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Simulating Many-Body Quantum Mechanics
g Many-Body /s /

H|y) = E)

Bottleneck:
) € H; dim(H) = O(exp(n particles))

Classically either:

Exponential memory: Store O(2") complex amplitudes in classical memory

Or:

Exponential time: Add up O(2") amplitudes of separate paths




Quantum Computing Timeline
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[.ooking for Quantum Advantage
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Electronic structure Low energy High energy
. nuclear physics & nuclear physics

Particle physics

Nuclear shell

Quantum chemistry Quantum Field Theory
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(Quantum Resource Estimates

1) Number of qubits
2) Clifford Gates

3) Non-Clifford gates




An end-to-end framework for quantum simulation of QFTs
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Constructing Canonical QF'T' Hamiltonians

(Lagrangian) [, %{Noetherjs theorem} — THY — / dVTOO — H (Hamiltonian)
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Forms of Relativistic Dynamics. Dirac




l.nergy-Momentum Four Vector

Instant Form Front Form




--------------------------------------------------

------------------------------

-------------------------------------------------------------------------------

Instant Form Front Form

o™ = momom oy B s

------




--------------------------------------------------

------------------------------

-------------------------------------------------------------------------------

Instant Form Front Form
pH :(p0plp2p3) pH — (p+,p4,}'3‘"l)
(PO)Q_(p’)QZMZ P—P—l—_(p’J_)ZZMQ




--------------------------------------------------

------------------------------

-------------------------------------------------------------------------------

Instant Form Front Form
pH :(p0plp2p3) pH — (p+,p4,}'3‘"l)
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Instant Form Front Form
pH :(p0plp2p3) pH — (p+,p4,}'3"i)
(PO)Q_(ﬁ)QZMQ P—P+_(ﬁL)2:M2
POly) = \/ M2 + P2ly) H|tp) =

Eigenvectors <— wavefunctions of bound states

Eigenvalues «<— M 2 of bound states
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The anatomy of the front form Hamiltonian

H = Z/Clnl,... m)O1(n1, ...,y Ole{ — NW}

llm

Quantum Chromodynamics and Other Field Theories on the Light Cone. Brodsky et. al



The anatomy of the front form Hamiltonian

H:Z / ci(ni,...,nm)Oi(n1,....,nm) O;c { — NW}

l 1l...m

Coupling
; / Ladder Operators (“O,")

; ) 1
1 2 \
out o Coefficient (“c;”)

Integrate over all constituent
momentum dp; d*p;-

[/

e.g.:

Quantum Chromodynamics and Other Field Theories on the Light Cone. Brodsky et. al
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Hamiltonian Spectrum Behavior
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'The Similarity Renormalization Group

Fact: Far off-diagonal h;;
cause divergences

—N—
H U'(s)HU(s)

\/\N 1/s

spectrum(H ) = spectrum (H (s))
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'The Similarity Renormalization Group

Fact: Far off-diagonal hij H (37 3?“)
cause divergences ——
H(Sr> UT(s)H (s, )U(s)

\/\N 1/s
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spectrum (H(sr)> = spectrum (H(S, Sr)>
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The Renormalized Hamiltonian
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The Renormalized Hamiltonian
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Unitarily Transformed Hamiltonian Counterterms
H(s,s,) = UT(s)H(s)U(s) X(sp) = xi(sr)
1]
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The Renormalized Hamiltonian
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Similarity Renormalization Group Equation
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Similarity Renormalization Group Equation

dH (s, s,)
ds

:Q(s, s ), H (s, Sr)

Renormalization of Hamiltonians. Glazek and Wilson
Perturbative formulae for relativistic interactions of effective particles. Gtazek



Similarity Renormalization Group Equation

dH(s,s,.) T )
ds _ _

---------------------------------------------------------------------------------------
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Glazek-Wegner Flow Equation Renormalization Group Procedure for

Effective Particles (RGPEP) Equation

~ 1/s,

H(s;) :

Renormalization of Hamiltonians. Glazek and Wilson
Perturbative formulae for relativistic interactions of effective particles. Gtazek



Solving the RGPEP Equation #7650 _ [ 11 s 11 mis.s)

Propose

H(s,s,)=HWY(s,s,)

ds

gH" (s, s,)

ng(Q)(& Sr) 0(93)




Solving the RGPEP Equation 47557 _ |1y ps sy

ds

Propose

H(s,s,) = H(O)(Svsr) gH(l)(Sasfr) QZH(Q)(Svsr) 0(93)

