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[arXiv:2508.10725, 2601.18773] 



Background
Optimization problem:

(Hard to solve in general)

Examples:

<latexit sha1_base64="VF63fNe/8q2HwxcHGdda1z1DI38=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYVUlpKgChgrWBiLRB9SE0WO67RWbSeyHdSoKr/CwgBCrHwIG3+D22aAliNd3aNz7pWvT5gwqrTjfFuFtfWNza3idmlnd2//wD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm5nfueRSEVj8aCzhPgcDQSNKEbaSIFd9jgaB2N47nEqTI+q47PArjg1Zw64StycVECOZmB/ef0Yp5wIjRlSquc6ifYnSGqKGZmWvFSRBOERGpCeoQJxovzJ/PgpPDVKH0axNCU0nKu/NyaIK5Xx0ExypIdq2ZuJ/3m9VEfX/oSKJNVE4MVDUcqgjuEsCdinkmDNMkMQltTcCvEQSYS1yatkQnCXv7xK2hc197JWv69XGjd5HEVwDE5AFbjgCjTAHWiCFsAgA8/gFbxZT9aL9W59LEYLVr5TBn9gff4AcwyUAA==</latexit>

max
x

/min
x

f(x)

 Finding The Ground Energy The Traveling Salesman Problem



Background
Optimization problem:

(Hard to solve in general)

Known quantum algorithms for optimization: Grover’s algorithm, quantum adiabatic algorithms, VQE, QAOA … 

<latexit sha1_base64="VF63fNe/8q2HwxcHGdda1z1DI38=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYVUlpKgChgrWBiLRB9SE0WO67RWbSeyHdSoKr/CwgBCrHwIG3+D22aAliNd3aNz7pWvT5gwqrTjfFuFtfWNza3idmlnd2//wD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm5nfueRSEVj8aCzhPgcDQSNKEbaSIFd9jgaB2N47nEqTI+q47PArjg1Zw64StycVECOZmB/ef0Yp5wIjRlSquc6ifYnSGqKGZmWvFSRBOERGpCeoQJxovzJ/PgpPDVKH0axNCU0nKu/NyaIK5Xx0ExypIdq2ZuJ/3m9VEfX/oSKJNVE4MVDUcqgjuEsCdinkmDNMkMQltTcCvEQSYS1yatkQnCXv7xK2hc197JWv69XGjd5HEVwDE5AFbjgCjTAHWiCFsAgA8/gFbxZT9aL9W59LEYLVr5TBn9gff4AcwyUAA==</latexit>

max
x

/min
x

f(x)

Quantum adiabatic algorithm

Initial Hamiltonian

<latexit sha1_base64="18phKAQHXG3TBu8EFpvzbsC3x/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqz0UO+7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenl/Wand5nEU4QRO4Rw8uIYa1KEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPD6414</latexit>

H0
<latexit sha1_base64="M4zi/FlnhiGMvd72D4Vfm9PI74A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqz0UO+H/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenl/Wand5nEU4QRO4Rw8uIYa1KEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMV0o2u</latexit>

Hf

Target Hamiltonian

<latexit sha1_base64="5JSNlNZNH41uqhzm7MVYKVGbgVI=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCRAy7EtSLEPSyxwjmAcmyzE5mkyGzD2Z6lRDzKV48KOLVL/Hm3zhJ9qCJBQ1FVTfdXX4iuALL+jZyK6tr6xv5zcLW9s7unlncb6o4lZQ1aCxi2faJYoJHrAEcBGsnkpHQF6zlD2+nfuuBScXj6B5GCXND0o94wCkBLXlm0fHgumyfwYnjWafgeIFnlqyKNQNeJnZGSihD3TO/ur2YpiGLgAqiVMe2EnDHRAKngk0K3VSxhNAh6bOOphEJmXLHs9Mn+FgrPRzEUlcEeKb+nhiTUKlR6OvOkMBALXpT8T+vk0Jw5Y55lKTAIjpfFKQCQ4ynOeAel4yCGGlCqOT6VkwHRBIKOq2CDsFefHmZNM8r9kWlelct1W6yOPLoEB2hMrLRJaohB9VRA1H0iJ7RK3oznowX4934mLfmjGzmAP2B8fkDsqySXA==</latexit>

Ht = (1� t)H0 + tHf

[Farhi, Goldstone, Gutmann,Sipser, arXix: quant-ph/0001106]

[Aharonov, Dam, Kempe, Landau, Lloyd, Regev, FOCS 2004]

VQE

[Peruzzo, McClean, Shadbolt, Yung, Zhou, 

       Love, Aspuru-Guzik, O’brien, Nat. Com. 2014]

<latexit sha1_base64="MBZ1npG6cJhEBjyqOmK7ODysSC8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAfsLmF20psMmX0w0xsISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSKXQaNvfVmljc2t7p7xb2ds/ODyqHp90dJIpDm2eyET1AqZBihjaKFBCL1XAokBCNxjfz/3uBJQWSfyE0xT8iA1jEQrO0EiuNwFOPRwBsn61ZtftBeg6cQpSIwVa/eqXN0h4FkGMXDKtXcdO0c+ZQsElzCpepiFlfMyG4Boaswi0ny9OntELowxomChTMdKF+nsiZ5HW0ygwnRHDkV715uJ/nptheOvnIk4zhJgvF4WZpJjQ+f90IBRwlFNDGFfC3Er5iCnG0aRUMSE4qy+vk85V3bmuNx4bteZdEUeZnJFzckkcckOa5IG0SJtwkpBn8kreLLRerHfrY9lasoqZU/IH1ucPDB6RHQ==</latexit>

~✓

<latexit sha1_base64="HYEra1e+T49fIJcdJZfHztmGTGM=">AAAB9XicbVA9TwJBEN3DL8Qv1NJmIzHBhtwZopZEG0tMPCABJHvLABv29i67cxhC+B82Fhpj63+x89+4wBUKvmSSl/dmMjMviKUw6LrfTmZtfWNzK7ud29nd2z/IHx7VTJRoDj6PZKQbATMghQIfBUpoxBpYGEioB8PbmV8fgTYiUg84jqEdsr4SPcEZWunRL7ZGwGkLB4DsvJMvuCV3DrpKvJQUSIpqJ//V6kY8CUEhl8yYpufG2J4wjYJLmOZaiYGY8SHrQ9NSxUIw7cn86ik9s0qX9iJtSyGdq78nJiw0ZhwGtjNkODDL3kz8z2sm2LtuT4SKEwTFF4t6iaQY0VkEtCs0cJRjSxjXwt5K+YBpxtEGlbMheMsvr5LaRcm7LJXvy4XKTRpHlpyQU1IkHrkiFXJHqsQnnGjyTF7Jm/PkvDjvzseiNeOkM8fkD5zPH4EQkeE=</latexit>

U(~✓)

<latexit sha1_base64="uDfB0UmsCc7kXTIKB8xpyFoa0MA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0k/mtR1Sax/LejBP0IzqQPOSMGis9PLldReVAYKlXrrhVdwayTLycVCBHvVf+6vZjlkYoDRNU647nJsafUGU4EzgtdVONCWUjOsCOpZJGqP3J7OIpObFKn4SxsiUNmam/JyY00nocBbYzomaoF71M/M/rpCa88idcJqlByeaLwlQQE5PsfdLnCpkRY0soU9zeStiQKsqMDSkLwVt8eZk0z6reRfX87rxSu87jKMIRHMMpeHAJNbiFOjSAgYRneIU3RzsvzrvzMW8tOPnMIfyB8/kD77SQcg==</latexit>

|0i
<latexit sha1_base64="uDfB0UmsCc7kXTIKB8xpyFoa0MA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0k/mtR1Sax/LejBP0IzqQPOSMGis9PLldReVAYKlXrrhVdwayTLycVCBHvVf+6vZjlkYoDRNU647nJsafUGU4EzgtdVONCWUjOsCOpZJGqP3J7OIpObFKn4SxsiUNmam/JyY00nocBbYzomaoF71M/M/rpCa88idcJqlByeaLwlQQE5PsfdLnCpkRY0soU9zeStiQKsqMDSkLwVt8eZk0z6reRfX87rxSu87jKMIRHMMpeHAJNbiFOjSAgYRneIU3RzsvzrvzMW8tOPnMIfyB8/kD77SQcg==</latexit>

|0i

<latexit sha1_base64="uDfB0UmsCc7kXTIKB8xpyFoa0MA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0k/mtR1Sax/LejBP0IzqQPOSMGis9PLldReVAYKlXrrhVdwayTLycVCBHvVf+6vZjlkYoDRNU647nJsafUGU4EzgtdVONCWUjOsCOpZJGqP3J7OIpObFKn4SxsiUNmam/JyY00nocBbYzomaoF71M/M/rpCa88idcJqlByeaLwlQQE5PsfdLnCpkRY0soU9zeStiQKsqMDSkLwVt8eZk0z6reRfX87rxSu87jKMIRHMMpeHAJNbiFOjSAgYRneIU3RzsvzrvzMW8tOPnMIfyB8/kD77SQcg==</latexit>

|0i

Measure

Update  

and

<latexit sha1_base64="QAS7PGbuIaSRmygeEGgs8/T/H3I=">AAACHXicbVC7SgNBFJ31GeMramkzGITYhF0Jahm0SRnBPCAbwuzkJhkyO7vM3A2EJD9i46/YWChiYSP+jZNHoYkHBg7nnMude4JYCoOu++2srW9sbm2ndtK7e/sHh5mj46qJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSC/t3Urw1AGxGpBxzG0AxZV4mO4Ayt1MoUfMlUVwL1YyNy/gA49bEHyC7GpfGK5utZuJXJunl3BrpKvAXJkgXKrcyn3454EoJCLpkxDc+NsTliGgWXMEn7iYGY8T7rQsNSxUIwzdHsugk9t0qbdiJtn0I6U39PjFhozDAMbDJk2DPL3lT8z2sk2LlpjoSKEwTF54s6iaQY0WlVtC00cJRDSxjXwv6V8h7TjKMtNG1L8JZPXiXVy7x3lS/cF7LF20UdKXJKzkiOeOSaFEmJlEmFcPJInskreXOenBfn3fmYR9ecxcwJ+QPn6wdA7aIK</latexit>

h (~✓)|H| (~✓)i

Grover’s algorithm 

Quantum

Oracle

Diffusion

Operator

<latexit sha1_base64="8yXaHOQIshjcaTsaoFHNAvAkH0I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+wDWWznbRLN5uwuxFK7L/w4kERr/4bb/4bkzYHbX0w8Hhvhpl5XiS4Nrb9bRVWVtfWN4qbpa3tnd298v5BS4exYthkoQhVx6MaBZfYNNwI7EQKaeAJbHvjm8xvP6LSPJT3ZhKhG9Ch5D5n1KTSw9NZT1E5FFjqlyt21Z6BLBMnJxXI0eiXv3qDkMUBSsME1brr2JFxE6oMZwKnpV6sMaJsTIfYTamkAWo3mV08JSepMiB+qNKShszU3xMJDbSeBF7aGVAz0oteJv7ndWPjX7kJl1FsULL5Ij8WxIQke58MuEJmxCQllCme3krYiCrKTBpSFoKz+PIyaZ1XnYtq7a5WqV/ncRThCI7hFBy4hDrcQgOawEDCM7zCm6WtF+vd+pi3Fqx85hD+wPr8Aef4kG0=</latexit>

|+i
<latexit sha1_base64="8yXaHOQIshjcaTsaoFHNAvAkH0I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+wDWWznbRLN5uwuxFK7L/w4kERr/4bb/4bkzYHbX0w8Hhvhpl5XiS4Nrb9bRVWVtfWN4qbpa3tnd298v5BS4exYthkoQhVx6MaBZfYNNwI7EQKaeAJbHvjm8xvP6LSPJT3ZhKhG9Ch5D5n1KTSw9NZT1E5FFjqlyt21Z6BLBMnJxXI0eiXv3qDkMUBSsME1brr2JFxE6oMZwKnpV6sMaJsTIfYTamkAWo3mV08JSepMiB+qNKShszU3xMJDbSeBF7aGVAz0oteJv7ndWPjX7kJl1FsULL5Ij8WxIQke58MuEJmxCQllCme3krYiCrKTBpSFoKz+PIyaZ1XnYtq7a5WqV/ncRThCI7hFBy4hDrcQgOawEDCM7zCm6WtF+vd+pi3Fqx85hD+wPr8Aef4kG0=</latexit>

|+i

<latexit sha1_base64="8yXaHOQIshjcaTsaoFHNAvAkH0I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+wDWWznbRLN5uwuxFK7L/w4kERr/4bb/4bkzYHbX0w8Hhvhpl5XiS4Nrb9bRVWVtfWN4qbpa3tnd298v5BS4exYthkoQhVx6MaBZfYNNwI7EQKaeAJbHvjm8xvP6LSPJT3ZhKhG9Ch5D5n1KTSw9NZT1E5FFjqlyt21Z6BLBMnJxXI0eiXv3qDkMUBSsME1brr2JFxE6oMZwKnpV6sMaJsTIfYTamkAWo3mV08JSepMiB+qNKShszU3xMJDbSeBF7aGVAz0oteJv7ndWPjX7kJl1FsULL5Ij8WxIQke58MuEJmxCQllCme3krYiCrKTBpSFoKz+PIyaZ1XnYtq7a5WqV/ncRThCI7hFBy4hDrcQgOawEDCM7zCm6WtF+vd+pi3Fqx85hD+wPr8Aef4kG0=</latexit>

|+i

[Grover, STOC 1996]
<latexit sha1_base64="rjVzW0SYe9cg071UcCgr9LIC0X4=">AAACBXicbVDLSgMxFM34rONr1KUugkWoUMqMFHVTKLpxWcE+oDOUTJppQzOZMcnYltKNG3/FjQtF3PoP7vwb02kX2nrgwsk595J7jx8zKpVtfxtLyyura+uZDXNza3tn19rbr8koEZhUccQi0fCRJIxyUlVUMdKIBUGhz0jd711P/PoDEZJG/E4NY+KFqMNpQDFSWmpZR0FucFpy8nBQ6ruumb7s/MDl5B72W1bWLtgp4CJxZiQLZqi0rC+3HeEkJFxhhqRsOnasvBESimJGxqabSBIj3EMd0tSUo5BIb5ReMYYnWmnDIBK6uIKp+ntihEIph6GvO0OkunLem4j/ec1EBZfeiPI4UYTj6UdBwqCK4CQS2KaCYMWGmiAsqN4V4i4SCCsdnKlDcOZPXiS1s4JzXijeFrPlq1kcGXAIjkEOOOAClMENqIAqwOARPINX8GY8GS/Gu/ExbV0yZjMH4A+Mzx+UtpYa</latexit>

f(x) = 1, x = w

f(x) = 0, x 6= w



Classical Decoding

Quantum Algorithm

(Basic Idea)
<latexit sha1_base64="VF63fNe/8q2HwxcHGdda1z1DI38=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYVUlpKgChgrWBiLRB9SE0WO67RWbSeyHdSoKr/CwgBCrHwIG3+D22aAliNd3aNz7pWvT5gwqrTjfFuFtfWNza3idmlnd2//wD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm5nfueRSEVj8aCzhPgcDQSNKEbaSIFd9jgaB2N47nEqTI+q47PArjg1Zw64StycVECOZmB/ef0Yp5wIjRlSquc6ifYnSGqKGZmWvFSRBOERGpCeoQJxovzJ/PgpPDVKH0axNCU0nKu/NyaIK5Xx0ExypIdq2ZuJ/3m9VEfX/oSKJNVE4MVDUcqgjuEsCdinkmDNMkMQltTcCvEQSYS1yatkQnCXv7xK2hc197JWv69XGjd5HEVwDE5AFbjgCjTAHWiCFsAgA8/gFbxZT9aL9W59LEYLVr5TBn9gff4AcwyUAA==</latexit>

max
x

/min
x

f(x)

Overview of DQI



<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

If the degree l is large enough, then output state   

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]
is close to the Gibbs state 

<latexit sha1_base64="3+Zonv8B9uco1tapUOtL6LghqQQ=">AAACFXicbVDJSgNBEO1xjXGLevTSGAQPGmYkqMeglxwjZIPMGHo6NdrYs9BdI4ZhfsKLv+LFgyJeBW/+jZ3lEJcHBY/3qqiq5ydSaLTtL2tufmFxabmwUlxdW9/YLG1tt3WcKg4tHstYdX2mQYoIWihQQjdRwEJfQse/vRj5nTtQWsRRE4cJeCG7jkQgOEMj9UuHbqAYz+AqO3J9QEbreZ65CPeYNVXem9W9vF8q2xV7DPqXOFNSJlM0+qVPdxDzNIQIuWRa9xw7QS9jCgWXkBfdVEPC+C27hp6hEQtBe9n4q5zuG2VAg1iZipCO1dmJjIVaD0PfdIYMb/RvbyT+5/VSDM68TERJihDxyaIglRRjOoqIDoQCjnJoCONKmFspv2EmJjRBFk0Izu+X/5L2ccU5qVQvq+Xa+TSOAtkle+SAOOSU1EidNEiLcPJAnsgLebUerWfrzXqftM5Z05kd8gPWxzc1qp97</latexit>

e��H

Tr[e��H ]

