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Map Hamiltonians of physical systems to qubit Hamiltonians H = ∑
Pi∈S

αiPi



Pauli Hamiltonians

Peruzzo, Alberto, et al. "A variational eigenvalue 
solver on a photonic quantum processor."  
Nature communications 5.1 (2014): 1-7.

Two problems:  

A) Individual  may be hard to represent (curse of dimensionality). 
B) Minimum state might be hard to find (e.g. classical spin glasses). 

|ψ( ⃗θ)⟩

Goal: Find ground state energy of: H = ∑
Pi∈S

αiPi E0 = min
⃗θ

⟨ψ( ⃗θ) |H |ψ( ⃗θ)⟩

Generalized Pauli operators ,    e.g.   Pi =
n

⨂
k=1

σk
i Pi = 1 ⊗ Y ⊗ X… ⊗ 1 ⊗ Z



The Worst Eigensolver

Peruzzo, Alberto, et al. "A variational eigenvalue 
solver on a photonic quantum processor."  
Nature communications 5.1 (2014): 1-7.

Goal: Find ground state energy of: ,        

,    . 

So just assign , probabilistically: 

 

Minimize over P. 
   This is a terrible idea - but why?    
   

H = ∑
Pi∈S

αiPi

P2
i = 1 spec(Pi) = {−1, + 1}

Pi ↦ (−1)bi bi ∈ {0,1}
P(b1, b2, …, b|S|)



Obstacle: uncertainty principle

Phase points not allowed! Cannot assign definite values to non-commuting 
operators. 


Solution: impose restrictions via probability distribution (“quasi-quantized model”)

Spekkens, Robert W. Quantum Theory: Informational Foundations and Foils (2016): 83-135.
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Obstacle: Contextuality

William M. Kirby and Peter J. Love, Phys. Rev. A 102, 032418 (2020)

Contextuality. Can assign values a,b to A and B if [A,B]=0. 


Peres: if f(A,B)=0 for some f, then the assignments should also ensure 
f(a,b)=c


If  then assigning  and  implies assignment of 


Can get contradictions in the implied assignments by choosing different 
commuting sets - different contexts!


[Pa, Pb] = 0 Pa Pb PaPb



Example: Kochen-Specker paradox.

William M. Kirby and Peter J. Love, Phys. Rev. A 102, 032418 (2020)

Spin 1 particle


              ,   ,   


For spin-1 .


And we have a constraint that   


Assignments 0,1 to Sx, Sy, Sz must be 011, 101 or 110. Is this possible?

S2
x =

1
2 0 1

2

0 1 0
1
2 0 1

2

S2
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Example: Kochen-Specker paradox.

William M. Kirby and Peter J. Love, Phys. Rev. A 102, 032418 (2020)

Assignments 0,1 to Sx, Sy, Sz must be 011, 101 or 110. Is this possible?

Context 1 Context 2

I need to decide for every context a consistent assignment 011: red red blue.



Example: Kochen-Specker paradox.

William M. Kirby and Peter J. Love, Phys. Rev. A 102, 032418 (2020)

I need to decide for every context a consistent assignment 011: red red blue.

Red because orthogonal to blue

New orthogonal red pair New blue



Example: Peres-Mermin Square

𝒁𝑰 𝑰𝒁
𝒁𝒁

𝑿𝑰 𝑰𝑿
𝑿𝑿

−𝒀 𝒀

𝒁𝑰 𝑰𝑿
𝑿𝒁

𝑿𝑰 𝑰𝒁
𝒁𝑿

𝒀 𝒀

Given a joint value assignment to S we find that -YY and YY are assigned the 
same value by two different contexts 

Contradiction: S is contextual

S = {IX, XI, IZ, ZI}

From A, B, [A,B]=0, can infer AB


Can infer AB from multiple 
contexts.



Obstacle: Contextuality

𝒁𝑰 𝑰𝒁
𝒁𝒁

𝑿𝑰 𝑰𝑿
𝑿𝑿

−𝒀 𝒀

𝒁𝑰 𝑰𝑿
𝑿𝒁

𝑿𝑰 𝑰𝒁
𝒁𝑿

𝒀 𝒀S = {IX, XI, IZ, ZI}

From A, B, [A,B]=0, can infer AB


Can infer AB from multiple 
contexts.

Peres: if f(A,B)=C for some f, then the assignments should also ensure f(a,b)=c


Contextuality: inferred values depend on context - grouping into commuting sets



Variational Quantum Eigensolver

Peruzzo, Alberto, et al. "A variational eigenvalue 
solver on a photonic quantum processor."  
Nature communications 5.1 (2014): 1-7.

Goal: Find ground state energy of: H = ∑
Pi∈S

αiPi

On a classical computer minimize: 

•  is prepared on quantum computer 

•  is measured on quantum 
computer 

|ψ( ⃗θ)⟩
⟨ψ( ⃗θ) |Pi |ψ( ⃗θ)⟩

E0 ≤ ⟨ψ( ⃗θ) |H |ψ( ⃗θ)⟩ = ∑
Pi∈S

αi⟨ψ( ⃗θ) |Pi |ψ( ⃗θ)⟩



Classical model?

• Classically measurements reveal values of observables that existed before  
measurement (realism).