Perturbative RGPEP Equations:
~dHWO) (s, s,)

O(g") : — 0
(9") =
(1) . i
0(g") : 22 [HOs, 5, HO(s,5,)], HO (s, 5.)
S _ _

~dH® (s, s,

(’)(gz) = — :H(O)(S,ST),H(Q)(S,ST):,H(O)(S,Sr) + :H(O)(S,ST),H(D(S,ST):

 HW (s,5,)




O(g9*)Renormalized Yukawa Hamiltonian

Ly = zﬁ(iv“(% — m)w - %(%W — %M%Q — g

https:/doi.org/10.1103/63qr-r235y. Serafin, Gustin, Love



O(g9*)Renormalized Yukawa Hamiltonian

Ly = zﬁ(w“(’% — m)w - %(%W — %u2¢2 — g
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https:/doi.org/10.1103/63qr-r235y. Serafin, Gustin, Love



The continuum limit of the renormalized spectrum ~ © {1917}
o {Irf.1110)}
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https:/doi.org/10.1103/9y1c-52sx, Gustin et. al



QFTs at Different Energy Scales

Ener
~ 140 MeV ~ 1 GeV sy

Adapted from Metrology in Muon Count Methods, Orduna



O(9°) Renormalized QCD Hamiltonian

7. - 1 yale!
LQcp = e (W“’Du - mq>¢c 1 Ga G

Preliminary Results. Serafin, Gustin, Love



An end-to-end framework for quantum simulation of QFTs
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Quantum Simulation: Statics

Ulu) = wla) — Jul =1 Ulu) = ¢ Ju) ~ de [1.1]
Ly, Quantum Phase Estimation:
us "
0)®" o
—1 1 |u> _ -
U7
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Hamiltonian Simulation
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Hamiltonian Simulation
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Encode H{ — U g such that

(UJ) UH:UnUlU() E
(b) spectrum(Up ) = f(Spectrum(H)>

?SQIQLiQn




Hamiltonian Simulation

-----------------------------------------------------------------------

Goal Estimate A : Example: Time evolution operator
H‘)\> — )\‘)\> UH __ e—th

e “ =t

m Un )\> — € )\>

5 H' = Hbu H'H # 5

B - ilii iiBBE B " R n \t

— O A

Mm EnCOde H — UH SUCh that |)\> UH n

(UJ) UH:UnUlU() E
(b) spectrum(Up ) = f(Spectrum(H))




Hamiltonian Simulation

-----------------------------------------------------------------------

Example: Block Encoding (circa 2013)

. - (H/a *
H|\) = A\) H — Upg = ( N *>
Problem 0), — A
HT:HbutHTH# UH
H+4U,...UUy ). — — ),
____________________________________________________ 7 Un- Uil ’ [H[v).|
S—QM Encode H — U such that |0>®n_ e f)
' (@ Ug=1U,...UUp QPEy

(b) spectrum(Upy) = f(spectrum(H)) |)\>




Qubitization

(" ? )

Hamiltonian Simulation by Qubitization, Low and Chuang



Qubitization

Yes/( U2 = \
( The Walk Operator \
Wi = Ut ( 2/0), (0], — 1)
%/_/
Ra

spectrum(Wpy ) = f(spectrum(H))

\- J

Hamiltonian Simulation by Qubitization, Low and Chuang



Qubitization

i
s ~ 4 )
The Walk Operator With minimal overhead can force
2
Wi = Un ( 2/0), (0], = L) - U2 =
N’ M
R - Y,
spectrum(Wpy ) = f(spectrum(H))

|O> & n_ |~ arccos(A\)

) g QPEWH s

Hamiltonian Simulation by Qubitization, Low and Chuang



Block Encoding Hamiltonians H=%" a0,
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Hamiltonian Simulation Using Linear Combinations of Unitary Operations. Childs & Wiebe
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¢ EE I H H H H H H HE HE HE 5 5 H H 5 5 5H H 5 5 5H 5 5 5 5H 5 5 5 5H H 5 5 H H 5 5 H H 5 5 5H H 5 5 H H 5 5 =H 5 5 5 =H H 5B 5 =5 H =B =5 =B B =B =B = =B = = = = o

© Encoding Electronic Spectra in Quantum Circuits with Linear
T Complexity. Babbush, Gidney, Berry, Wiebe, et al.