Overview of Hamiltonian DQI

Hamiltonian

Polynomial P

Quantum process

Classical decoding

+

<latexit sha1_base64="3yAZKXSIHd7PuJ3g0b4+XzxBliM=">AAACHHicbVDLSsNAFJ34tr6qLt0MFsGFlERF3RSKblxWsQ9oaphMpzo4MwkzN2IJ+RA3/oobF4q4cSH4N07TLHwduHA4517uvSeMBTfgup/OxOTU9Mzs3HxpYXFpeaW8utYyUaIpa9JIRLoTEsMEV6wJHATrxJoRGQrWDm9ORn77lmnDI3UBw5j1JLlSfMApASsF5b3Tmm8SeSmDlNe8DNOA+8DuIG2QRPAs4Du5xBX2JYHrMEzPs6BccatuDvyXeAWpoAKNoPzu9yOaSKaACmJM13Nj6KVEA6eCZSU/MSwm9IZcsa6likhmemn+XIa3rNLHg0jbUoBz9ftESqQxQxnaztGF5rc3Ev/zugkMjnopV3ECTNHxokEiMER4lBTuc80oiKElhGpub8X0mmhCweZZsiF4v1/+S1q7Ve+gun+2X6kfF3HMoQ20ibaRhw5RHZ2iBmoiiu7RI3pGL86D8+S8Om/j1gmnmFlHP+B8fAHlb6Hm</latexit>

H =
mX

i=1

ciPaulii, ci 2 R

Focus of today’s talk

(Basic Idea)

[Schmidhuber, Lu, Shutty, Jordan, Poremba, Quek, arXiv:2510.07913]
<latexit sha1_base64="Ouwpv+rEY/+v9WPgtpqif9jGWfA=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GIhWFXgtoIQZuUEcwDkrjMTibJkNkHM3eDYdnaxl+xsVDE1i+w82+cJFto4oELh3Pu5d573FBwBZb1bWSWlldW17LruY3Nre0dc3evroJIUlajgQhk0yWKCe6zGnAQrBlKRjxXsIY7vJn4jRGTigf+HYxD1vFI3+c9TgloyTEPK1dtFXkOx4VT++Q+Hjk8aQN7gLhKIsEThztm3ipaU+BFYqckj1JUHfOr3Q1o5DEfqCBKtWwrhE5MJHAqWJJrR4qFhA5Jn7U09YnHVCeevpLgY610cS+QunzAU/X3REw8pcaeqzs9AgM1703E/7xWBL3LTsz9MALm09miXiQwBHiSC+5yySiIsSaESq5vxXRAJKGg08vpEOz5lxdJ/axonxdLt6V8+TqNI4sO0BEqIBtdoDKqoCqqIYoe0TN6RW/Gk/FivBsfs9aMkc7soz8wPn8Ake6aOw==</latexit>

H =
X

i

(�1)viPaulii
<latexit sha1_base64="DaTD4CLph5ANE5A/XbmZ3CEua5k=">AAACGHicbVDLSsNAFJ34rPUVdelmsAgupCZS1I1QdNNlFfuApoTJdNoOnUzCzI1YQj7Djb/ixoUibrvzb5w+Ftp64MLhnHu5954gFlyD43xbS8srq2vruY385tb2zq69t1/XUaIoq9FIRKoZEM0El6wGHARrxoqRMBCsEQxux37jkSnNI/kAw5i1Q9KTvMspASP59lnl2tNJ6Kc8w9TnHrAnSKskETzz+elE4hJ7IYF+EKT3mW8XnKIzAV4k7owU0AxV3x55nYgmIZNABdG65ToxtFOigFPBsryXaBYTOiA91jJUkpDpdjp5LMPHRungbqRMScAT9fdESkKth2FgOscX6nlvLP7ntRLoXrVTLuMEmKTTRd1EYIjwOCXc4YpREENDCFXc3IppnyhCwWSZNyG48y8vkvp50b0olu5KhfLNLI4cOkRH6AS56BKVUQVVUQ1R9Ixe0Tv6sF6sN+vT+pq2LlmzmQP0B9boBzb/oIU=</latexit>

H =
X

i

ciPaulii, ci 2 R[Bu, Gu, Li, arXiv:2601.18773] 



Part 1: Basic Knowledge of DQI



Classical Decoding

Quantum Algorithm

(Basic Idea)
<latexit sha1_base64="VF63fNe/8q2HwxcHGdda1z1DI38=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYVUlpKgChgrWBiLRB9SE0WO67RWbSeyHdSoKr/CwgBCrHwIG3+D22aAliNd3aNz7pWvT5gwqrTjfFuFtfWNza3idmlnd2//wD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm5nfueRSEVj8aCzhPgcDQSNKEbaSIFd9jgaB2N47nEqTI+q47PArjg1Zw64StycVECOZmB/ef0Yp5wIjRlSquc6ifYnSGqKGZmWvFSRBOERGpCeoQJxovzJ/PgpPDVKH0axNCU0nKu/NyaIK5Xx0ExypIdq2ZuJ/3m9VEfX/oSKJNVE4MVDUcqgjuEsCdinkmDNMkMQltTcCvEQSYS1yatkQnCXv7xK2hc197JWv69XGjd5HEVwDE5AFbjgCjTAHWiCFsAgA8/gFbxZT9aL9W59LEYLVr5TBn9gff4AcwyUAA==</latexit>

max
x

/min
x

f(x)

Introduction of DQI



Introduction of DQI
Example: MAX-LINSAT 

Input: 

Goal: Find an assignment x such that it satisfies as many constraints as possible 

<latexit sha1_base64="eshl93+qM72Vi/geNmVVSF3r6TI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSlqMtSQVxWsA9oYphMJ+3QySTMTIQSsnLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMnV7nfeyBC0ojfqWlM3BCNOA0oRkpLnnncciiHTojU2PfT6+w+DR1FQyIhz7y6Z1atmjUDXCZ2QaqgQNszv5xhhJOQcIUZknJgW7FyUyQUxYxkFSeRJEZ4gkZkoClHepObzt7I4KlWhjCIhC6u4Ez9PZGiUMpp6OvO/F656OXif94gUcGlm1IeJ4pwPF8UJAyqCOaZwCEVBCs21QRhQfWtEI+RQFjp5Co6BHvx5WXSrdfs81rjtlFttoo4yuAInIAzYIML0AQ3oA06AINH8AxewZvxZLwY78bHvLVkFDOH4A+Mzx/54pjT</latexit>

B 2 Fm⇥n
2

<latexit sha1_base64="IRPGluvn4rHsed36EhvH4YpMU64=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkFHVZFMRlBfuAJobJdNIOnUzCzKRQYhb+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44fMyqVZX0bpZXVtfWN8mZla3tnd8/cP+jIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x9f5353QoSkEb9X05i4IRpyGlCMlJY882jiUA6dEKmR76c32UMawsyre2bVqlkzwGViF6QKCrQ888sZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprP8GTzVygAGkdCPKzhTf2+kKJRyGvp6Mg8qF71c/M/rJyq4dFPK40QRjueHgoRBFcG8DDiggmDFppogLKjOCvEICYSVrqyiS7AXv7xMOvWafV5r3DWqzauijjI4BifgDNjgAjTBLWiBNsDgETyDV/BmPBkvxrvxMR8tGcXOIfgD4/MHlmuV1Q==</latexit>

v 2 Fm
2

<latexit sha1_base64="v66kPNku9wy7S5Pj0KDO8ZXoWGc=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVJSlERhKIgLivYCzQxTKbTduhkEmYmpSXNO7jxVdy4UMStG3e+jdPLQlt/GPj4zznMOb8fMSqVZX0bmaXlldW17HpuY3Nre8fc3avJMBaYVHHIQtHwkSSMclJVVDHSiARBgc9I3e9dj+v1PhGShvxeDSPiBqjDaZtipLTlmSdOgAZeMnAohxpV1/eTm/SBe8V05CT0wvfo4LLvUScdeWbeKlgTwUWwZ5AHM1U888tphTgOCFeYISmbthUpN0FCUcxImnNiSSKEe6hDmho5Coh0k8lNKTzSTgu2Q6EfV3Di/p5IUCDlMPB153htOV8bm//VmrFqn7sJ5VGsCMfTj9oxgyqE44BgiwqCFRtqQFhQvSvEXSQQVjrGnA7Bnj95EWrFgn1aKN2V8uWrWRxZcAAOwTGwwRkog1tQAVWAwSN4Bq/gzXgyXox342PamjFmM/vgj4zPHw1Snuk=</latexit>

max
x2Fn

2

|{i : bix = vi}| <latexit sha1_base64="ARHv9b7m8tnHPEkb973q6b9gqeI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Av+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBB+o3L</latexit>bi is the i-th row of B

<latexit sha1_base64="VvZmHe5IG4jKoKL24YAFp6cY9hw="></latexit>

max
x2Fn

2

f(x), f(x) =
mX

i=1

(�1)bix+vi

B
X <latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡ V



Introduction of DQI
Example: MAX-LINSAT 

Input: 

Goal:

<latexit sha1_base64="eshl93+qM72Vi/geNmVVSF3r6TI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSlqMtSQVxWsA9oYphMJ+3QySTMTIQSsnLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMnV7nfeyBC0ojfqWlM3BCNOA0oRkpLnnncciiHTojU2PfT6+w+DR1FQyIhz7y6Z1atmjUDXCZ2QaqgQNszv5xhhJOQcIUZknJgW7FyUyQUxYxkFSeRJEZ4gkZkoClHepObzt7I4KlWhjCIhC6u4Ez9PZGiUMpp6OvO/F656OXif94gUcGlm1IeJ4pwPF8UJAyqCOaZwCEVBCs21QRhQfWtEI+RQFjp5Co6BHvx5WXSrdfs81rjtlFttoo4yuAInIAzYIML0AQ3oA06AINH8AxewZvxZLwY78bHvLVkFDOH4A+Mzx/54pjT</latexit>

B 2 Fm⇥n
2

<latexit sha1_base64="IRPGluvn4rHsed36EhvH4YpMU64=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkFHVZFMRlBfuAJobJdNIOnUzCzKRQYhb+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44fMyqVZX0bpZXVtfWN8mZla3tnd8/cP+jIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x9f5353QoSkEb9X05i4IRpyGlCMlJY882jiUA6dEKmR76c32UMawsyre2bVqlkzwGViF6QKCrQ888sZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprP8GTzVygAGkdCPKzhTf2+kKJRyGvp6Mg8qF71c/M/rJyq4dFPK40QRjueHgoRBFcG8DDiggmDFppogLKjOCvEICYSVrqyiS7AXv7xMOvWafV5r3DWqzauijjI4BifgDNjgAjTBLWiBNsDgETyDV/BmPBkvxrvxMR8tGcXOIfgD4/MHlmuV1Q==</latexit>

v 2 Fm
2

DQI can prepare a “DQI” state

<latexit sha1_base64="WmmJN3TRM5UEM6+BV/gtvYYN5vQ=">AAACFHicbVBNSwMxEM36WetX1aOXYBEEoeyKqAhCaUE8VrBa6LYlm6Yamk2WZFZYlv0RXvwrXjwo4tWDN/+NabsHrT4YeLw3w8y8IBLcgOt+OTOzc/MLi4Wl4vLK6tp6aWPz2qhYU9akSijdCohhgkvWBA6CtSLNSBgIdhMM6yP/5p5pw5W8giRinZDcSj7glICVeqX9ejf1AwXZmZ8mPpfYDwncBUF6nnXD3sFpreuDinBy5vpZr1R2K+4Y+C/xclJGORq90qffVzQOmQQqiDFtz42gkxINnAqWFf3YsIjQIbllbUslCZnppOOnMrxrlT4eKG1LAh6rPydSEhqThIHtHJ1spr2R+J/XjmFw0km5jGJgkk4WDWKBQeFRQrjPNaMgEksI1dzeiukd0YSCzbFoQ/CmX/5Lrg8q3lHl8PKwXK3lcRTQNtpBe8hDx6iKLlADNRFFD+gJvaBX59F5dt6c90nrjJPPbKFfcD6+ATSEnkg=</latexit>

C? = {y 2 Fm
2 : B>y = 0}

using the decoding on the code  

<latexit sha1_base64="Pi3jgxBkMtsotJhAzWhZSDBV0Ds="></latexit>

|P (f)i /
X

x2F2

P (f(x))|xi P is any polynomial of degree l

<latexit sha1_base64="VvZmHe5IG4jKoKL24YAFp6cY9hw="></latexit>

max
x2Fn

2

f(x), f(x) =
mX

i=1

(�1)bix+vi <latexit sha1_base64="ARHv9b7m8tnHPEkb973q6b9gqeI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Av+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBB+o3L</latexit>bi is the i-th row of B



Introduction of DQI

<latexit sha1_base64="Pi3jgxBkMtsotJhAzWhZSDBV0Ds="></latexit>

|P (f)i /
X

x2F2

P (f(x))|xiHence, if we recover y from  
<latexit sha1_base64="woV8CHdKsNp/4U7SNiBchanrU5s=">AAAB73icbVBNSwMxEM3Wr1q/qh69BIvgqexKUY+lXjxWsB/QriWbZtvQbLIms8Ky9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSy4Adf9dgpr6xubW8Xt0s7u3v5B+fCobVSiKWtRJZTuBsQwwSVrAQfBurFmJAoE6wSTm5nfeWLacCXvIY2ZH5GR5CGnBKzUbTz0QcU4HZQrbtWdA68SLycVlKM5KH/1h4omEZNABTGm57kx+BnRwKlg01I/MSwmdEJGrGepJBEzfja/d4rPrDLEodK2JOC5+nsiI5ExaRTYzojA2Cx7M/E/r5dAeO1nXMYJMEkXi8JEYFB49jwecs0oiNQSQjW3t2I6JppQsBGVbAje8surpH1R9S6rtbtapd7I4yiiE3SKzpGHrlAd3aImaiGKBHpGr+jNeXRenHfnY9FacPKZY/QHzucPp4OPuw==</latexit>

B>y for
<latexit sha1_base64="dLXNrLbNHUF8yZ89+Plnn4FeWow=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF48V7Ie0S8mms21okl2TrLBs+yu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEUWjQiEeqHRANnEloGGY4tGMFRAQcWsHoZuq3nkBpFsl7k8bgCzKQLGSUGCs9jNNxl8Mj5r1yxa26M+Bl4uWkgnLUe+Wvbj+iiQBpKCdadzw3Nn5GlGGUw6TUTTTEhI7IADqWSiJA+9ns4Ak+sUofh5GyJQ2eqb8nMiK0TkVgOwUxQ73oTcX/vE5iwis/YzJODEg6XxQmHJsIT7/HfaaAGp5aQqhi9lZMh0QRamxGJRuCt/jyMmmeVb2L6vndeaV2ncdRREfoGJ0iD12iGrpFddRAFAn0jF7Rm6OcF+fd+Zi3Fpx85hD9gfP5A+GpkHg=</latexit>

|y|  l
<latexit sha1_base64="WmmJN3TRM5UEM6+BV/gtvYYN5vQ=">AAACFHicbVBNSwMxEM36WetX1aOXYBEEoeyKqAhCaUE8VrBa6LYlm6Yamk2WZFZYlv0RXvwrXjwo4tWDN/+NabsHrT4YeLw3w8y8IBLcgOt+OTOzc/MLi4Wl4vLK6tp6aWPz2qhYU9akSijdCohhgkvWBA6CtSLNSBgIdhMM6yP/5p5pw5W8giRinZDcSj7glICVeqX9ejf1AwXZmZ8mPpfYDwncBUF6nnXD3sFpreuDinBy5vpZr1R2K+4Y+C/xclJGORq90qffVzQOmQQqiDFtz42gkxINnAqWFf3YsIjQIbllbUslCZnppOOnMrxrlT4eKG1LAh6rPydSEhqThIHtHJ1spr2R+J/XjmFw0km5jGJgkk4WDWKBQeFRQrjPNaMgEksI1dzeiukd0YSCzbFoQ/CmX/5Lrg8q3lHl8PKwXK3lcRTQNtpBe8hDx6iKLlADNRFFD+gJvaBX59F5dt6c90nrjJPPbKFfcD6+ATSEnkg=</latexit>

C? = {y 2 Fm
2 : B>y = 0}That is, decode l error for

Sampling x w.r.t probability
<latexit sha1_base64="gT4xVIqZZZn3ZKFhBmM/oZad6YQ=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmICF9ISoh6JXjxiIh8RKtkuW9iw3Ta7WyNp+BdePGiMV/+NN/+NW+hBwZdM8vLeTGbmeRFnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k+vU7zxSqVgo7vQ0om6AR4L5jGBtpPtm2S+jp0rloTYoluyqPQdaJU5GSpChOSh+9YchiQMqNOFYqZ5jR9pNsNSMcDor9GNFI0wmeER7hgocUOUm84tn6MwoQ+SH0pTQaK7+nkhwoNQ08ExngPVYLXup+J/Xi7V/6SZMRLGmgiwW+TFHOkTp+2jIJCWaTw3BRDJzKyJjLDHRJqSCCcFZfnmVtGtV57xav62XGldZHHk4gVMogwMX0IAbaEILCAh4hld4s5T1Yr1bH4vWnJXNHMMfWJ8/VVOPZw==</latexit>

