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Real Line 

Locally compact abelian group

Kac algebra

Locally compact quantum group

Subfactor planar algebra

Modular tensor category
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Element Measure

Function Lebesgue Measure 

Function Haar Measure 

Operator Haar Weight 
Box Trace

Homomorphism Trace 

ϕ
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Fourier Transform

S-Matrix
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Convolution

Tensor product
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Group-like 
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shift
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shift

Bi-shift
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Hausdorff-Young inequality

Babenko 1961, Beckner 1975, 
Christ 2014

Kunze 1958, Russo 1974, 
Fournier 1977, Terp 1981

Cooney 2012

Jiang-Liu-W 2016, 2018

Liu-W 2018
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The Norm of Fourier Transform for Subfactors
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Young’s inequality

Young 1912, Babenko 1961, 
Beckner 1975

Klein-Russo 1978

Liu-W-Wang 2017

Jiang-Liu-W 2016, 2018

Liu-W 2018
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10 << r

1≥r
The Norm of Convolution for Subfactors
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Donoho-Stark
Uncertainty Principle

Hirschman-Beckner
uncertainty principle

Hardy’s 
uncertainty 
principle

Renyi
uncertainty
principle

Hirschman 1957
Beckner 1975

Hardy 1933

Donoho-Stark 1989
Smith 1990
Ozaydm-Przebinda 2004

Ozaydm-Przebinda 2004 Jiang-Liu-W 2016
Liu-W 2017

Gilbert-
Rzeszotnik 2010
Madiman-Xu
2016

Crann-Kalantar 2014
Liu-W 2017

Crann-Kalantar 2014
Liu-W 2017

Liu-W 2017

Jiang-Liu-W 2018 Jiang-Liu-W 2018 Jiang-Liu-W 2018

Jiang-Liu-W 2016 Jiang-Liu-W 2016 Jiang-Liu-W 2016 Liu-W 2018

Liu-W 2018 Liu-W 2018 Liu-W 2018 Liu-W 2018
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Uncertainty Principles



Sum-set Theorem

Tao-Vu 2006

Liu-W 2017

Jiang-Liu-W 2018

Liu-W 2018

We need it to characterize the extremizers of Young’s inequality !
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Brascamp-Lieb inequality

Brascamp-Lieb 1976
Lieb 1990
Ball 1989
Barthe 1998
Carlen-Lieb-Loss 2004
Bennett-Carbery-Christ-Tao 2008

Work in Progress ………………

Suggested by Quanhua XU!
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Partial Results
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Partial Results

…………………………………………………….



Questions

1 Is there any way to generalize subfactors and locally compact 
quantum groups?

2 Do we have“Sum-set Theorem”for locally compact quantum 
groups?

3 Can we characterize the extremizers of Hausdorff-Young 
inequality for locally compact quantum groups?

4 Can we characterize the extremizers of Young’s inequality for 
locally compact quantum groups?

5 Can we characterize the norm of Fourier transform for compact 
(discrete) quantum groups?

6 Can we formulate the Brascamp-Lieb inequality for locally 
compact quantum groups?
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Questions

7 Can we characterize the minimizers of uncertainty principles for n-
box spaces?

8 Can we describe the extremizers of Hausdorff-Young inequality 
and Young’s  inequality for  n-box spaces?

9 Can we formulate the reverse Brascamp-Lieb inequality for 
subfactors?

10 Can we find the Brascamp-Lieb constants for the inequalities?

11 If an element is almost a biprojection, is it close to a biprojection?

12 Can we give a sharp Hausdorff-Young inequality for subfactors
depending on the distance to the element?
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Questions

13 Can we construct bi-shifts of biprojections for  given subfactors?

14 Do we have Hausdorff-Young inequality for infinite index 
subfactors?

15 Do we have Young’s  inequality for infinite index subfactors?

16 Do we have uncertainty principles for infinite index subfactors?

17 Can we establish additive combinatorics for modular tensor 
categories?

18 How can we apply the analysis results to quantum information?
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Picture Language Program
Harvard University
Arthur Jaffe’s Lab

Languages for quantum information

Quantum Fourier analysis

Modular Tensor Category

Free Probability

Lie Theory

Subfactors

Quantum Fourier Analysis J. WU July 2018



Thank You !
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