O Reducing molecular electronic Hamiltonian simulation cost
for Linear Combination of Unitaries approaches. Loaiza,
Khan, Wiebe, Izmaylov

© Resource-optimized fault-tolerant simulation of the Fermi-
Hubbard model and high-temperature superconductor
models. Kan and Symons

Hamiltonian Simulation Using Linear Combinations of Unitary Operations. Childs & Wiebe
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Map to Pauli basis Stay in second-quantized basis

Oy %Zpﬁkﬂ U — O;/a; %

k l * *
© Encoding Electronic Spectra in Quantum Circuits with Linear
T Complexity. Babbush, Gidney, Berry, Wiebe, et al. P L—1 L—1
O Reducing molecular electronic Hamiltonian simulation cost H = E (Y] O | — H = E (Y] U O;
for Linear Combination of Unitaries approaches. Loaiza, o —0 —0
Khan, Wiebe, Izmaylov _ o

© Resource-optimized fault-tolerant simulation of the Fermi-

Hubbard model and high-temperature superconductor o L C U U I:I b l O Ck— cNnNCco d CS H

models. Kan and Symons

Hamiltonian Simulation Using Linear Combinations of Unitary Operations. Childs & Wiebe
Quantum singular value transform and beyond: exponential improvements for quantum matrix arithmetic. Gilyén et al.




l.adder Operator Block Encoding (LOBE)

Ol/Oél *

LOBE efficiently constructs Uo, = (
* *

> for (J; written in second quantization

‘O>a ﬂag}a

Uo,
O,
), 1),

https:/doi.org/10.22331/q-2025-12-22-1953. Simon, Gustin, et. al
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Comparative Performance of LOBE
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https:/doi.org/10.22331/q-2025-12-22-1953. Simon, Gustin, et. al
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Comparative Performance of LOBE
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Comparative Performance of LOBE
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Does renormalization
prohibitively increase the cost of
quantum simulation?




Quantum Resource Estimates: Yukawa Theory
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Renormalized QCD

(Quantum Resource Estimates
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Quantum Simulation of QCD Results in Context
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Number of T gates Number of qubits

Kan, Nam (2021) ArXiV O(10°°) 0(108)
Davoudi, Stryker (2025) APS DNP O(10%) —
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Quantum Simulation of QCD Results in Context

Number of T gates Number of qubits

Kan, Nam (2021) ArXiV O(10°°) O(10°)
Davoudi, Stryker (2025) APS DNP O(10%) —
Rhodes, Kreshchuk, Pathak 0(1028) 0(1010)

(2024) Phys. Rev. D
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An end-to-end framework for quantum simulation of QFTs

IF—FF Regulate

Partl; £ " H CH(s,) 22 H(s,s,) 200 H(D

LOBE
Part ll: © . U?—L(s)

qubitization
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Quantum Computing

3 Parts:
[nitialization Unitary evolution Measurement
0)9" =10) ® - - ® |0) U=U,...UilU ¥) = U|0)*"
M U; € universal gate set P(¢) = |{d]) -
0) A
0) A
0) A

U

0) n




Divergences in Quantum Field Theory

\




The 4 Step Plan of Renormalization

Steps
1. Write down canonical theory m — fnitep

2. Regulate theory by imposing cutoffs

TR

3. Fix counterterms

4. Observables converge as cutoff diverges _ — @

s finite




Trotterization  pindU = U, ... Uy Up such that ||U — e Ht|| < ¢

L—1 . L—1
H = E o Oy exp ( it Z OézOl) # H et 0
l:O (=0 :O

-----------------------------------------

If t >0t<<1 exp| —0t Z oy O % H e 10t O

-----------------------------------------

-----------------------------------------------------------------

| | e—iétOélOlé — 6—i5t04()00§ e—iét(xlOl 6—i5taL_1OL_1§

--------------------------------------------
-------------------------------------------------------------

On the Product of semi-groups of operators, Trotter



‘I rotterization ¢ > §t

-----------------------------------

------

-----------------------------------

------------------------------------------------

------------------------------

B o, =_B._SL_BL_EL_SL_SE_BL_SE_SL_SE LS _SL S BL S PSS B S _SLBL LN

| | e—iazOlt/n _ Ee—z’aOOOt/nE e—iqult/n Ee—iaL_loL_lt/nE

------------------------------

--------------------------------------------------------------------------------

On the Product of semi-groups of operators, Trotter



Linecar Combination of Unitaries # =) _ U
[

Ug| = S
‘¢> S | - ‘¢> S
.PREPARE (P) unitary stores -SELECT (S) unitary indexes over U/'s
coefficients (a) in an ancilla register g _ LZ_l Dol @ (U)
(=0