P (f(x))2

<latexit sha1_base64="w6Fn4xBOOhTowIZMzdzjnlGyTq8="></latexit>

hSatisfied constraintsi =
X

x

f(x)P (f(x))2

Decoding

<latexit sha1_base64="EQr2n8wbxpKmy2YvK6ooZFl8keU=">AAACDnicbVA9SwNBEN3zM8avU0ubxRCwCnciahnUwjKCUSF3hL3NJFmyt3fszonhkl9g41+xsVDE1trOf+MmXuHXg4HHezPMzItSKQx63oczMzs3v7BYWiovr6yurbsbm5cmyTSHJk9koq8jZkAKBU0UKOE61cDiSMJVNDiZ+Fc3oI1I1AUOUwhj1lOiKzhDK7Xd6ihAuMX8VPABjAPNVE9CkKCIwYyoVwhtt+LVvCnoX+IXpEIKNNrue9BJeBaDQi6ZMS3fSzHMmUbBJYzLQWYgZXzAetCyVDG7Lsyn74xp1Sod2k20LYV0qn6fyFlszDCObGfMsG9+exPxP6+VYfcozIVKMwTFvxZ1M0kxoZNsaEdo4CiHljCuhb2V8j7TjKNNsGxD8H+//Jdc7tX8g9r++X6lflzEUSLbZIfsEp8ckjo5Iw3SJJzckQfyRJ6de+fReXFev1pnnGJmi/yA8/YJdTSc/g==</latexit>

|Dickei ⌦ |0i

<latexit sha1_base64="Jlpc062CLWwF5l9UhF02+qfN3mA=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDEItxJUEtRC0sFY4K5GPY2k7hkb+/YnRPDJf/Bxr9iY6GIrY2d/8ZNcoUaHww83pthZl4QS2HQdb+cqemZ2bn53EJ+cWl5ZbWwtn5lokRzqPBIRroWMANSKKigQAm1WAMLAwnVoHsy9Kt3oI2I1CX2YmiErKNEW3CGVmoWdq9v0rtB30e4x/RU8C4MfM1UR4IfoQjB9KmbCc1C0S25I9BJ4mWkSDKcNwuffiviSQgKuWTG1D03xkbKNAouYZD3EwMx413Wgbqlitl1jXT004BuW6VF25G2pZCO1J8TKQuN6YWB7QwZ3pq/3lD8z6sn2D5spELFCYLi40XtRFKM6DAg2hIaOMqeJYxrYW+l/JZpxtHGmLcheH9fniRXeyVvv1S+KBePjrM4cmSTbJEd4pEDckTOyDmpEE4eyBN5Ia/Oo/PsvDnv49YpJ5vZIL/gfHwDxP+fVg==</latexit>

Zv|Dickei ⌦ |0i

<latexit sha1_base64="iZ4t4L4NHk20+j5ZmubVKUP3iCw="></latexit> X

y:|y|=l

(�1)v·y|yi ⌦ |BT yi

<latexit sha1_base64="dRsZYAt4yJVoKKpU9VIbMWsGu2M="></latexit> X

y:|y|=l

(�1)v·y|0i ⌦ |BT yi

<latexit sha1_base64="puM2gejS6Bz0xc3/Q0CbgKX6Wxs=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEdlNmpKjLohuXFewD2mHIpJk2NMkMSUZaxuLGX3HjQhG3foU7/8a0nYW2HrhwOOde7r0niBlV2nG+rdzK6tr6Rn6zsLW9s7tn7x80VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG11O/dU+kopG40+OYeBz1BQ0pRtpIvn3UVQn309GkXgpLcFQuP4y6Eok+I75ddCrODHCZuBkpggx13/7q9iKccCI0ZkipjuvE2kuR1BQzMil0E0VihIeoTzqGCsSJ8tLZCxN4apQeDCNpSmg4U39PpIgrNeaB6eRID9SiNxX/8zqJDi+9lIo40UTg+aIwYVBHcJoH7FFJsGZjQxCW1NwK8QBJhLVJrWBCcBdfXibNs4p7XqneVou1qyyOPDgGJ6AEXHABauAG1EEDYPAInsEreLOerBfr3fqYt+asbOYQ/IH1+QOOo5bn</latexit>X

x

P (f(x))|xi

Apply Pauli Z

Matrix Multiplication

Apply Fourier transform

<latexit sha1_base64="eqwSJyfS+P3NWsz4KdufGY/GCew=">AAACHnicbVDLSgMxFM3Ud31VXboJFsFVmZH6QBBEXbhUsCp0Ssmkt21oJjMkd8Rh2i9x46+4caGI4Er/xrTOQq0HAodzzuXmniCWwqDrfjqFicmp6ZnZueL8wuLScmll9cpEieZQ45GM9E3ADEihoIYCJdzEGlgYSLgOeidD//oWtBGRusQ0hkbIOkq0BWdopWZpp+8j3GF2KngPBr5mqiOB+rGOYoyob5KwmaUHfZr2D+Wgn+aBZqnsVtwR6DjxclImOc6bpXe/FfEkBIVcMmPqnhtjI2MaBZcwKPqJgZjxHutA3VLFQjCNbHTegG5apUXbkbZPIR2pPycyFhqThoFNhgy75q83FP/z6gm29xuZUHGCoPj3onYiqb182BVtCQ0cZWoJ41rYv1LeZZpxtI0WbQne35PHydV2xdutVC+q5aPjvI5Zsk42yBbxyB45ImfknNQIJ/fkkTyTF+fBeXJenbfvaMHJZ9bILzgfX6i0pA8=</latexit>

|Dickei /
X

y:|y|=l

|yi

[Jordan, Shutty,  Wootters, Zalcman,  Schmidhuber,  King, Isakov,  Khattar, Babbush, Nature 2025]



Introduction of DQI

[Jordan, Shutty,  Wootters, Zalcman,  Schmidhuber,  King, Isakov,  Khattar, Babbush, Nature 2025]

Efficient decoding

Efficiency of DQI 

Example: Optimal Polynomial Interpolation (OPI) over
<latexit sha1_base64="2OsLXkiFPvp9Ke2moArP8KqgLCo=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFQVxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6CRVhLZJwhPVC7GmnAnaNsxw2pOK4jjktBtObnO/+0SVZol4NFNJgxiPBIsYwcZKvh9jMw7D7G42kINqza27c6BV4hWkBgVag+qXP0xIGlNhCMda9z1XmiDDyjDC6azip5pKTCZ4RPuWChxTHWTzzDN0ZpUhihJlnzBorv7eyHCs9TQO7WSeUS97ufif109NdB1kTMjUUEEWh6KUI5OgvAA0ZIoSw6eWYKKYzYrIGCtMjK2pYkvwlr+8SjoXde+y3nho1Jo3RR1lOIFTOAcPrqAJ99CCNhCQ8Ayv8Oakzovz7nwsRktOsXMMf+B8/gA6SJHS</latexit>Fp p is a large prime number

Reed–Solomon code 

There exists efficient decoding algorithm for 
<latexit sha1_base64="AO3KqA9WS/TK4wm65984epbarbA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWtB/QLiWbZtvQbLIkWWHZ9id48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38789hNVmknxaNKY+hEeChYygo2VHibppF+uuFV3DrRKvJxUIEejX/7qDSRJIioM4VjrrufGxs+wMoxwOi31Ek1jTMZ4SLuWChxR7WfzU6fozCoDFEplSxg0V39PZDjSOo0C2xlhM9LL3kz8z+smJrz2MybixFBBFovChCMj0exvNGCKEsNTSzBRzN6KyAgrTIxNp2RD8JZfXiWti6p3Wa3d1yr1mzyOIpzAKZyDB1dQhztoQBMIDOEZXuHN4c6L8+58LFoLTj5zDH/gfP4AreSOEg==</latexit>

|y| less than 1/2 of the code distance （Berlekamp-Massey algorithm） 

<latexit sha1_base64="gThcJHk0dJr+TJsrkYA07/W0si0="></latexit>

Bij = �i·j , i 2 {0, .., p� 2}, j 2 {0, ..., n� 1}, � 2 Fp



Introduction of Noisy DQI

Noise:1-qubit depolarizing noise with noise rate p

[Bu, Gu, Koh, Li, Quantum Science and Technology, 2026]

<latexit sha1_base64="l748QNXuuDx5t3ni4eVGugeJ7EQ="></latexit>

hSatisfied constraintsiNoisy = [Ei(1� p)|bi|]hSatisfied constraintsiNoisless

(Exponential decay with respect to the weight of the matrix B)

<latexit sha1_base64="FoGaTq1q+Bn1sptToEpRztsTns0=">AAACF3icbVDLSsNAFJ3UV62vqks3wSK0iCUpRd0IRRF0V6GPQBPKZDpph04ezNyIJeQv3Pgrblwo4lZ3/o3Tx0JbDwwczrmXO+e4EWcSDONbyywtr6yuZddzG5tb2zv53b2WDGNBaJOEPBSWiyXlLKBNYMCpFQmKfZfTtju8GvvteyokC4MGjCLq+LgfMI8RDErq5su2j2FAME+u06JVuiiaJ1HJOo5sT2CS2EAfIGmItGM5t2lSSbv5glE2JtAXiTkjBTRDvZv/snshiX0aAOFYyo5pROAkWAAjnKY5O5Y0wmSI+7SjaIB9Kp1kkivVj5TS071QqBeAPlF/byTYl3Lku2pynELOe2PxP68Tg3fuJCyIYqABmR7yYq5DqI9L0ntMUAJ8pAgmgqm/6mSAVSOgqsypEsz5yIukVSmbp+XqXbVQu5zVkUUH6BAVkYnOUA3doDpqIoIe0TN6RW/ak/aivWsf09GMNtvZR3+gff4A/2KfPQ==</latexit>

E(X) = (1� p)X + p
Tr[X]I

2



From DQI to Hamiltonian DQI
DQI in Hamiltonian form

<latexit sha1_base64="aS6LmMpg293Zv5beX6TJvp1QiSg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoEUsiRd0Uim5cVrAPaNMwmU7aoTNJmJmUlpCtG3/FjQtF3PoH7vwbp4+FVg9cOJxzL/fe40WMSmVZX0ZmZXVtfSO7mdva3tndM/cPGjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hjdTvzkiQtIwuFeTiDgc9QPqU4yUllwT+oVxsdKRMe9yN6EVOy2c2cVu4rl0fDpyaeqaeatkzQD/EntB8mCBmmt+dnohjjkJFGZIyrZtRcpJkFAUM5LmOrEkEcJD1CdtTQPEiXSS2ScpPNFKD/qh0BUoOFN/TiSISznhnu7kSA3ksjcV//PasfKvnIQGUaxIgOeL/JhBFcJpLLBHBcGKTTRBWFB9K8QDJBBWOrycDsFefvkvaZyX7ItS+a6cr14v4siCI3AMCsAGl6AKbkEN1AEGD+AJvIBX49F4Nt6M93lrxljMHIJfMD6+AbelmRo=</latexit>

f(x) =
mX

i=1

(�1)bix+vi
<latexit sha1_base64="6NEMcuZtL4QTWk08ViC1RP9n9zw=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahLiwzUtSNUHTTZQX7wD6GTJppQ5PMkGQKZejGjb/ixoUibv0Hd/6NaTsLrR643MM595Lc40eMKu04X1ZmaXlldS27ntvY3NresXf36iqMJSY1HLJQNn2kCKOC1DTVjDQjSRD3GWn4w5up3xgRqWgo7vQ4Ih2O+oIGFCNtJM8+rHjBVVvF3KOwcOqedJORRyf33cQ3zbPzTtGZAf4lbkryIEXVsz/bvRDHnAiNGVKq5TqR7iRIaooZmeTasSIRwkPUJy1DBeJEdZLZFRN4bJQeDEJpSmg4U39uJIgrNea+meRID9SiNxX/81qxDi47CRVRrInA84eCmEEdwmkksEclwZqNDUFYUvNXiAdIIqxNcDkTgrt48l9SPyu658XSbSlfvk7jyIIDcAQKwAUXoAwqoApqAIMH8ARewKv1aD1bb9b7fDRjpTv74Besj288q5fM</latexit>

Hf =
X

i

(�1)viZbi
<latexit sha1_base64="N0ihxbRQ22k8hVBMm8V3EcROtas=">AAACA3icbVDLSsNAFL2pr1pfUXe6CRahbkoiRd0IRTddVrAPaEOYTCft0MkkzEykpRbc+CtuXCji1p9w5984bYNo64ELZ865l7n3+DGjUtn2l5FZWl5ZXcuu5zY2t7Z3zN29uowSgUkNRywSTR9JwignNUUVI81YEBT6jDT8/vXEb9wRIWnEb9UwJm6IupwGFCOlJc88qHjB/aAtEO8ychkUBic/L8/M20V7CmuROCnJQ4qqZ362OxFOQsIVZkjKlmPHyh0hoShmZJxrJ5LECPdRl7Q05Sgk0h1Nbxhbx1rpWEEkdHFlTdXfEyMUSjkMfd0ZItWT895E/M9rJSq4cEeUx4kiHM8+ChJmqciaBGJ1qCBYsaEmCAuqd7VwDwmElY4tp0Nw5k9eJPXTonNWLN2U8uWrNI4sHMIRFMCBcyhDBapQAwwP8AQv8Go8Gs/Gm/E+a80Y6cw+/IHx8Q3/rJfD</latexit>

Hf |xi = f(x)|xiHamiltonian

DQI generate the sampling according to 
<latexit sha1_base64="gT4xVIqZZZn3ZKFhBmM/oZad6YQ=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmICF9ISoh6JXjxiIh8RKtkuW9iw3Ta7WyNp+BdePGiMV/+NN/+NW+hBwZdM8vLeTGbmeRFnStv2t5VbW9/Y3MpvF3Z29/YPiodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k+vU7zxSqVgo7vQ0om6AR4L5jGBtpPtm2S+jp0rloTYoluyqPQdaJU5GSpChOSh+9YchiQMqNOFYqZ5jR9pNsNSMcDor9GNFI0wmeER7hgocUOUm84tn6MwoQ+SH0pTQaK7+nkhwoNQ08ExngPVYLXup+J/Xi7V/6SZMRLGmgiwW+TFHOkTp+2jIJCWaTw3BRDJzKyJjLDHRJqSCCcFZfnmVtGtV57xav62XGldZHHk4gVMogwMX0IAbaEILCAh4hld4s5T1Yr1bH4vWnJXNHMMfWJ8/VVOPZw==</latexit>

P (f(x))2

Hamiltonian DQI (HDQI)

Consider Hamiltonian
<latexit sha1_base64="Ouwpv+rEY/+v9WPgtpqif9jGWfA=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GIhWFXgtoIQZuUEcwDkrjMTibJkNkHM3eDYdnaxl+xsVDE1i+w82+cJFto4oELh3Pu5d573FBwBZb1bWSWlldW17LruY3Nre0dc3evroJIUlajgQhk0yWKCe6zGnAQrBlKRjxXsIY7vJn4jRGTigf+HYxD1vFI3+c9TgloyTEPK1dtFXkOx4VT++Q+Hjk8aQN7gLhKIsEThztm3ipaU+BFYqckj1JUHfOr3Q1o5DEfqCBKtWwrhE5MJHAqWJJrR4qFhA5Jn7U09YnHVCeevpLgY610cS+QunzAU/X3REw8pcaeqzs9AgM1703E/7xWBL3LTsz9MALm09miXiQwBHiSC+5yySiIsSaESq5vxXRAJKGg08vpEOz5lxdJ/axonxdLt6V8+TqNI4sO0BEqIBtdoDKqoCqqIYoe0TN6RW/Gk/FivBsfs9aMkc7soz8wPn8Ake6aOw==</latexit>

H =
X

i

(�1)viPaulii
<latexit sha1_base64="siAVER/LEC8vcB3IgeBhC+iTpHI=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlKUZdFQVxWsA9oQphMJ+3QySTMTAol1F9x40IRt36IO//GSduFth4YOJxzL/fMCRLOlLbtb6uwsbm1vVPcLe3tHxwelY9POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNxre5351QqVgsHvU0oV6Eh4KFjGBtJL9cmfjMZQK5EdajIMjuZn7dL1ftmj0HWifOklRhiZZf/nIHMUkjKjThWKm+Yyfay7DUjHA6K7mpogkmYzykfUMFjqjysnn4GTo3ygCFsTRPaDRXf29kOFJqGgVmMs+oVr1c/M/rpzq89jImklRTQRaHwpQjHaO8CTRgkhLNp4ZgIpnJisgIS0y06atkSnBWv7xOOvWac1lrPDSqzZtlHUU4hTO4AAeuoAn30II2EJjCM7zCm/VkvVjv1sditGAtdyrwB9bnD2LzlJw=</latexit>

vi 2 F2

HDQI aim to generate some density matrix
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

[Schmidhuber, Lu, Shutty, Jordan, Poremba, Quek, arXiv:2510.07913]

A nature question arise:  

How about the physics/chemistry Hamiltonians?

