimer model / #PM
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Matchgate circuits
Dimer model / #PM



Matchgate circuits
Dimer model / #PM



Matchgate circuits
Characterization of matchgate TN in diagram

Definition (matchgate): tensor network / quantum circuit composed 
of the above two kinds of tensors on planar graph

Valiant, Leslie G. "Expressiveness of matchgates." 
Theoretical Computer Science 289.1 (2002): 457-471.

Pictorial characterization:  
1. the string on the boundary does not braid with other strings 
2. no genus inside the bulk



Matchgate circuits
Evaluating matchgate by untying “knots”

YB has singular points s.t.  

can not apply (but zero-measure)

Modified Redemeister moves



Clifford circuits

Definition (Clifford): tensor network / quantum circuit composed 
of H, S, Pauli, copy tensors (copy + H => CZ)

Gottesman, Daniel. "The Heisenberg representation of quantum 
computers." arXiv preprint quant-ph/9807006 (1998).

Pictorial characterization:  
no parameterized crossing



Clifford circuits
Sketch of proof

deriving Graph States of Local Complements

Van den Nest M, Dehaene J, De 
Moor B. Graphical description of 
the action of local Clifford 
transformations on graph states. 
Physical Review A. 2004

Duncan R, Perdrix S. Graph states 
and the necessity of Euler 
decomposition. InConference on 
Computability in Europe 2009

Backens M. The ZX-calculus is 
complete for stabilizer quantum 
mechanics. New Journal of 
Physics. 2014



A unified framework

Classically simulable quantum circuits

could derive 
ZX-calculus 

could derive 
ZW-calculus 

combine them in a topological way

new simulable cases (generalizing KW)

Coecke, Bob, and Ross Duncan. "Interacting 
quantum observables: categorical algebra and 
diagrammatics." New Journal of Physics 13.4 
(2011): 043016.

Hadzihasanovic, Amar. "A diagrammatic 
axiomatisation for qubit entanglement." 2015 
30th Annual ACM/IEEE Symposium on Logic in 
Computer Science. IEEE, 2015.



Nested string genus relations as 
a subclass of Clifford circuits

nested string-genus in 3D 

special Clifford: 
those could be evaluated 
without using



Representation for coding
Medial graph

shaded link 
projection



Representation for coding
Two types of vertices and parameterized edges

2 types of vertices: 
genus vs. non-genus

rules represented in planar graph, 
e.g., YB and parameterized edges



Summary
• Ising model and KW, JW, YB, and locally-removable string-genus relation


• New solvable classes 


• Generalizing Kramers-Wannier duality in a topological way: free 
fermion+nested string genus relations


• Interpretation: Ising model with magnetic field / interacting fermion operator


• Examples of other applications 


• A unified framework of Clifford and matchgate circuits, a new class of 
classically-simulable quantum circuit, evaluation by “untying knots” 


• Medial graph representation



Outlook
• Application to quantum circuit complier for simplifying circuits


• Finding new exactly solvable models with physical implications


• Polynomial algorithm for some new combinatorial problems


• The new solvable classes as variational anzats                                                            
enhance fermion gaussian state (free fermion) by adding non-Gaussian terms 
(interacting) but still efficiently computable                                                                                           
potential applications, e.g., quantum chemistry


• Picture language from some encodings of other types of anyons                                                       
(e.g., Quon on Z_d for sparse encoding of parafermion)
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