P%iﬁwa

Hamiltonian Simulation Using Linear Combinations of Unitary Operations. Childs & Wiebe



Fermionic LOBE Unitaries

SUBSPACE ROTATION SYSTEM UPDATE (CLIFFORD)




Generalized Bosonic LOBE Unitaries

I | |
: 7‘—| +R... —9... I Ing | — 1%, ... I

W *W—'I +Rm — Sm Ing | —Rm + Sm I—_




Why do we use the walk operator?
U2 = 0 ( AV AZ)
)\

Us10)al)s = M0Yal\)s + /1 = [A2] L)s
UH|J—>a,s — \/1 — |5\‘2|()>a‘)\>8 _ 5\|J_>a78 UH has eigenvalues + ] Spectral information is lost!

Wi = Use (2000, (0], — o) Walohal¥). = X0)al). + /1= 31,

R, Wil L)as = = /1 — |A]2]0)a|N)s + Al L)a.s




Fxistence of Qubitization

Lemma 10 (Existence of Qubitization). For all signal unitaries S that implement the Hermitian
signal operator (0| PSP |0) = H, there exists a quantum circuit S, using one more qubit, that

queries controlled-S and controlled-S™ once to implement the same signal operator. Moreover, S’
satisfies the conditions Eq. (17)

-----------------------------------------------------------------------

Ra

P|O>a—é 2l

Hamiltonian Simulation by Qubitization. Low, Chuang



The Factorization Theorem

-
* We can separate the hard and soft part of - /
the interaction '

» Hard: Perturbatively calculable

Hard part:
 Soft: Not calculable in pQCD. Must resort q
to experimental data or models q
To understand the soft part of DIS, and
thus the total cross-section, we must Soft part:
understand nature of bound states of QCD X




Conserved currents and Noether’s Theorem
L(p,00) invariant under ¢ — e ““¢

oL oo, i
0(0,0n) 0

Q) = / d>xJ,

0'Q) = /dga:(?tJQ — /d?’xﬁ - J_):A 0

Noether’s current: J, = s conserved (OF.J =0

Vanishes at boundary




Eftective Vertices

N C123(8) ~ Uiy usey e 5P ~P2 ~Ps )" =sr(pr =Py —p5 )’
1 2
2 4 g
_ D) o
P C1234(8) ~ U1y u2 W+( )u:w”m e=5r (P 4Pz —P3 —p)
1 1 1
5 — — — —
3 K Py T Dy — D Py + P4y — D
|

X (e_s(pl_ﬂ?z_ _P_)QQ—S(P;;JFPZ —p~)?
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Why is a band-diagonal H(s) preferred?

H(s E(2) — o,
5 0t

For canonical H, no guarantee
this sum converges:

1
e.g. take hi; =1 Z —

HY () H () ~ |ay"u e, |

) | m ‘




SRG Flow

U(s) =T exp (/OS ds’g(gz)>

Q(S) “eenerator” gij(s) — —Q;Z;(S)

dH(s) | 4+, ,dU(s)
T Ne———
Generators:

Mielke: G(s) = M & H(s)

Wegner: G(s) = :diag (H(S)),H(S)

Glazek-Wilson: G(s) = |Hp, H(s)

Block-diagonal: G(s) = PH(s)P + QH (s)Q




Unitary transformation of H

&
a’ al

)

s) =U(s)aU"(s)
(s) =

' U(s)a'U'(s)

a'(s)
p o H B e H
a(s)
p(s) - B(s) « H(s)
a\s )
o a a(s)

H = aa + Ba’ H(s) = a(s)a+ B(s)a’

H = a(s)a(s) + B(s)a’(s) = U(s)"HU(s)




Mapping Fermions/Bosons to Qublts

----------------------------------------------------------------------------------------------------------------------------------------------
- ~ - ~

i Fermions: 1T; — (; € {O, 1}

éFermions: n, € 10,1
State i €10, 1)

i 1 = [logy(Q + 1)]; qubits
;Bosonsz n; {(),1,2,,,,7Q} Bosons: T; %(Og2( ﬂ qu 1si

_________________________________________________________________________ - Jordan Wigner

i ™ Standard Binary

bT|0) = |1 ' b, Z. (X, +iv;)
Fermions: ‘ > ‘ > {b bT} B ]1 . Fermlons — § ( T\Z )
= bj1) =10) \»7 5=+ — for b] |

E E Q—1
: T — : 5 _
Operator oo {a n) = /n+ T + 1)  Bosons: 4! - Z@ Vs F|s + 1)(s|