If the polynomial P is a good approximation of 
<latexit sha1_base64="fhoGZg2uFMtBlILtkB3phDO/1Qk=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIjHxIu4Soh6JXjxiIo8EFjI7NDBh9pGZXpVs+A8vHjTGq//izb9xgD0oWEknlarudHd5kRQabfvbyqysrq1vZDdzW9s7u3v5/YO6DmPFocZDGaqmxzRIEUANBUpoRgqY70loeKObqd94AKVFGNzjOALXZ4NA9AVnaKQOdJKztgfI6NN5adLNF+yiPQNdJk5KCiRFtZv/avdCHvsQIJdM65ZjR+gmTKHgEia5dqwhYnzEBtAyNGA+aDeZXT2hJ0bp0X6oTAVIZ+rviYT5Wo99z3T6DId60ZuK/3mtGPtXbiKCKEYI+HxRP5YUQzqNgPaEAo5ybAjjSphbKR8yxTiaoHImBGfx5WVSLxWdi2L5rlyoXKdxZMkROSanxCGXpEJuSZXUCCeKPJNX8mY9Wi/Wu/Uxb81Y6cwh+QPr8weNmpHo</latexit>

e��x/2  is a good approximation of the Gibbs state
<latexit sha1_base64="HfoUtRBFCUZ3i2BWMQHP+hZnEqc=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLzlGMA9JljA7mSRD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8N/NbT1QbpuSDncQ0FHgo2YARbJ302NUj1auXahe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZwE6ZMxomlkiwWDRKOrEKz71GfaUosnziCiWbuVkRGWGNiXUZ5F0Kw/PIqaV6Wg6ty5b5SrN5mceTgFM6gBAFcQxVqUIcGEBDwDK/w5mnvxXv3Phata142cwJ/4H3+ANe7j8o=</latexit>

⇢P (H)



Part 2: HDQI for General Hamiltonians



Hamiltonian DQI for general Pauli Hamiltonians

Given an n-qubit Hamiltonian

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

Ising model

Goal: prepare the state where P is any degree-l polynomial

<latexit sha1_base64="Nrb0JgVHhibMMOrOqMAArMiK/zw="></latexit>

H =
mX

i=1

ciPi, ci 2 R, |ci|  1

[Bu, Gu, Li, arXiv:2601.18773] 

Hubbard model



Basic Knowledge of Pauli operators
Pauli operators and its symplectic representation

1-qubit Pauli can be written as 
<latexit sha1_base64="1eqzEUkaDjSyvNXPqhcX/2FO2YY=">AAACHXicbZDLSgMxFIYzXmu9jbp0M1iEClpmpKgboejGZQV7wd44k2ba0MyFJCOUYV7Eja/ixoUiLtyIb2PmstDWHwJ/vnMOyfntgFEhTfNbW1hcWl5ZLawV1zc2t7b1nd2m8EOOSQP7zOdtGwRh1CMNSSUj7YATcG1GWvbkOqm3HggX1Pfu5DQgPRdGHnUoBqnQQK+2yl1gwRiOuzaRcHRJ+9FJRlIQ3/ej7Bq3lUtRcaCXzIqZypg3Vm5KKFd9oH92hz4OXeJJzECIjmUGshcBlxQzEhe7oSAB4AmMSEdZD1wielG6XWwcKjI0HJ+r40kjpb8nInCFmLq26nRBjsVsLYH/1TqhdC56EfWCUBIPZw85ITOkbyRRGUPKCZZsqgxgTtVfDTwGDliqQJMQrNmV503ztGKdVaq31VLtKo+jgPbRASojC52jGrpBddRAGD2iZ/SK3rQn7UV71z6y1gUtn9lDf6R9/QBy8aIv</latexit>

W (↵,�) = i�↵�Z↵X� <latexit sha1_base64="dh73HwgGJoFCOwXYpfQFhsVwhuo=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoPgQcJuCOoxKIjHCOYB2RB6JrPJkNnZZWZWCEsuXvwVLx4U8eo/ePNvnDwOmljQUFR1091FEsG18bxvZ2l5ZXVtPbeR39za3tl19/brOk4VZTUai1g1CWgmuGQ1w41gzUQxiIhgDTK4HvuNB6Y0j+W9GSasHUFP8pBTMFbquEcBiKQPZwFhBgIucRCB6ROS3Yw6pY5b8IreBHiR+DNSQDNUO+5X0I1pGjFpqACtW76XmHYGynAq2CgfpJolQAfQYy1LJURMt7PJFyN8YpUuDmNlSxo8UX9PZBBpPYyI7RzfqOe9sfif10pNeNnOuExSwySdLgpTgU2Mx5HgLleMGjG0BKji9lZM+6CAGhtc3obgz7+8SOqlon9eLN+VC5WrWRw5dIiO0Sny0QWqoFtURTVE0SN6Rq/ozXlyXpx352PauuTMZg7QHzifP/chmD4=</latexit>↵,� 2 F2

<latexit sha1_base64="IzILSRJ0jKfvA3UBox7HuWj7lsw="></latexit>

X =


0 1
1 0

�
, Z =


1 0
0 �1

�
.

<latexit sha1_base64="IjfDyYC34vZuhYU5OB6Gy8A4uzc="></latexit>

Y = W (1, 1) = i�1ZX =


0 �i
i 0

�
.

<latexit sha1_base64="Yv46o2UuIB6B8ruX0CNsEfoB2Kg="></latexit>

W (↵,�)W (↵0,�0) = (�1)h(↵,�),(↵
0,�0)isW (↵0,�0)W (↵,�),

<latexit sha1_base64="Z0r4f/zZw53KnXt98OfmYSwpzMw=">AAACNnicbVBNSwMxFMz6bf2qevQSLGIFLbtS1IsgevEiKNgqdEt5m762odnskmSFUvqrvPg7vHnxoIhXf4Lp7h60OhAyzMwjeRPEgmvjui/O1PTM7Nz8wmJhaXllda24vlHXUaIY1lgkInUfgEbBJdYMNwLvY4UQBgLvgv7F2L97QKV5JG/NIMZmCF3JO5yBsVKreOULkF2BZR9E3IN96gdoYG+/TDNhN1d293yVBlu6cJpZmX6QXnm4VSy5FTcF/Uu8nJRIjutW8dlvRywJURomQOuG58amOQRlOBM4KviJxhhYH7rYsFRCiLo5TNce0R2rtGknUvZIQ1P158QQQq0HYWCTIZienvTG4n9eIzGdk+aQyzgxKFn2UCcR1ER03CFtc4XMiIElwBS3f6WsBwqYsU0XbAne5Mp/Sf2w4h1VqjfV0tl5XscC2SLbpEw8ckzOyCW5JjXCyCN5IW/k3XlyXp0P5zOLTjn5zCb5BefrG7osqio=</latexit>

h(↵,�), (↵0,�0)is = ↵�0 � �↵0



Basic Knowledge of Pauli operators

n-qubit Pauli can be written as 
<latexit sha1_base64="VXsehRpr2OlM3XZs33Q72l8i7TE="></latexit>

W (~↵, ~�) = W (↵1,�1)⌦W (↵2,�2)⌦ . . .⌦W (↵n,�n),

So the vector  is called its symplectic representation for a Pauli operator P, denoted by
<latexit sha1_base64="QRL8yB9gvMn3pZNlwVDLtyTWq14=">AAACFnicbVBNSwMxEM36WetX1aOXYBEUtOyWoh5FQTxWsFXo1jKbztrQbHZJskJZ+iu8+Fe8eFDEq3jz35hte/DrQeDlvRlm5gWJ4Nq47qczNT0zOzdfWCguLi2vrJbW1ps6ThXDBotFrK4D0Ci4xIbhRuB1ohCiQOBV0D/N/as7VJrH8tIMEmxHcCt5yBkYK3VK+zv+HTLqg0h6sEfzjx+ggV2fS+pHYHpBkJ0NO9WbrCqHnVLZrbgj0L/Em5AymaDeKX343ZilEUrDBGjd8tzEtDNQhjOBw6KfakyA9eEWW5ZKiFC3s9FZQ7ptlS4NY2WfNHSkfu/IINJ6EAW2Ml9U//Zy8T+vlZrwqJ1xmaQGJRsPClNBTUzzjGiXK2RGDCwBprjdlbIeKGDGJlm0IXi/T/5LmtWKd1CpXdTKxyeTOApkk2yRHeKRQ3JMzkmdNAgj9+SRPJMX58F5cl6dt3HplDPp2SA/4Lx/Ae1wnqM=</latexit>

(~↵, ~�) 2 F2n
2

<latexit sha1_base64="qpdnA1JNUGATna5/2f4AtxZmJvk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoiRV0W3bisYB/QhjKZTtqhM0mYmSgl9lPcuFDErV/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrW9sbhW3Szu7e/sHdvmwraJEEtoiEY9k18eKchbSlmaa024sKRY+px1/cpP5nQcqFYvCez2NqSfwKGQBI1gbaWCX+wLrsRSpmop4Vm2is4FdcWrOHGiVuDmpQI7mwP7qDyOSCBpqwrFSPdeJtZdiqRnhdFbqJ4rGmEzwiPYMDbGgykvn0Wfo1ChDFETSvFCjufp7I8VCmWi+mcyCqmUvE//zeokOrryUhXGiaUgWh4KEIx2hrAc0ZJISzaeGYCKZyYrIGEtMtGmrZEpwl7+8StrnNfeiVr+rVxrXeR1FOIYTqIILl9CAW2hCCwg8wjO8wpv1ZL1Y79bHYrRg5TtH8AfW5w/nu5PF</latexit>

symp(P )

<latexit sha1_base64="z/jnNwLCnFRdmrgTNYCtuAjbPac="></latexit>

W (~↵, ~�)W (~↵0, ~�0) = (�1)h(~↵,
~�),(~↵0,~�0)isW (~↵0, ~�0)W (~↵, ~�),

<latexit sha1_base64="BSG0FQwPU1vj1ZWxqRWZjFuN3m4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyWRoi6LblxWsA9oQplMb9uhk0mYmQglFjf+ihsXirj1K9z5N07aLLT1wMDhnHuZc08Qc6a043xbS8srq2vrhY3i5tb2zq69t99UUSIpNGjEI9kOiALOBDQ00xzasQQSBhxaweg681v3IBWLxJ0ex+CHZCBYn1GijdS1Dx+8kOihDFM1DuNJuY5PPUnEgEPXLjkVZwq8SNyclFCOetf+8noRTUIQmnKiVMd1Yu2nRGpGOUyKXqIgJnREBtAxVJAQlJ9OT5jgE6P0cD+S5gmNp+rvjZSEyiQMzGSWV817mfif10l0/9JPmYgTDYLOPuonHOsIZ33gHpNANR8bQqhkJiumQyIJ1aa1oinBnT95kTTPKu55pXpbLdWu8joK6AgdozJy0QWqoRtURw1E0SN6Rq/ozXqyXqx362M2umTlOwfoD6zPH1kTl2Y=</latexit>

|symp(P )i <latexit sha1_base64="LnG/c3sz21aeiSotgJtJ/Ph3mCE=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1DLERrsI5gNyIextJsmSvb1jd04MZ1ob/4qNhSK2/gM7/42bj0ITHww83pthZl4QS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNEcqjySkW4EzIAUCqooUEIj1sDCQEI9GFyO/fodaCMidYvDGFoh6ynRFZyhldp5WvEjFCEYek0ffIR7TMsg5aitfM1UT0I7X3CL7gR0kXgzUiAzVNr5L78T8SQEhVwyY5qeG2MrZRoFlzDK+YmBmPEB60HTUsXs8lY6+WREj6zSod1I21JIJ+rviZSFxgzDwHaGDPtm3huL/3nNBLsXrVSoOEFQfLqom0iKER3HQjtCA0c5tIRxLeytlPeZZhxteDkbgjf/8iKpnRS9s+LpzWmhVJ7FkSUH5JAcE4+ckxK5IhVSJZw8kmfySt6cJ+fFeXc+pq0ZZzazT/7A+fwB0g6acA==</latexit>P ⌦ I|Bellni
CNOT, H

<latexit sha1_base64="CEb3xiPUhhSMI4UEfTm73O5rBvg=">AAACHHicbVC7SgNBFJ2Nrxhfq5Y2g0FImrCrQW2EoI1lAuYB2SXMTibJkNkHM3fFsORDbPwVGwtFbCwE/8ZJskUeHhg4c8693HuPFwmuwLJ+jcza+sbmVnY7t7O7t39gHh41VBhLyuo0FKFseUQxwQNWBw6CtSLJiO8J1vSGdxO/+cik4mHwAKOIuT7pB7zHKQEtdcwLB9gTJGrkR+NCtVa8WfgXnTASscLzYq3YMfNWyZoCrxI7JXmUotoxv51uSGOfBUAFUaptWxG4CZHAqWDjnBMrFhE6JH3W1jQgPlNuMj1ujM+00sW9UOoXAJ6q8x0J8ZXezNOVPoGBWvYm4n9eO4betZvwIIqBBXQ2qBcLDCGeJIW7XDIKYqQJoZLrXTEdEEko6DxzOgR7+eRV0jgv2Zelcq2cr9ymcWTRCTpFBWSjK1RB96iK6oiiZ/SK3tGH8WK8GZ/G16w0Y6Q9x2gBxs8f4DWieQ==</latexit>

symp(PQ) = symp(P )� symp(Q)Group homomorphism:

Moreover, 
<latexit sha1_base64="OB6xgEmUNyPe2vyWuhv6Vcve5BA="></latexit>

W (~↵, ~�)W (~↵0, ~�0) = ih(~↵,
~�),(~↵0,~�0)isW (~↵+ ~↵0, ~� + ~�0)



Pauli operators (via Fourier analysis)

Quantum 
Hamiltonian Pauli Coefficients

Quantum Fourier Transform

(Reduce to classical case )

<latexit sha1_base64="ZAvyOVCuGDL1hhlLtK9yX5XL+eM=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUmKqLgqduOygn1gE8NkOmmHTiZhZiKUkH9w46+4caGIWzfu/BsnbQVtPXDhcM693HuPHzMqlWV9GQuLS8srq4W14vrG5ta2ubPbklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/rOd++54ISSN+o0YxcUPU5zSgGCkteeZxObhwQqQGvp/eZnepEykaEgl55lUdFcEfr56VPbNkVawx4Dyxp6QEpmh45qfTi3ASEq4wQ1J2bStWboqEopiRrOgkksQID1GfdDXlSC920/FPGTzUSg8GkdDFFRyrvydSFEo5Cn3dmZ8oZ71c/M/rJio4d1PK40QRjieLgoRB/WweEOxRQbBiI00QFlTfCvEACYSVjrGoQ7BnX54nrWrFPq2cXFdLtctpHAWwDw7AEbDBGaiBK9AATYDBA3gCL+DVeDSejTfjfdK6YExn9sAfGB/f0WWeIA==</latexit>

f : Z⌦n
2 ! C

Classical Fourier Transform

<latexit sha1_base64="RDQ0YVyMlmYaVWLQAemMikR64PY="></latexit>

(Pauli operators:ONB for B(H
⌦n

) with respect to hA,Bi =
1
2nTr[A

†B])

<latexit sha1_base64="mkZKjsqCLJymsbiIudxkZnoUxS4="></latexit>

f̂(~x) = E~yf(~y)(�1)~x·~y

<latexit sha1_base64="aS6LmMpg293Zv5beX6TJvp1QiSg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoEUsiRd0Uim5cVrAPaNMwmU7aoTNJmJmUlpCtG3/FjQtF3PoH7vwbp4+FVg9cOJxzL/fe40WMSmVZX0ZmZXVtfSO7mdva3tndM/cPGjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hjdTvzkiQtIwuFeTiDgc9QPqU4yUllwT+oVxsdKRMe9yN6EVOy2c2cVu4rl0fDpyaeqaeatkzQD/EntB8mCBmmt+dnohjjkJFGZIyrZtRcpJkFAUM5LmOrEkEcJD1CdtTQPEiXSS2ScpPNFKD/qh0BUoOFN/TiSISznhnu7kSA3ksjcV//PasfKvnIQGUaxIgOeL/JhBFcJpLLBHBcGKTTRBWFB9K8QDJBBWOrycDsFefvkvaZyX7ItS+a6cr14v4siCI3AMCsAGl6AKbkEN1AEGD+AJvIBX49F4Nt6M93lrxljMHIJfMD6+AbelmRo=</latexit>

f(x) =
mX

i=1

(�1)bix+vi (DQI)

<latexit sha1_base64="wgvaGBNDZOMRV+C6IJpNrJHq2wg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJFHVTKLrpsoJ9QBvDZDpph84kYWYilNiFv+LGhSJu/Q13/o3Tx0JbD1w4nHMv994TJJwp7TjfVm5ldW19I79Z2Nre2d2z9w+aKk4loQ0S81i2A6woZxFtaKY5bSeSYhFw2gqGNxO/9UClYnF0p0cJ9QTuRyxkBGsj+fZRrdJVqbgXfsYq7hgRn6G6z3y76JScKdAyceekCHPUffur24tJKmikCcdKdVwn0V6GpWaE03GhmyqaYDLEfdoxNMKCKi+b3j9Gp0bpoTCWpiKNpurviQwLpUYiMJ0C64Fa9Cbif14n1eGVl7EoSTWNyGxRmHKkYzQJA/WYpETzkSGYSGZuRWSAJSbaRFYwIbiLLy+T5nnJvSiVb8vF6vU8jjwcwwmcgQuXUIUa1KEBBB7hGV7hzXqyXqx362PWmrPmM4fwB9bnD7GmlUI=</latexit>

H =
mX

i=1

ciPi (HDQI)

Remark: Pauli operators are taken as the “quantum polynomials” of degree 1 in quantum higher-order Fourier analysis [Bu, Gu, Jaffe, PNAS 2025] 

(Basis: Pauli operators )

(Basis: phase linear functions)



Hamiltonian DQI for general Pauli Hamiltonians
Using symplectic representation

<latexit sha1_base64="K1kEw+xskiwof7FRLChs2VN1f9I="></latexit>

B> =

2

4
| | |

symp(P1) symp(P2) · · · symp(Pm)
| | |

3

5 2 F2n⇥m
2

(Classical Linear Code)
<latexit sha1_base64="WmmJN3TRM5UEM6+BV/gtvYYN5vQ=">AAACFHicbVBNSwMxEM36WetX1aOXYBEEoeyKqAhCaUE8VrBa6LYlm6Yamk2WZFZYlv0RXvwrXjwo4tWDN/+NabsHrT4YeLw3w8y8IBLcgOt+OTOzc/MLi4Wl4vLK6tp6aWPz2qhYU9akSijdCohhgkvWBA6CtSLNSBgIdhMM6yP/5p5pw5W8giRinZDcSj7glICVeqX9ejf1AwXZmZ8mPpfYDwncBUF6nnXD3sFpreuDinBy5vpZr1R2K+4Y+C/xclJGORq90qffVzQOmQQqiDFtz42gkxINnAqWFf3YsIjQIbllbUslCZnppOOnMrxrlT4eKG1LAh6rPydSEhqThIHtHJ1spr2R+J/XjmFw0km5jGJgkk4WDWKBQeFRQrjPNaMgEksI1dzeiukd0YSCzbFoQ/CmX/5Lrg8q3lHl8PKwXK3lcRTQNtpBe8hDx6iKLlADNRFFD+gJvaBX59F5dt6c90nrjJPPbKFfcD6+ATSEnkg=</latexit>

C? = {y 2 Fm
2 : B>y = 0}

<latexit sha1_base64="wgvaGBNDZOMRV+C6IJpNrJHq2wg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJFHVTKLrpsoJ9QBvDZDpph84kYWYilNiFv+LGhSJu/Q13/o3Tx0JbD1w4nHMv994TJJwp7TjfVm5ldW19I79Z2Nre2d2z9w+aKk4loQ0S81i2A6woZxFtaKY5bSeSYhFw2gqGNxO/9UClYnF0p0cJ9QTuRyxkBGsj+fZRrdJVqbgXfsYq7hgRn6G6z3y76JScKdAyceekCHPUffur24tJKmikCcdKdVwn0V6GpWaE03GhmyqaYDLEfdoxNMKCKi+b3j9Gp0bpoTCWpiKNpurviQwLpUYiMJ0C64Fa9Cbif14n1eGVl7EoSTWNyGxRmHKkYzQJA/WYpETzkSGYSGZuRWSAJSbaRFYwIbiLLy+T5nnJvSiVb8vF6vU8jjwcwwmcgQuXUIUa1KEBBB7hGV7hzXqyXqx362PWmrPmM4fwB9bnD7GmlUI=</latexit>

H =
mX

i=1

ciPi

Assume there is an efficient and perfect decoder 

<latexit sha1_base64="+yOafaHia++5ONo/zRFVpfjUeS0="></latexit>

D(l)
H
|yi|B>yi = |0i|B>yi, 8|y|  l

For example, if the columns are linear independent, then using Gaussian elimination to decode 



Commuting case
<latexit sha1_base64="wgvaGBNDZOMRV+C6IJpNrJHq2wg=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJFHVTKLrpsoJ9QBvDZDpph84kYWYilNiFv+LGhSJu/Q13/o3Tx0JbD1w4nHMv994TJJwp7TjfVm5ldW19I79Z2Nre2d2z9w+aKk4loQ0S81i2A6woZxFtaKY5bSeSYhFw2gqGNxO/9UClYnF0p0cJ9QTuRyxkBGsj+fZRrdJVqbgXfsYq7hgRn6G6z3y76JScKdAyceekCHPUffur24tJKmikCcdKdVwn0V6GpWaE03GhmyqaYDLEfdoxNMKCKi+b3j9Gp0bpoTCWpiKNpurviQwLpUYiMJ0C64Fa9Cbif14n1eGVl7EoSTWNyGxRmHKkYzQJA/WYpETzkSGYSGZuRWSAJSbaRFYwIbiLLy+T5nnJvSiVb8vF6vU8jjwcwwmcgQuXUIUa1KEBBB7hGV7hzXqyXqx362PWmrPmM4fwB9bnD7GmlUI=</latexit>

H =
mX

i=1

ciPiGiven: 

Goal:

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

Step 0: rewrite the polynomial P(H)
<latexit sha1_base64="8YDoX6WDrbqBYdEFNmIlvhe35Cg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFHVTKLpxWcE+oE3DZDppp51MwsxEWkJx46+4caGIW7/CnX/jtM1CWw9cOJxzL/fe40WMSmVZ30ZmZXVtfSO7mdva3tndM/cP6jKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLwhjdTv/FAhKQhv1fjiDgB6nHqU4yUllzzqFoYncEybMs46DA3GZStCXIHo87ANfNW0ZoBLhM7JXmQouqaX+1uiOOAcIUZkrJlW5FyEiQUxYxMcu1YkgjhIeqRlqYcBUQ6yeyFCTzVShf6odDFFZypvycSFEg5DjzdGSDVl4veVPzPa8XKv3ISyqNYEY7ni/yYQRXCaR6wSwXBio01QVhQfSvEfSQQVjq1nA7BXnx5mdTPi/ZFsXRXyleu0ziy4BicgAKwwSWogFtQBTWAwSN4Bq/gzXgyXox342PemjHSmUPwB8bnD6OMllc=</latexit>

P (x) =
lX

j=0

ajx
jFor any degree-l polynomial consider

<latexit sha1_base64="ljJpSqWaYUpTxLseupPoCiF+x78=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaJuCkU3XVawD2jTMJlO2mlnkjAzEUrIxl9x40IRt36GO//GaZuFth64cDjnXu69x4sYlcqyvo3c2vrG5lZ+u7Czu7d/YB4etWQYC0yaOGSh6HhIEkYD0lRUMdKJBEHcY6TtTe5mfvuRCEnD4EFNI+JwNAyoTzFSWnLNk0apflHtyZj3mZuMq1aK3HG9P3bNolW25oCrxM5IEWRouOZXbxDimJNAYYak7NpWpJwECUUxI2mhF0sSITxBQ9LVNECcSCeZP5DCc60MoB8KXYGCc/X3RIK4lFPu6U6O1EguezPxP68bK//GSWgQxYoEeLHIjxlUIZylAQdUEKzYVBOEBdW3QjxCAmGlMyvoEOzll1dJ67JsX5Ur95Vi7TaLIw9OwRkoARtcgxqogwZoAgxS8AxewZvxZLwY78bHojVnZDPH4A+Mzx9bTpWj</latexit>

P (H) =
lX

j=0

ajH
j

Polynomial P

It can be rewritten as 

<latexit sha1_base64="CSpW6aYwM/D8TTelw3TRl7wgXvg=">AAACI3icbVDLSsNAFJ34rPUVdekmWARXISlFRRCKblxWsA9o0jCZTNuhM0mYmQgl5F/c+CtuXCjFjQv/xUmTRW09MMyZc+5l7j1+TImQlvWtra1vbG5tV3aqu3v7B4f60XFHRAlHuI0iGvGeDwWmJMRtSSTFvZhjyHyKu/7kPve7z5gLEoVPchpjl8FRSIYEQakkT79BA4clt2iQqsuzM892UBBJoxAyr148TdNc1D2WeczTa5ZpzWGsErskNVCi5ekzJ4hQwnAoEYVC9G0rlm4KuSSI4qzqJALHEE3gCPcVDSHDwk3nO2bGuVICYxhxdUI1R64udqSQCTFlvqpkUI7FspeL/3n9RA6v3ZSEcSJxiIqPhgk1ZGTkgRkB4RhJOlUEIk7UrAYaQw6RVLFWVQj28sqrpFM37Uuz8dioNe/KOCrgFJyBC2CDK9AED6AF2gCBF/AGPsCn9qq9azPtqyhd08qeE/AH2s8vxgukXg==</latexit>

cµ = cµ1
1 · cµ2 · ... · cµm

m

<latexit sha1_base64="MPlqPuySmIa9zjiHZLnJ+oYtt+U=">AAACFHicbZBNS8MwGMdTX+d8q3r0kjkEQSjtGOpFGHrxOMG9wFpKmmZbWNKWJBVG2Yfw4lfx4kERrx68+W1Mt4K6+UDCj///eUief5AwKpVtfxlLyyura+uljfLm1vbOrrm335ZxKjBp4ZjFohsgSRiNSEtRxUg3EQTxgJFOMLrO/c49EZLG0Z0aJ8TjaBDRPsVIack3T12eVi715TsVF4exgjnXZmxZ1o/GK75ZtS17WnARnAKqoKimb366YYxTTiKFGZKy59iJ8jIkFMWMTMpuKkmC8AgNSE9jhDiRXjZdagKPtRLCfiz0iRScqr8nMsSlHPNAd3KkhnLey8X/vF6q+hdeRqMkVSTCs4f6KYMqhnlCMKSCYMXGGhAWVP8V4iESCCudY1mH4MyvvAjtmuWcWfXberVxVcRRAofgCJwAB5yDBrgBTdACGDyAJ/ACXo1H49l4M95nrUtGMXMA/pTx8Q3yBpzk</latexit>

µ! = µ1! · µ2! · ... · µm!

<latexit sha1_base64="WmuP4OufXVCRA/WKKC6wwfK5lWo=">AAACMHicbVDLSgMxFM34rPVVdekmWIS6KTMi6kYoCtrlCPYBnXbIpBkNJpkhySjDMJ/kxk/RjYIibv0K08eith4InHvOveTeE8SMKm3b79bc/MLi0nJhpbi6tr6xWdrabqookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQV3F8M/NYDkYpG4kanMelydCtoSDHSRvJLV26lfgDhmacS7mceR/ouCLM096iAoyrILvMe9w/z4uNkQ+72Jiu/VLar9hBwljhjUgZjuH7pxetHOOFEaMyQUh3HjnU3Q1JTzEhe9BJFYoTv0S3pGCoQJ6qbDQ/O4b5R+jCMpHlCw6E6OZEhrlTKA9M5WFFNewPxP6+T6PC0m1ERJ5oIPPooTBjUERykB/tUEqxZagjCkppdIb5DEmFtMi6aEJzpk2dJ87DqHFePro/KtfNxHAWwC/ZABTjgBNRAHbigATB4Aq/gA3xaz9ab9WV9j1rnrPHMDvgD6+cX4qaq2g==</latexit>

P (H) =
X

y2Fm
2

wyP
y <latexit sha1_base64="G+QpZ1SsvBzlZMcf0CenlcyyUtU=">AAACJ3icbVDLSsNAFJ3UV62vqks3g0VwFZJS1I1SdOOygn1AU8NkOmmHziRhZiKEkL9x46+4EVREl/6Jk7SL2nph4Nxz7uXOOV7EqFSW9W2UVlbX1jfKm5Wt7Z3dver+QUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63uQm17uPREgaBvcqiciAo1FAfYqR0pRbvWo9pA5Hauz5aZJll7pNXDtzbQcPQwWLtp659aI1TXOO5pnL3WrNMq2i4DKwZ6AGZtVyq2/OMMQxJ4HCDEnZt61IDVIkFMWMZBUnliRCeIJGpK9hgDiRg7TwmcETzQyhHwr9AgULdn4jRVzKhHt6MrckF7Wc/E/rx8q/GKQ0iGJFAjw95McMqhDmocEhFQQrlmiAsKD6rxCPkUBY6WgrOgR70fIy6NRN+8xs3DVqzetZHGVwBI7BKbDBOWiCW9ACbYDBE3gB7+DDeDZejU/jazpaMmY7h+BPGT+/h2qmVQ==</latexit>Py = P y1

1 · P y2
2 · ... · P ym

m

<latexit sha1_base64="PO4bpGV8ZUMrMTLufiOHC/SZhd4="></latexit>

wy =
lX

j=0

ajj!
X

µ2Zm
+ :|µ|=j,µ⌘y mod 2

cµ

µ!



Commuting case
Step 1: Prepare a reference state to encode P(H)

Step 4: Take partial trace
<latexit sha1_base64="mEtWb9iJP7nHASv6nshAgw4+3PY=">AAACC3icbVA9SwNBEN3zM8avqKXNkiBoE+4kqGWITewimA/IhbC3mcTFvb1jd04MZ3ob/4qNhSK2/gE7/42bj0KNDwYe780wMy+IpTDoul/OwuLS8spqZi27vrG5tZ3b2W2YKNEc6jySkW4FzIAUCuooUEIr1sDCQEIzuDkf+81b0EZE6gqHMXRCNlCiLzhDK3Vz+dph9ciPUIRg6MW9j3CHaQWkHHWVr5kaSOjmCm7RnYDOE29GCmSGWjf36fcinoSgkEtmTNtzY+ykTKPgEkZZPzEQM37DBtC2VDG7u5NOfhnRA6v0aD/SthTSifpzImWhMcMwsJ0hw2vz1xuL/3ntBPtnnVSoOEFQfLqon0iKER0HQ3tCA0c5tIRxLeytlF8zzTja+LI2BO/vy/OkcVz0Toqly1KhXJnFkSH7JE8OiUdOSZlUSY3UCScP5Im8kFfn0Xl23pz3aeuCM5vZI7/gfHwD4TWa/Q==</latexit>

P (H)⌦ I|Bellni
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="WmuP4OufXVCRA/WKKC6wwfK5lWo=">AAACMHicbVDLSgMxFM34rPVVdekmWIS6KTMi6kYoCtrlCPYBnXbIpBkNJpkhySjDMJ/kxk/RjYIibv0K08eith4InHvOveTeE8SMKm3b79bc/MLi0nJhpbi6tr6xWdrabqookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQV3F8M/NYDkYpG4kanMelydCtoSDHSRvJLV26lfgDhmacS7mceR/ouCLM096iAoyrILvMe9w/z4uNkQ+72Jiu/VLar9hBwljhjUgZjuH7pxetHOOFEaMyQUh3HjnU3Q1JTzEhe9BJFYoTv0S3pGCoQJ6qbDQ/O4b5R+jCMpHlCw6E6OZEhrlTKA9M5WFFNewPxP6+T6PC0m1ERJ5oIPPooTBjUERykB/tUEqxZagjCkppdIb5DEmFtMi6aEJzpk2dJ87DqHFePro/KtfNxHAWwC/ZABTjgBNRAHbigATB4Aq/gA3xaz9ab9WV9j1rnrPHMDvgD6+cX4qaq2g==</latexit>

P (H) =
X

y2Fm
2

wyP
yRecall that 

<latexit sha1_base64="BLILpvlA4KZc7Fe84ycRWdaJPUA="></latexit>

|Rl(H)i = 1

N
X

y2Fm
2

wy|yi

<latexit sha1_base64="9dTeBakyQqHi4ilrHazNcYwbrQo=">AAACDHicbVC7SgNBFJ31GeMramkzGARtwq6I2ggSm9hFMBrILmF2chMHZ2eXmbtiWPMBNv6KjYUitn6AnX/jJNlCjQcGDuecy517wkQKg6775UxNz8zOzRcWiotLyyurpbX1SxOnmkODxzLWzZAZkEJBAwVKaCYaWBRKuApvTof+1S1oI2J1gf0Egoj1lOgKztBK7VL5uL5T2/VjFBEYenbvI9xhVgUpB23la6Z6EmzKrbgj0Eni5aRMctTbpU+/E/M0AoVcMmNanptgkDGNgksYFP3UQML4DetBy1LF7O4gGx0zoNtW6dBurO1TSEfqz4mMRcb0o9AmI4bX5q83FP/zWil2j4JMqCRFUHy8qJtKijEdNkM7QgNH2beEcS3sXym/ZppxtP0VbQne35MnyeVexTuo7J/vl0+qeR0Fskm2yA7xyCE5ITVSJw3CyQN5Ii/k1Xl0np03530cnXLymQ3yC87HN2sXm0Q=</latexit>

= P (H)⌦ I|Bellni

Step 3: Decoding 

<latexit sha1_base64="lUxgDUCdzENo60HyJIOqzPNt3AA="></latexit>

1

N
X

y2Fm
2

wy|0i ⌦ |Symp(Py)i
<latexit sha1_base64="76aZLCLlJffRJGzjuyKyNS3QTuc="></latexit>

1

N
X

y2Fm
2

wy(P
y ⌦ I)|Bellni

Step 2: Apply control-Pauli operators between the reference state and Bell states on 2n qubits 

<latexit sha1_base64="I2LqSx7I0t+hX0OADlUUUX+rqRQ="></latexit>

1

N
X

y2Fm
2

wy|yi ⌦ |Symp(Py)i
<latexit sha1_base64="cHqr2ib7EAv8lt9Mp9sQY/EZVPg=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMlzAjQb0IIV48RswG2ejp9CRNeha6a8RhyCd48Ve8eFDEq0dv/o2dBdHEBw2v36uiqp4TCq7Asr6M1NLyyupaej2zsbm1vWPu7tVUEEnKqjQQgWw4RDHBfVYFDoI1QsmI5whWd4ZXY79+x6TigV+BOGRtj/R97nJKQEtd87gF7B6S29gLR7lyJ2l5BAaOi+PRyWWpU/n5ds2slbcmwIvEnpEsmqHcNT9bvYBGHvOBCqJU07ZCaCdEAqeCjTKtSLGQ0CHps6amPvGYaieTg0b4SCs97AZSPx/wRP3dkRBPqdhzdOV4QTXvjcX/vGYE7kU74X4YAfPpdJAbCQwBHqeDe1wyCiLWhFDJ9a6YDogkFHSGGR2CPX/yIqmd5u2zfOGmkC2WZnGk0QE6RDlko3NURNeojKqIogf0hF7Qq/FoPBtvxvu0NGXMevbRHxgf35/DnPI=</latexit>

Symp(Py) = BTy
<latexit sha1_base64="JHeGAsvR8fQ0cYpNKiaPQ6QHT7A="></latexit>

1

N
X

y2Fm
2

wy|yi ⌦ (Py ⌦ I)|Bellni
<latexit sha1_base64="CIQ42Qg7XLu5ed/tsJzHRs/YWcs="></latexit>

B> =

2

4
| | |

symp(P1) symp(P2) · · · symp(Pm)
| | |

3

5



Commuting case
<latexit sha1_base64="OwJ25E8BD1s5aQbfDNGtT6zRLSY=">AAACFXicbVA9SwNBEN3zM8avqKXNYhAiSLiToJZBm5RRTBRyMextJnFxb+/YnRPDmT9h41+xsVDEVrDz37iJV2j0wcDjvRlm5gWxFAZd99OZmp6ZnZvPLeQXl5ZXVgtr600TJZpDg0cy0hcBMyCFggYKlHARa2BhIOE8uD4e+ec3oI2I1BkOYmiHrK9ET3CGVuoUdu9OL2WptuNrpvoSqB+hCMHQOx/hFtMjkHLYUZnbKRTdsjsG/Uu8jBRJhnqn8OF3I56EoJBLZkzLc2Nsp0yj4BKGeT8xEDN+zfrQslQxu7qdjr8a0m2rdGkv0rYU0rH6cyJloTGDMLCdIcMrM+mNxP+8VoK9w3YqVJwgKP69qJdIihEdRUS7QgNHObCEcS3srZRfMc042iDzNgRv8uW/pLlX9vbLlZNKsXqUxZEjm2SLlIhHDkiV1EidNAgn9+SRPJMX58F5cl6dt+/WKSeb2SC/4Lx/AeiUn1U=</latexit>

|Rl(H)i ⌦ |Bellni
<latexit sha1_base64="Gyy6SEguI8XxPNcyGJt9mLTZUPI=">AAAB+HicbVBNT8JAEJ36ifhB1aOXjcQEL6Q1RD0SvXBEIx8JVLJdFtiw3Ta7WxOs/BIvHjTGqz/Fm//GLfSg4EsmeXlvJjPz/IgzpR3n21pZXVvf2Mxt5bd3dvcK9v5BU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++Dr1Ww9UKhaKOz2JqBfgoWADRrA2Us8uPN3e81LttCuxGHKa79lFp+zMgJaJm5EiZKj37K9uPyRxQIUmHCvVcZ1IewmWmhFOp/lurGiEyRgPacdQgQOqvGR2+BSdGKWPBqE0JTSaqb8nEhwoNQl80xlgPVKLXir+53ViPbj0EiaiWFNB5osGMUc6RGkKqM8kJZpPDMFEMnMrIiMsMdEmqzQEd/HlZdI8K7vn5cpNpVi9yuLIwREcQwlcuIAq1KAODSAQwzO8wpv1aL1Y79bHvHXFymYO4Q+szx+BnZJa</latexit>

|Rl(H)i
<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control Pauli 

Decoding
<latexit sha1_base64="9dTeBakyQqHi4ilrHazNcYwbrQo=">AAACDHicbVC7SgNBFJ31GeMramkzGARtwq6I2ggSm9hFMBrILmF2chMHZ2eXmbtiWPMBNv6KjYUitn6AnX/jJNlCjQcGDuecy517wkQKg6775UxNz8zOzRcWiotLyyurpbX1SxOnmkODxzLWzZAZkEJBAwVKaCYaWBRKuApvTof+1S1oI2J1gf0Egoj1lOgKztBK7VL5uL5T2/VjFBEYenbvI9xhVgUpB23la6Z6EmzKrbgj0Eni5aRMctTbpU+/E/M0AoVcMmNanptgkDGNgksYFP3UQML4DetBy1LF7O4gGx0zoNtW6dBurO1TSEfqz4mMRcb0o9AmI4bX5q83FP/zWil2j4JMqCRFUHy8qJtKijEdNkM7QgNH2beEcS3sXym/ZppxtP0VbQne35MnyeVexTuo7J/vl0+qeR0Fskm2yA7xyCE5ITVSJw3CyQN5Ii/k1Xl0np03530cnXLymQ3yC87HN2sXm0Q=</latexit>

= P (H)⌦ I|Bellni

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="CIQ42Qg7XLu5ed/tsJzHRs/YWcs="></latexit>

B> =

2

4
| | |

symp(P1) symp(P2) · · · symp(Pm)
| | |

3

5

<latexit sha1_base64="JHeGAsvR8fQ0cYpNKiaPQ6QHT7A="></latexit>

1

N
X

y2Fm
2

wy|yi ⌦ (Py ⌦ I)|Bellni

<latexit sha1_base64="6kgj0hrYWzsGwCC7RxaXVjdryYU="></latexit>

=
1

N
X

y2Fm
2

wy|yi ⌦ |Symp(Py)i

<latexit sha1_base64="cHqr2ib7EAv8lt9Mp9sQY/EZVPg=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMlzAjQb0IIV48RswG2ejp9CRNeha6a8RhyCd48Ve8eFDEq0dv/o2dBdHEBw2v36uiqp4TCq7Asr6M1NLyyupaej2zsbm1vWPu7tVUEEnKqjQQgWw4RDHBfVYFDoI1QsmI5whWd4ZXY79+x6TigV+BOGRtj/R97nJKQEtd87gF7B6S29gLR7lyJ2l5BAaOi+PRyWWpU/n5ds2slbcmwIvEnpEsmqHcNT9bvYBGHvOBCqJU07ZCaCdEAqeCjTKtSLGQ0CHps6amPvGYaieTg0b4SCs97AZSPx/wRP3dkRBPqdhzdOV4QTXvjcX/vGYE7kU74X4YAfPpdJAbCQwBHqeDe1wyCiLWhFDJ9a6YDogkFHSGGR2CPX/yIqmd5u2zfOGmkC2WZnGk0QE6RDlko3NURNeojKqIogf0hF7Qq/FoPBtvxvu0NGXMevbRHxgf35/DnPI=</latexit>

Symp(Py) = BTy

<latexit sha1_base64="lUxgDUCdzENo60HyJIOqzPNt3AA="></latexit>

1

N
X

y2Fm
2

wy|0i ⌦ |Symp(Py)i

<latexit sha1_base64="WmuP4OufXVCRA/WKKC6wwfK5lWo=">AAACMHicbVDLSgMxFM34rPVVdekmWIS6KTMi6kYoCtrlCPYBnXbIpBkNJpkhySjDMJ/kxk/RjYIibv0K08eith4InHvOveTeE8SMKm3b79bc/MLi0nJhpbi6tr6xWdrabqookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQV3F8M/NYDkYpG4kanMelydCtoSDHSRvJLV26lfgDhmacS7mceR/ouCLM096iAoyrILvMe9w/z4uNkQ+72Jiu/VLar9hBwljhjUgZjuH7pxetHOOFEaMyQUh3HjnU3Q1JTzEhe9BJFYoTv0S3pGCoQJ6qbDQ/O4b5R+jCMpHlCw6E6OZEhrlTKA9M5WFFNewPxP6+T6PC0m1ERJ5oIPPooTBjUERykB/tUEqxZagjCkppdIb5DEmFtMi6aEJzpk2dJ87DqHFePro/KtfNxHAWwC/ZABTjgBNRAHbigATB4Aq/gA3xaz9ab9WV9j1rnrPHMDvgD6+cX4qaq2g==</latexit>

P (H) =
X

y2Fm
2

wyP
y



Commuting case
<latexit sha1_base64="OwJ25E8BD1s5aQbfDNGtT6zRLSY=">AAACFXicbVA9SwNBEN3zM8avqKXNYhAiSLiToJZBm5RRTBRyMextJnFxb+/YnRPDmT9h41+xsVDEVrDz37iJV2j0wcDjvRlm5gWxFAZd99OZmp6ZnZvPLeQXl5ZXVgtr600TJZpDg0cy0hcBMyCFggYKlHARa2BhIOE8uD4e+ec3oI2I1BkOYmiHrK9ET3CGVuoUdu9OL2WptuNrpvoSqB+hCMHQOx/hFtMjkHLYUZnbKRTdsjsG/Uu8jBRJhnqn8OF3I56EoJBLZkzLc2Nsp0yj4BKGeT8xEDN+zfrQslQxu7qdjr8a0m2rdGkv0rYU0rH6cyJloTGDMLCdIcMrM+mNxP+8VoK9w3YqVJwgKP69qJdIihEdRUS7QgNHObCEcS3srZRfMc042iDzNgRv8uW/pLlX9vbLlZNKsXqUxZEjm2SLlIhHDkiV1EidNAgn9+SRPJMX58F5cl6dt+/WKSeb2SC/4Lx/AeiUn1U=</latexit>

|Rl(H)i ⌦ |Bellni
<latexit sha1_base64="Gyy6SEguI8XxPNcyGJt9mLTZUPI=">AAAB+HicbVBNT8JAEJ36ifhB1aOXjcQEL6Q1RD0SvXBEIx8JVLJdFtiw3Ta7WxOs/BIvHjTGqz/Fm//GLfSg4EsmeXlvJjPz/IgzpR3n21pZXVvf2Mxt5bd3dvcK9v5BU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++Dr1Ww9UKhaKOz2JqBfgoWADRrA2Us8uPN3e81LttCuxGHKa79lFp+zMgJaJm5EiZKj37K9uPyRxQIUmHCvVcZ1IewmWmhFOp/lurGiEyRgPacdQgQOqvGR2+BSdGKWPBqE0JTSaqb8nEhwoNQl80xlgPVKLXir+53ViPbj0EiaiWFNB5osGMUc6RGkKqM8kJZpPDMFEMnMrIiMsMdEmqzQEd/HlZdI8K7vn5cpNpVi9yuLIwREcQwlcuIAq1KAODSAQwzO8wpv1aL1Y79bHvHXFymYO4Q+szx+BnZJa</latexit>

|Rl(H)i
<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control Pauli 

Decoding
<latexit sha1_base64="9dTeBakyQqHi4ilrHazNcYwbrQo=">AAACDHicbVC7SgNBFJ31GeMramkzGARtwq6I2ggSm9hFMBrILmF2chMHZ2eXmbtiWPMBNv6KjYUitn6AnX/jJNlCjQcGDuecy517wkQKg6775UxNz8zOzRcWiotLyyurpbX1SxOnmkODxzLWzZAZkEJBAwVKaCYaWBRKuApvTof+1S1oI2J1gf0Egoj1lOgKztBK7VL5uL5T2/VjFBEYenbvI9xhVgUpB23la6Z6EmzKrbgj0Eni5aRMctTbpU+/E/M0AoVcMmNanptgkDGNgksYFP3UQML4DetBy1LF7O4gGx0zoNtW6dBurO1TSEfqz4mMRcb0o9AmI4bX5q83FP/zWil2j4JMqCRFUHy8qJtKijEdNkM7QgNH2beEcS3sXym/ZppxtP0VbQne35MnyeVexTuo7J/vl0+qeR0Fskm2yA7xyCE5ITVSJw3CyQN5Ii/k1Xl0np03530cnXLymQ3yC87HN2sXm0Q=</latexit>

= P (H)⌦ I|Bellni

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="CIQ42Qg7XLu5ed/tsJzHRs/YWcs="></latexit>

B> =

2

4
| | |

symp(P1) symp(P2) · · · symp(Pm)
| | |

3

5

<latexit sha1_base64="JHeGAsvR8fQ0cYpNKiaPQ6QHT7A="></latexit>

1

N
X

y2Fm
2

wy|yi ⌦ (Py ⌦ I)|Bellni

<latexit sha1_base64="6kgj0hrYWzsGwCC7RxaXVjdryYU="></latexit>

=
1

N
X

y2Fm
2

wy|yi ⌦ |Symp(Py)i

<latexit sha1_base64="cHqr2ib7EAv8lt9Mp9sQY/EZVPg=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMlzAjQb0IIV48RswG2ejp9CRNeha6a8RhyCd48Ve8eFDEq0dv/o2dBdHEBw2v36uiqp4TCq7Asr6M1NLyyupaej2zsbm1vWPu7tVUEEnKqjQQgWw4RDHBfVYFDoI1QsmI5whWd4ZXY79+x6TigV+BOGRtj/R97nJKQEtd87gF7B6S29gLR7lyJ2l5BAaOi+PRyWWpU/n5ds2slbcmwIvEnpEsmqHcNT9bvYBGHvOBCqJU07ZCaCdEAqeCjTKtSLGQ0CHps6amPvGYaieTg0b4SCs97AZSPx/wRP3dkRBPqdhzdOV4QTXvjcX/vGYE7kU74X4YAfPpdJAbCQwBHqeDe1wyCiLWhFDJ9a6YDogkFHSGGR2CPX/yIqmd5u2zfOGmkC2WZnGk0QE6RDlko3NURNeojKqIogf0hF7Qq/FoPBtvxvu0NGXMevbRHxgf35/DnPI=</latexit>

Symp(Py) = BTy

<latexit sha1_base64="lUxgDUCdzENo60HyJIOqzPNt3AA="></latexit>

1

N
X

y2Fm
2

wy|0i ⌦ |Symp(Py)i

<latexit sha1_base64="WmuP4OufXVCRA/WKKC6wwfK5lWo=">AAACMHicbVDLSgMxFM34rPVVdekmWIS6KTMi6kYoCtrlCPYBnXbIpBkNJpkhySjDMJ/kxk/RjYIibv0K08eith4InHvOveTeE8SMKm3b79bc/MLi0nJhpbi6tr6xWdrabqookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQV3F8M/NYDkYpG4kanMelydCtoSDHSRvJLV26lfgDhmacS7mceR/ouCLM096iAoyrILvMe9w/z4uNkQ+72Jiu/VLar9hBwljhjUgZjuH7pxetHOOFEaMyQUh3HjnU3Q1JTzEhe9BJFYoTv0S3pGCoQJ6qbDQ/O4b5R+jCMpHlCw6E6OZEhrlTKA9M5WFFNewPxP6+T6PC0m1ERJ5oIPPooTBjUERykB/tUEqxZagjCkppdIb5DEmFtMi6aEJzpk2dJ87DqHFePro/KtfNxHAWwC/ZABTjgBNRAHbigATB4Aq/gA3xaz9ab9WV9j1rnrPHMDvgD6+cX4qaq2g==</latexit>

P (H) =
X

y2Fm
2

wyP
y

A nature question arise:  

can the reference state be efficiently prepared 




Efficient preparation of reference state
The reference state is an Matrix Product State (MPS) with bond dimension l+1 Result:

<latexit sha1_base64="CDnYmEk53fzB0OSi70S2bqZmXmg="></latexit>

|Rl(H)i =
X

y2Fm
2

v
>
LA

(1)(y1) · · ·A(m)(ym)vR|yi

<latexit sha1_base64="Vjp0IOuFWUrzWLIA7eZZfuzwuUU="></latexit>

vL = (
1

N , 0, · · · , 0)>, vR = (a0 · 0!, a1 · 1!, · · · , al · l!)>where

<latexit sha1_base64="g2eOqKQR/Om5D6ttpPnqZ0lh8Xk="></latexit>

A(k)
0 =

0

BBBBBBBBBBBBBBB@

1 0
c2k
2!

0
c4k
4!

· · · · · ·

0 1 0
c2k
2!

0
. . .

...

0 0 1 0
c2k
2!

. . .
c4k
4!

...
...

. . .
. . .

. . .
. . . 0

0 0 · · · 0 1 0
c2k
2!

0 0 · · · 0 0 1 0
0 0 · · · 0 0 0 1

1

CCCCCCCCCCCCCCCA

(l+1)⇥(l+1)

,

<latexit sha1_base64="yzpLuJ24JquX7M5cJ6xethxLfwc="></latexit>

A(k)
1 =

0

BBBBBBBBBBBBBBB@

0
ck
1!

0
c3k
3!

0 · · · · · ·

0 0
ck
1!

0
c3k
3!

. . .
...

0 0 0
ck
1!

0
. . . 0

...
...

. . .
. . .

. . .
. . .

c3k
3!

0 0 · · · 0 0 0 0

0 0 · · · 0 0 0
ck
1!

0 0 · · · 0 0 0 0

1

CCCCCCCCCCCCCCCA

(l+1)⇥(l+1)

.

The reference state (MPS) can be prepared in time 
<latexit sha1_base64="yWRf0OAlVhwE3uHPRN+dxhB3Uso=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWob2URIp6LHrxZgX7AU0pm+2mXbrJht2JGEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPizhTYNvfRmFldW19o7hZ2tre2d0z9w/aSsSS0BYRXMiuhxXlLKQtYMBpN5IUBx6nHW9yPfU7D1QqJsJ7SCLaD/AoZD4jGLQ0MI9uK4FLhgJcoI+QRoInWYVXqwOzbNfsGaxl4uSkjHI0B+aXOxQkDmgIhGOleo4dQT/FEhjhNCu5saIRJhM8oj1NQxxQ1U9nD2TWqVaGli+krhCsmfp7IsWBUkng6c4Aw1gtelPxP68Xg3/ZT1kYxUBDMl/kx9wCYU3TsIZMUgI80QQTyfStFhljiQnozEo6BGfx5WXSPqs557X6Xb3cuMrjKKJjdIIqyEEXqIFuUBO1EEEZekav6M14Ml6Md+Nj3low8plD9AfG5w9h05ZH</latexit>

O(m · poly(l))

<latexit sha1_base64="rCvaEW1kjTowFtyRod9Fh/0DAbM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9RLx4jmAcka5iddJIhs7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS8/oxLXlnk26h6JbdGcgy8TJShAy1buGr04tYEqI0TFCt254bGz+lynAmcJLvJBpjykZ0gG1LJQ1R++ns3Ak5tUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/KT7mME4OSzRf1E0FMRKa/kx5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9i3LlvlKs3mRx5OAYTqAEHlxCFe6gBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPRSiO4g==</latexit>

A(1)
<latexit sha1_base64="5SkwvNw/sF3QRw9ZL6frwy5n5jU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9RLx4jmAcka5idTJIhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1gOOY+yEdKNEXjKKVmtePaUmdTbqFolt2ZyDLxMtIETLUuoWvTi9iScgVMkmNaXtujH5KNQom+STfSQyPKRvRAW9bqmjIjZ/Ozp2QU6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6VnwoVJ8gVmy/qJ5JgRKa/k57QnKEcW0KZFvZWwoZUU4Y2obwNwVt8eZk0zsveRblyXylWb7I4cnAMJ1ACDy6hCndQgzowGMEzvMKbEzsvzrvzMW9dcbKZI/gD5/MHohaPHw==</latexit>

A(n)
<latexit sha1_base64="I01vWBUao9i4LcuyHn1KITpTQT4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6sVjBfsB7VqyabYNTbJLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8e3Mbz9RpVkkH8wkpr7AQ8lCRrCxUvv6MS1Xz6f9YsmtuHOgVeJlpAQZGv3iV28QkURQaQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVRiQbWfzs+dojOrDFAYKVvSoLn6eyLFQuuJCGynwGakl72Z+J/XTUx45adMxomhkiwWhQlHJkKz39GAKUoMn1iCiWL2VkRGWGFibEIFG4K3/PIqaVUr3kWldl8r1W+yOPJwAqdQBg8uoQ530IAmEBjDM7zCmxM7L86787FozTnZzDH8gfP5A0aujuM=</latexit>

A(2) …



Commuting case

<latexit sha1_base64="Gyy6SEguI8XxPNcyGJt9mLTZUPI=">AAAB+HicbVBNT8JAEJ36ifhB1aOXjcQEL6Q1RD0SvXBEIx8JVLJdFtiw3Ta7WxOs/BIvHjTGqz/Fm//GLfSg4EsmeXlvJjPz/IgzpR3n21pZXVvf2Mxt5bd3dvcK9v5BU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++Dr1Ww9UKhaKOz2JqBfgoWADRrA2Us8uPN3e81LttCuxGHKa79lFp+zMgJaJm5EiZKj37K9uPyRxQIUmHCvVcZ1IewmWmhFOp/lurGiEyRgPacdQgQOqvGR2+BSdGKWPBqE0JTSaqb8nEhwoNQl80xlgPVKLXir+53ViPbj0EiaiWFNB5osGMUc6RGkKqM8kJZpPDMFEMnMrIiMsMdEmqzQEd/HlZdI8K7vn5cpNpVi9yuLIwREcQwlcuIAq1KAODSAQwzO8wpv1aL1Y79bHvHXFymYO4Q+szx+BnZJa</latexit>

|Rl(H)i

<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control-Pauli Decoding
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

can be prepared efficiently 
<latexit sha1_base64="Esk3FTqFSyG9rj6XrFGxoLhurqc=">AAAB9XicbVBNT8JAEJ36ifiFevTSSEzwQlpD1CPRC0c08pFAIdtlgA3bbbO71ZDK//DiQWO8+l+8+W9coAcFXzLJy3szmZnnR5wp7Tjf1srq2vrGZmYru72zu7efOzisqzCWFGs05KFs+kQhZwJrmmmOzUgiCXyODX90M/UbDygVC8W9HkfoBWQgWJ9Roo3Uebrr8ELlrC2JGHDs5vJO0ZnBXiZuSvKQotrNfbV7IY0DFJpyolTLdSLtJURqRjlOsu1YYUToiAywZaggASovmV09sU+N0rP7oTQltD1Tf08kJFBqHPimMyB6qBa9qfif14p1/8pLmIhijYLOF/VjbuvQnkZg95hEqvnYEEIlM7fadEgkodoElTUhuIsvL5P6edG9KJZuS/nydRpHBo7hBArgwiWUoQJVqAEFCc/wCm/Wo/VivVsf89YVK505gj+wPn8A0K2SFQ==</latexit>

|Rl(H)i + Efficient decoding

Efficiently prepare 
<latexit sha1_base64="HfoUtRBFCUZ3i2BWMQHP+hZnEqc=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLzlGMA9JljA7mSRD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8N/NbT1QbpuSDncQ0FHgo2YARbJ302NUj1auXahe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZwE6ZMxomlkiwWDRKOrEKz71GfaUosnziCiWbuVkRGWGNiXUZ5F0Kw/PIqaV6Wg6ty5b5SrN5mceTgFM6gBAFcQxVqUIcGEBDwDK/w5mnvxXv3Phata142cwJ/4H3+ANe7j8o=</latexit>

⇢P (H)



Commuting case

<latexit sha1_base64="Gyy6SEguI8XxPNcyGJt9mLTZUPI=">AAAB+HicbVBNT8JAEJ36ifhB1aOXjcQEL6Q1RD0SvXBEIx8JVLJdFtiw3Ta7WxOs/BIvHjTGqz/Fm//GLfSg4EsmeXlvJjPz/IgzpR3n21pZXVvf2Mxt5bd3dvcK9v5BU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++Dr1Ww9UKhaKOz2JqBfgoWADRrA2Us8uPN3e81LttCuxGHKa79lFp+zMgJaJm5EiZKj37K9uPyRxQIUmHCvVcZ1IewmWmhFOp/lurGiEyRgPacdQgQOqvGR2+BSdGKWPBqE0JTSaqb8nEhwoNQl80xlgPVKLXir+53ViPbj0EiaiWFNB5osGMUc6RGkKqM8kJZpPDMFEMnMrIiMsMdEmqzQEd/HlZdI8K7vn5cpNpVi9yuLIwREcQwlcuIAq1KAODSAQwzO8wpv1aL1Y79bHvHXFymYO4Q+szx+BnZJa</latexit>

|Rl(H)i

<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control-Pauli Decoding 
(Imperfect)

<latexit sha1_base64="XfzWlKhoQyaoQycYxgFLzsRPE0o=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosuumygn1AE8NkOmmHTmbCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFldW98obpa2tnd29+z9g7YSqcSkhQUTshsiRRjlpKWpZqSbSILikJFOOLqZ+p0HIhUV/E6PE+LHaMBpRDHSRgrsI08OxX3mkURRJvgkaFYaZ4FddqrODHCZuDkpgxzNwP7y+gKnMeEaM6RUz3US7WdIaooZmZS8VJEE4REakJ6hHMVE+dns+gk8NUofRkKa4hrO1N8TGYqVGseh6YyRHqpFbyr+5/VSHV35GeVJqgnH80VRyqAWcBoF7FNJsGZjQxCW1NwK8RBJhLUJrGRCcBdfXibt86p7Ua3d1sr16zyOIjgGJ6ACXHAJ6qABmqAFMHgEz+AVvFlP1ov1bn3MWwtWPnMI/sD6/AE8Y5UV</latexit>

⇢
✏
P (H)

Imperfect Decoding:
<latexit sha1_base64="0Tqc33QynXsZ6SAKWIPBHaKVcmk=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GIheFOglqG2FhGMB+Qi2FvM0mW7N2tu3vCEdPY+FdsLBSx9T/Y+W/cS67QxAcDj/dmmJnnCc6Utu1va2FxaXllNbOWXd/Y3NrO7ezWVRhJCjUa8lA2PaKAswBqmmkOTSGB+B6Hhje8TPzGPUjFwuBGxwLaPukHrMco0Ubq5A5EIX6o3Lo6FDg+dvtwh50TF4RiPLHzdtGeAM8TJyV5lKLayX253ZBGPgSacqJUy7GFbo+I1IxyGGfdSIEgdEj60DI0ID6o9mjyxRgfGaWLe6E0FWg8UX9PjIivVOx7ptMneqBmvUT8z2tFunfRHrFARBoCOl3UizjWIU4iwV0mgWoeG0KoZOZWTAdEEqpNcFkTgjP78jypnxads2LpupQvV9I4MmgfHaICctA5KqMrVEU1RNEjekav6M16sl6sd+tj2rpgpTN76A+szx9S75fX</latexit>

p(y|B>y) � 1� ✏

<latexit sha1_base64="ktKOXBBNuM4btIes/CfWqKCQl6Y=">AAACInicbVDLSgMxFM34rPVVdekmWARdWGZK8bEruumygrWFTh0y6R0bzCTTJCOUab/Fjb/ixoWirgQ/xrR24etA4HDOudzcEyacaeO6787M7Nz8wmJuKb+8srq2XtjYvNQyVRQaVHKpWiHRwJmAhmGGQytRQOKQQzO8ORv7zVtQmklxYQYJdGJyLVjEKDFWCgon/tBXPXmV+ZBoxqUYBfW92v7BWJwwfxh4Poc+Lvu6r8y3XKHoltwJ8F/iTUkRTVEPCq9+V9I0BmEoJ1q3PTcxnYwowyiHUd5PNSSE3pBraFsqSAy6k01OHOFdq3RxJJV9wuCJ+n0iI7HWgzi0yZiYnv7tjcX/vHZqouNOxkSSGhD0a1GUcmwkHveFu0wBNXxgCaGK2b9i2iOKUGNbzdsSvN8n/yWX5ZJ3WKqcV4rV02kdObSNdtAe8tARqqIaqqMGougOPaAn9OzcO4/Oi/P2FZ1xpjNb6Aecj0963aRF</latexit>

k⇢✏P (H)� ⇢P (H)k1  2
p
✏ (Robustness to imperfect decoding)

<latexit sha1_base64="Df2e0s4aPrF8FWRmJLMLrVHP1LQ="></latexit>

D(l,✏)
H

|yi|B>yi =
X

y0

q
p(y0|B>y)|y � y0i|B>yi, 8|y|  l



Noncommuting case
We need  introduce the commutation graph based on the commute and anti-commute relations of the Pauli operators

E.g.
<latexit sha1_base64="b0nqu33mqzh6a704IqLR/OnJqOc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh6LXjxWsB+0XZZsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38789hNVmknxYCYJ9WM8FCxiBBsrtbqB1w1qQbniVt050CrxclKBHI2g/NUfSJLGVBjCsdY9z02Mn2FlGOF0WuqnmiaYjPGQ9iwVOKbaz+bXTtGZVQYoksqWMGiu/p7IcKz1JA5tZ4zNSC97M/E/r5ea6NrPmEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnVqt5l9eL+olK/yeMowgmcwjl4cAV1uIMGNIHAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+3tI6U</latexit>

Z1Z2

<latexit sha1_base64="GbEjwHkYyp0bjI+RIhkiVbJUs9k=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiUY9ELx4xkY8Am023dKHSbTdt14QQ/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dnJr6xubW/ntws7u3v5B8fCoqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObmd+64kqzaR4MOOE+jEeCBYxgo2Vmp2g0gkugmLJLbtzoFXiZaQEGepB8avXlySNqTCEY627npsYf4KVYYTTaaGXappgMsID2rVU4JhqfzK/dorOrNJHkVS2hEFz9ffEBMdaj+PQdsbYDPWyNxP/87qpia79CRNJaqggi0VRypGRaPY66jNFieFjSzBRzN6KyBArTIwNqGBD8JZfXiXNStm7LFfvq6XaTRZHHk7gFM7BgyuowR3UoQEEHuEZXuHNkc6L8+58LFpzTjZzDH/gfP4Aur+Olg==</latexit>

Z2Z3

<latexit sha1_base64="WJePRISR2/d2BKomVhi4F99FYic=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xf6tX654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/fU42K</latexit>

X2

<latexit sha1_base64="6/E10qtEj0uRcFMbCMEzZiwU2Qc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCUChJLepGKLrpsoJ90DaEyXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNS2fa3kVlZXVvfyG7mtrZ3dvfM/YOGjBKBSR1HLBItH0nCKCd1RRUjrVgQFPqMNP3h7dRvPhAhacTv1Sgmboj6nAYUI6UlzzyqXrc9p+2VCrra3nmh3/JKnpm3i/YM1jJxUpKHFDXP/Or2IpyEhCvMkJQdx46VO0ZCUczIJNdNJIkRHqI+6WjKUUikO55dP7FOtdKzgkjo4sqaqb8nxiiUchT6ujNEaiAXvan4n9dJVHDljimPE0U4ni8KEmapyJpGYfWoIFixkSYIC6pvtfAACYSVDiynQ3AWX14mjVLRuSiW78r5yk0aRxaO4QTOwIFLqEAValAHDI/wDK/wZjwZL8a78TFvzRjpzCH8gfH5A3vOk1M=</latexit>

H = Z1Z2 + Z2Z3 + gX2

<latexit sha1_base64="GDDE69ga4BO7+BoS4ucVUKXs8Vk=">AAACGnicbZDLSsNAFIYnXmu9RV26GSyCUClJKeqmUHTTZQV7oW0Mk+mkHTqZhJmJUEKew42v4saFIu7EjW/jNO1CWw8MfPz/OZw5vxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N76Z+u0HIiQN+Z2aRMQJ0JBTn2KktOSadr3al3Fwn5R56ia0aqew69KuxqKdFoeZx2dGx03KND13zYJVsrKCy2DPoQDm1XDNz/4gxHFAuMIMSdmzrUg5CRKKYkbSfD+WJEJ4jIakp5GjgEgnyU5L4alWBtAPhX5cwUz9PZGgQMpJ4OnOAKmRXPSm4n9eL1b+lZNQHsWKcDxb5McMqhBOc4IDKghWbKIBYUH1XyEeIYGw0mnmdQj24snL0CqX7ItS5bZSqF3P48iBY3ACzoANLkEN1EEDNAEGj+AZvII348l4Md6Nj1nrijGfOQJ/yvj6AT8VoGM=</latexit>

H =
2nX

i=1

ZiZi+1 + g

nX

i=1

X2i,



Noncommuting case

In the noncommuting case, the reference state is quite complicated

However, we can still express it into an MPS, and time complexity for preparation is  
<latexit sha1_base64="lY510A/ZpmV9Kyyc1r7pq+CgTxI=">AAACFnicbVDLSgNBEJz1GeMr6tHLYhCSg2FXgnoMevEiRjAPyIYwO+kkQ2Z3lpleSVjyFV78FS8eFPEq3vwbJ4+DJhY0FFXddHf5keAaHefbWlpeWV1bT22kN7e2d3Yze/tVLWPFoMKkkKruUw2Ch1BBjgLqkQIa+AJqfv9q7NceQGkuw3scRtAMaDfkHc4oGqmVObnNBR5rS/QQBphEUgxHOZGfSjCIcl5AsceoSG5G+Xwrk3UKzgT2InFnJEtmKLcyX15bsjiAEJmgWjdcJ8JmQhVyJmCU9mINEWV92oWGoSENQDeTyVsj+9gobbsjlakQ7Yn6eyKhgdbDwDed4yP1vDcW//MaMXYumgkPoxghZNNFnVjYKO1xRnabK2AohoZQpri51WY9qihDk2TahODOv7xIqqcF96xQvCtmS5ezOFLkkByRHHHJOSmRa1ImFcLII3kmr+TNerJerHfrY9q6ZM1mDsgfWJ8/j3Cfng==</latexit>

O(m · poly(l) · exp(M))
<latexit sha1_base64="FaQ/YgruW6qFxreH2RpA7RdkDYE="></latexit>

M : maximal size of the connected components in the commutation graph of H

<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control-Pauli Decoding
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="VlX9j9Y9wxu51PHUL3Aok5R1dtU=">AAAB+nicbVBNT8JAEJ36ifhV9OhlIzFBD6Q1RD0SvXBEIx8J1Ga7LLBhu212txpS+ClePGiMV3+JN/+NLfSg4EsmeXlvJjPzvJAzpS3r21hZXVvf2Mxt5bd3dvf2zcJBUwWRJLRBAh7ItocV5UzQhmaa03YoKfY9Tlve6Cb1W49UKhaIez0OqePjgWB9RrBOJNcsTO4euHtWqp12JRYDTvOuWbTK1gxomdgZKUKGumt+dXsBiXwqNOFYqY5thdqJsdSMcDrNdyNFQ0xGeEA7CRXYp8qJZ6dP0Umi9FA/kEkJjWbq74kY+0qNfS/p9LEeqkUvFf/zOpHuXzkxE2GkqSDzRf2IIx2gNAfUY5ISzccJwUSy5FZEhlhiopO00hDsxZeXSfO8bF+UK7eVYvU6iyMHR3AMJbDhEqpQgzo0gMATPMMrvBkT48V4Nz7mrStGNnMIf2B8/gClApL3</latexit>

|Rl
⇤(H)i



Noncommuting case

For example, 

<latexit sha1_base64="GDDE69ga4BO7+BoS4ucVUKXs8Vk=">AAACGnicbZDLSsNAFIYnXmu9RV26GSyCUClJKeqmUHTTZQV7oW0Mk+mkHTqZhJmJUEKew42v4saFIu7EjW/jNO1CWw8MfPz/OZw5vxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N76Z+u0HIiQN+Z2aRMQJ0JBTn2KktOSadr3al3Fwn5R56ia0aqew69KuxqKdFoeZx2dGx03KND13zYJVsrKCy2DPoQDm1XDNz/4gxHFAuMIMSdmzrUg5CRKKYkbSfD+WJEJ4jIakp5GjgEgnyU5L4alWBtAPhX5cwUz9PZGgQMpJ4OnOAKmRXPSm4n9eL1b+lZNQHsWKcDxb5McMqhBOc4IDKghWbKIBYUH1XyEeIYGw0mnmdQj24snL0CqX7ItS5bZSqF3P48iBY3ACzoANLkEN1EEDNAEGj+AZvII348l4Md6Nj1nrijGfOQJ/yvj6AT8VoGM=</latexit>

H =
2nX

i=1

ZiZi+1 + g

nX

i=1

X2i,

In this example, the maximal size of the connected components is 3, i.e., 
<latexit sha1_base64="AyrZLUTc5autUuRVfSYdbeFJtWs=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRa1I1QdONGqGAf0IYymU7aoZNJnJkUSsh3uHGhiFs/xp1/46TNQlsPDBzOuZd75ngRZ0rb9rdVWFldW98obpa2tnd298r7By0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+PbzG9PqFQsFI96GlE3wEPBfEawNpLbC7AeEcyT+/T6vF+u2FV7BrRMnJxUIEejX/7qDUISB1RowrFSXceOtJtgqRnhNC31YkUjTMZ4SLuGChxQ5Saz0Ck6McoA+aE0T2g0U39vJDhQahp4ZjILqRa9TPzP68bav3ITJqJYU0Hmh/yYIx2irAE0YJISzaeGYCKZyYrICEtMtOmpZEpwFr+8TFpnVeeiWnuoVeo3eR1FOIJjOAUHLqEOd9CAJhB4gmd4hTdrYr1Y79bHfLRg5TuH8AfW5w+CbJHw</latexit>

M = 3

So the time complexity to prepare  
<latexit sha1_base64="yWRf0OAlVhwE3uHPRN+dxhB3Uso=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWob2URIp6LHrxZgX7AU0pm+2mXbrJht2JGEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPizhTYNvfRmFldW19o7hZ2tre2d0z9w/aSsSS0BYRXMiuhxXlLKQtYMBpN5IUBx6nHW9yPfU7D1QqJsJ7SCLaD/AoZD4jGLQ0MI9uK4FLhgJcoI+QRoInWYVXqwOzbNfsGaxl4uSkjHI0B+aXOxQkDmgIhGOleo4dQT/FEhjhNCu5saIRJhM8oj1NQxxQ1U9nD2TWqVaGli+krhCsmfp7IsWBUkng6c4Aw1gtelPxP68Xg3/ZT1kYxUBDMl/kx9wCYU3TsIZMUgI80QQTyfStFhljiQnozEo6BGfx5WXSPqs557X6Xb3cuMrjKKJjdIIqyEEXqIFuUBO1EEEZekav6M14Ml6Md+Nj3low8plD9AfG5w9h05ZH</latexit>

O(m · poly(l))
<latexit sha1_base64="VlX9j9Y9wxu51PHUL3Aok5R1dtU=">AAAB+nicbVBNT8JAEJ36ifhV9OhlIzFBD6Q1RD0SvXBEIx8J1Ga7LLBhu212txpS+ClePGiMV3+JN/+NLfSg4EsmeXlvJjPzvJAzpS3r21hZXVvf2Mxt5bd3dvf2zcJBUwWRJLRBAh7ItocV5UzQhmaa03YoKfY9Tlve6Cb1W49UKhaIez0OqePjgWB9RrBOJNcsTO4euHtWqp12JRYDTvOuWbTK1gxomdgZKUKGumt+dXsBiXwqNOFYqY5thdqJsdSMcDrNdyNFQ0xGeEA7CRXYp8qJZ6dP0Umi9FA/kEkJjWbq74kY+0qNfS/p9LEeqkUvFf/zOpHuXzkxE2GkqSDzRf2IIx2gNAfUY5ISzccJwUSy5FZEhlhiopO00hDsxZeXSfO8bF+UK7eVYvU6iyMHR3AMJbDhEqpQgzo0gMATPMMrvBkT48V4Nz7mrStGNnMIf2B8/gClApL3</latexit>

|Rl
⇤(H)i is

<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control-Pauli Decoding
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="VlX9j9Y9wxu51PHUL3Aok5R1dtU=">AAAB+nicbVBNT8JAEJ36ifhV9OhlIzFBD6Q1RD0SvXBEIx8J1Ga7LLBhu212txpS+ClePGiMV3+JN/+NLfSg4EsmeXlvJjPzvJAzpS3r21hZXVvf2Mxt5bd3dvf2zcJBUwWRJLRBAh7ItocV5UzQhmaa03YoKfY9Tlve6Cb1W49UKhaIez0OqePjgWB9RrBOJNcsTO4euHtWqp12JRYDTvOuWbTK1gxomdgZKUKGumt+dXsBiXwqNOFYqY5thdqJsdSMcDrNdyNFQ0xGeEA7CRXYp8qJZ6dP0Umi9FA/kEkJjWbq74kY+0qNfS/p9LEeqkUvFf/zOpHuXzkxE2GkqSDzRf2IIx2gNAfUY5ISzccJwUSy5FZEhlhiopO00hDsxZeXSfO8bF+UK7eVYvU6iyMHR3AMJbDhEqpQgzo0gMATPMMrvBkT48V4Nz7mrStGNnMIf2B8/gClApL3</latexit>

|Rl
⇤(H)i

Details in [Bu, Gu, Li, arXiv:2601.18773] 



Application: approximating Gibbs state

If the degree l is large enough, then output state   

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]
is close to the Gibbs state 

<latexit sha1_base64="3+Zonv8B9uco1tapUOtL6LghqQQ=">AAACFXicbVDJSgNBEO1xjXGLevTSGAQPGmYkqMeglxwjZIPMGHo6NdrYs9BdI4ZhfsKLv+LFgyJeBW/+jZ3lEJcHBY/3qqiq5ydSaLTtL2tufmFxabmwUlxdW9/YLG1tt3WcKg4tHstYdX2mQYoIWihQQjdRwEJfQse/vRj5nTtQWsRRE4cJeCG7jkQgOEMj9UuHbqAYz+AqO3J9QEbreZ65CPeYNVXem9W9vF8q2xV7DPqXOFNSJlM0+qVPdxDzNIQIuWRa9xw7QS9jCgWXkBfdVEPC+C27hp6hEQtBe9n4q5zuG2VAg1iZipCO1dmJjIVaD0PfdIYMb/RvbyT+5/VSDM68TERJihDxyaIglRRjOoqIDoQCjnJoCONKmFspv2EmJjRBFk0Izu+X/5L2ccU5qVQvq+Xa+TSOAtkle+SAOOSU1EidNEiLcPJAnsgLebUerWfrzXqftM5Z05kd8gPWxzc1qp97</latexit>

e��H

Tr[e��H ]

<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control-Pauli Decoding
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="VlX9j9Y9wxu51PHUL3Aok5R1dtU=">AAAB+nicbVBNT8JAEJ36ifhV9OhlIzFBD6Q1RD0SvXBEIx8J1Ga7LLBhu212txpS+ClePGiMV3+JN/+NLfSg4EsmeXlvJjPzvJAzpS3r21hZXVvf2Mxt5bd3dvf2zcJBUwWRJLRBAh7ItocV5UzQhmaa03YoKfY9Tlve6Cb1W49UKhaIez0OqePjgWB9RrBOJNcsTO4euHtWqp12JRYDTvOuWbTK1gxomdgZKUKGumt+dXsBiXwqNOFYqY5thdqJsdSMcDrNdyNFQ0xGeEA7CRXYp8qJZ6dP0Umi9FA/kEkJjWbq74kY+0qNfS/p9LEeqkUvFf/zOpHuXzkxE2GkqSDzRf2IIx2gNAfUY5ISzccJwUSy5FZEhlhiopO00hDsxZeXSfO8bF+UK7eVYvU6iyMHR3AMJbDhEqpQgzo0gMATPMMrvBkT48V4Nz7mrStGNnMIf2B8/gClApL3</latexit>

|Rl
⇤(H)i



Application: approximating Gibbs state

For example, 
<latexit sha1_base64="GDDE69ga4BO7+BoS4ucVUKXs8Vk=">AAACGnicbZDLSsNAFIYnXmu9RV26GSyCUClJKeqmUHTTZQV7oW0Mk+mkHTqZhJmJUEKew42v4saFIu7EjW/jNO1CWw8MfPz/OZw5vxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N76Z+u0HIiQN+Z2aRMQJ0JBTn2KktOSadr3al3Fwn5R56ia0aqew69KuxqKdFoeZx2dGx03KND13zYJVsrKCy2DPoQDm1XDNz/4gxHFAuMIMSdmzrUg5CRKKYkbSfD+WJEJ4jIakp5GjgEgnyU5L4alWBtAPhX5cwUz9PZGgQMpJ4OnOAKmRXPSm4n9eL1b+lZNQHsWKcDxb5McMqhBOc4IDKghWbKIBYUH1XyEeIYGw0mnmdQj24snL0CqX7ItS5bZSqF3P48iBY3ACzoANLkEN1EEDNAEGj+AZvII348l4Md6Nj1nrijGfOQJ/yvj6AT8VoGM=</latexit>

H =
2nX

i=1

ZiZi+1 + g

nX

i=1

X2i,

<latexit sha1_base64="/LDGtW0PUVvBd9+/iZJuJsJ4xzA=">AAACH3icbVBNS8NAEN34bf2qevSyWASlEpJSqkfRi8cKtgpNKZvtpC5uNmF3IpTYf+LFv+LFgyLirf/G7cdBrQ8GHu/NMDMvTKUw6HlDZ25+YXFpeWW1sLa+sblV3N5pmiTTHBo8kYm+DZkBKRQ0UKCE21QDi0MJN+H9xci/eQBtRKKusZ9CO2Y9JSLBGVqpU6xJGkigvutXguPDSvmx93gUhICMqjL13Fr11PqKBpFmPK8M8qALEtmgUyx5rjcGnSX+lJTIFPVO8SvoJjyLQSGXzJiW76XYzplGwSUMCkFmIGX8nvWgZaliMZh2Pv5vQA+s0qVRom0ppGP150TOYmP6cWg7Y4Z35q83Ev/zWhlGp+1cqDRDUHyyKMokxYSOwqJdoYGj7FvCuBb2VsrvmI0CbaQFG4L/9+VZ0qy4fs2tXlVLZ+fTOFbIHtknh8QnJ+SMXJI6aRBOnsgLeSPvzrPz6nw4n5PWOWc6s0t+wRl+A7EMn8c=</latexit>

l  1.12 (2 + |g|)�n+ 0.648 ln
2

�
we can choose some polynomial P with degree 

<latexit sha1_base64="gXSIDfcRZAOURzme8+c/bB1bjxw=">AAACKHicbVDLSgNBEJz1bXxFPXoZDIIejLsi6k3RS44REhUy6zI76Zghsw9nesWw5nO8+CteRBTJ1S9xEnPwVdBQVHXT3RWmShp03b4zNj4xOTU9M1uYm19YXCour5ybJNMC6iJRib4MuQElY6ijRAWXqQYehQouws7pwL+4BW1kEtewm4If8etYtqTgaKWgeMTumW4nQXWzsrUNV/k2CwE5rfR2GMId5jXda3yXfXYfeEzBDWVNUMiDYsktu0PQv8QbkRIZoRoUX1gzEVkEMQrFjWl4bop+zjVKoaBXYJmBlIsOv4aGpTGPwPj58NEe3bBKk7YSbStGOlS/T+Q8MqYbhbYz4tg2v72B+J/XyLB16OcyTjOEWHwtamWKYkIHqdGm1CBQdS3hQkt7KxVtrrlAm23BhuD9fvkvOd8te/vlvbO90vHJKI4ZskbWySbxyAE5JhVSJXUiyAN5Iq/kzXl0np13p//VOuaMZlbJDzgfnwTBpf4=</latexit>

k⇢P (H)� e
��H

/Tr[e��H ]k1  �

<latexit sha1_base64="vJhJQyiHzwZLOhWo68JOf/NaZ3A="></latexit>

poly(l, n) = poly((2 + |g|)�, ln 1

�
, n)And the total running time is 

<latexit sha1_base64="zzAEKS/1WOzUJDVMXNUn27Abq7s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AInkoiRT2WevFYwX5AG8JmO22XbjZhdyKWWPCvePGgiFd/hzf/jduPg7Y+GHi8N8PMvDARXKPrflu5ldW19Y38ZmFre2d3z94/aOg4VQzqLBaxaoVUg+AS6shRQCtRQKNQQDMcXk/85j0ozWN5h6ME/Ij2Je9xRtFIgX302EF4wKwKQowD2VFU9gUEdtEtuVM4y8SbkyKZoxbYX51uzNIIJDJBtW57boJ+RhVyJmBc6KQaEsqGtA9tQyWNQPvZ9Pyxc2qUrtOLlSmJzlT9PZHRSOtRFJrOiOJAL3oT8T+vnWLvys+4TFIEyWaLeqlwMHYmWThdroChGBlCmeLmVocNqKIMTWIFE4K3+PIyaZyXvItS+bZcrFTnceTJMTkhZ8Qjl6RCbkiN1AkjGXkmr+TNerJerHfrY9aas+Yzh+QPrM8fG/uWPA==</latexit>

|Bellni

Control-Pauli Decoding
<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

<latexit sha1_base64="VlX9j9Y9wxu51PHUL3Aok5R1dtU=">AAAB+nicbVBNT8JAEJ36ifhV9OhlIzFBD6Q1RD0SvXBEIx8J1Ga7LLBhu212txpS+ClePGiMV3+JN/+NLfSg4EsmeXlvJjPzvJAzpS3r21hZXVvf2Mxt5bd3dvf2zcJBUwWRJLRBAh7ItocV5UzQhmaa03YoKfY9Tlve6Cb1W49UKhaIez0OqePjgWB9RrBOJNcsTO4euHtWqp12JRYDTvOuWbTK1gxomdgZKUKGumt+dXsBiXwqNOFYqY5thdqJsdSMcDrNdyNFQ0xGeEA7CRXYp8qJZ6dP0Umi9FA/kEkJjWbq74kY+0qNfS/p9LEeqkUvFf/zOpHuXzkxE2GkqSDzRf2IIx2gNAfUY5ISzccJwUSy5FZEhlhiopO00hDsxZeXSfO8bF+UK7eVYvU6iyMHR3AMJbDhEqpQgzo0gMATPMMrvBkT48V4Nz7mrStGNnMIf2B8/gClApL3</latexit>

|Rl
⇤(H)i



Summary and outlook

In this work, we introduce a quantum algorithm to generate a function calculus on Hamiltonian  
<latexit sha1_base64="x/YIkaVfdjAMHrFBqDHTYbOUsDk="></latexit>

H =
mX

i=1

ciPaulii, ci 2 R, |ci|  1

Future directions:

(2) Other applications

(1) More efficient algorithm for noncommuting case

.


.


.

<latexit sha1_base64="lYXfJohl7o/vidVH6gu9BlTvza0=">AAACE3icbZDLSsNAFIYn9VbrrerSTbAI1UVJSlE3QtFNlxV6gySGyXTSDp1cmDkRS8g7uPFV3LhQxK0bd76N08tCW38Y+PjPOZw5vxdzJsEwvrXcyura+kZ+s7C1vbO7V9w/6MgoEYS2ScQj0fOwpJyFtA0MOO3FguLA47TrjW4m9e49FZJFYQvGMXUCPAiZzwgGZbnFM1sMI7dZbpxe2b7AJJ3gXTVLbaAPkLZEZs0cJ3OLJaNiTKUvgzmHEpqr6Ra/7H5EkoCGQDiW0jKNGJwUC2CE06xgJ5LGmIzwgFoKQxxQ6aTTmzL9RDl93Y+EeiHoU/f3RIoDKceBpzoDDEO5WJuY/9WsBPxLJ2VhnAANyWyRn3AdIn0SkN5nghLgYwWYCKb+qpMhVtGAirGgQjAXT16GTrVinldqt7VS/XoeRx4doWNURia6QHXUQE3URgQ9omf0it60J+1Fe9c+Zq05bT5ziP5I+/wB7A+c8w==</latexit>

⇢P (H) =
P (H)2

Tr[P (H)2]

Hamiltonian

Polynomial P

Reference state preparation 
(MPS)

Classical decoding

+

<latexit sha1_base64="3yAZKXSIHd7PuJ3g0b4+XzxBliM=">AAACHHicbVDLSsNAFJ34tr6qLt0MFsGFlERF3RSKblxWsQ9oaphMpzo4MwkzN2IJ+RA3/oobF4q4cSH4N07TLHwduHA4517uvSeMBTfgup/OxOTU9Mzs3HxpYXFpeaW8utYyUaIpa9JIRLoTEsMEV6wJHATrxJoRGQrWDm9ORn77lmnDI3UBw5j1JLlSfMApASsF5b3Tmm8SeSmDlNe8DNOA+8DuIG2QRPAs4Du5xBX2JYHrMEzPs6BccatuDvyXeAWpoAKNoPzu9yOaSKaACmJM13Nj6KVEA6eCZSU/MSwm9IZcsa6likhmemn+XIa3rNLHg0jbUoBz9ftESqQxQxnaztGF5rc3Ev/zugkMjnopV3ECTNHxokEiMER4lBTuc80oiKElhGpub8X0mmhCweZZsiF4v1/+S1q7Ve+gun+2X6kfF3HMoQ20ibaRhw5RHZ2iBmoiiu7RI3pGL86D8+S8Om/j1gmnmFlHP+B8fAHlb6Hm</latexit>

H =
mX

i=1

ciPaulii, ci 2 R
Quantum subroutine

+



Thank You!