• Must be able to assign +/- values  to observables in S without contradiction

Goal: Find set S such that we can create a classical model

William M. Kirby and Peter J. Love, Phys. Rev. A 102, 032418 (2020)

H = ∑
Pi∈S

αiPi

When  is a VQE experiment a test of fundamental quantum mechanics


For any set of Pauli operators, when can we construct a Peres-Mermin type 
contradiction?



Generalizing Peres-Mermin
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Determining Trees

-1

S

For a set of Pauli operators S its closure under 
inference  is the set of operators that can be 
formed from the Jordan Product:


S̄

P ⋅ Q =
PQ + QP

2



Generalizing Peres-Mermin

2

in Fig. 1. In the second step, C2 = B = XI, C 0

2 = IZ,
and ⌧2 is simply the node IZ, since IZ has no children in
⌧ . Thus T2 is a determining tree for �C2 = �XI, given
by the final tree in Fig. 1. Notice that each operator ap-
pears twice as a leaf except for XI itself, so we have a
contradiction, as expected.

FIG. 1. Example of Corollary 3.1: steps to construct a con-
textual determining tree for �XI, beginning with the Peres-
Mermin square trees in Fig. 1 in the main text. Note that
�XI is the root of T2, the final tree, and {XI} is the deter-
mining set, since every other leaf appears twice.

Corollary 3.2. A set S of Pauli operators is contextual
if and only if there exists a determining tree for �1 (the
identity of appropriate dimension) over S, whose deter-
mining set is empty. (As noted in Definition 2 in the
main text, if a determining set for an operator is empty
it means that every outcome for that operator is 1, which
in this case is an immediate contradiction.)

Proof. “Only if”: Let S be contextual. Then by Defini-
tion 3 in the main text, there exists some Pauli A and
determining trees ⌧ and ⌧

0 for A and �A (respectively)
over S, such that the determining sets of ⌧ and ⌧

0 are
identical. We construct a determining tree ⌧ 00 whose root
is �1 with children A and �A, and ⌧ and ⌧

0 attached to
these. Since the determining sets of ⌧ and ⌧

0 are iden-
tical, each element in them appears an even number of
times as a leaf in ⌧

00, and is thus not in its determining
set. Leaves of ⌧ and ⌧

0 that are not in their determin-
ing sets are also not in the determining set of ⌧ 00, so the
determining set of ⌧ 00 must be empty.

“If”: Suppose there exists a determining tree ⌧ for �1
over S whose determining set is empty. By Lemma 1.1,
we may take ⌧ to be a binary tree. Then the children of
�1 in ⌧ must be A and �A for some A 2 S. Every leaf in

⌧ is therefore either a leaf in the subtree ⌧
0 whose root is

A or a leaf in the subtree ⌧ 00 whose root is �A. Since the
determining set of ⌧ is empty, each leaf L in ⌧ appears
an even number of times. Therefore, L either appears
an even number of times in both ⌧

0 and ⌧
00 (in which

case it is in neither determining set), or an odd number
of times in both (in which case it is in both determining
sets). Since this argument applies to every leaf in ⌧ , the
determining sets of ⌧ 0 and ⌧

00 must be identical, and thus
S is contextual, by Definition 3 in the main text.

FIG. 2. Compatibility graphs for contextual sets of four Pauli
operators. (This figure also appears as Fig. 2 in the main
text.)

A B

C D

A B

C D

A B

C D

Theorem 1. A set of four Pauli operators {A,B,C,D}

is contextual if and only if its compatibility graph has one
of the forms given in Fig. 2 (up to permutations of the
operators).

Proof. “If”: To show that any set of four Pauli operators
whose compatibility graph has one of the forms Fig. 2 is
contextual, we construct a determining tree for �1 with
empty determining set over a set of Pauli operators with
each form. The three compatibility graphs and their cor-
responding trees are shown in Fig. 3 to 5. Using the
compatibility graphs, one can easily validate the deter-
mining trees, and thus each of the corresponding sets of
Pauli operators is contextual.

“Only if” will follow directly from the “Only if” impli-
cation in Theorem 2.

We now prove two lemmas that will be useful in the
proof of Theorem 2.

Lemma 2.1. Suppose T is a set of Pauli operators and
⌧ is a determining tree over T with root R. If any Pauli
operator F (which need not be in T ) commutes with every
operator in T , and F is a node in ⌧ , we may construct a
new determining tree ⌧

0 over T with root R, in which F

only appears as a child of R.

Proof. Suppose F is a node in ⌧ that is not a child of
R. Then there is a subtree of ⌧ with depth 3 (contains 3
layers), containing F as a leaf (assume ⌧ has been written
in binary form). This subtree is the left tree in Fig. 6: F ,
⌧1, ⌧2, and ⌧3 may themselves be the roots of subtrees.
Since F commutes with all operators in T , it commutes
with any product of them, so it commutes with ⌧2⌧3.
Thus since F ⌧1 commutes with ⌧2⌧3 (they are children
of the same parent), ⌧1 must commute with ⌧2⌧3 as well.
So, we can replace the whole subtree by the right tree
in Fig. 6. Note that F is now a child of the root in this

A set of four Pauli operators is 
contextual IFF it its compatibility graph 
is one of: 

[A,B]=
[A,C]=
0

[A,B]=
[A,C]=
[C,D]=
0

[A,B]=
[A,C]=
[C,D]=
[B,D]=
0



Fruit of forbidden trees I
3

FIG. 3. First compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.
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FIG. 4. Second compatibility graph in Fig. 2, together with
its contextual determining tree. Note that each leaf in the
tree appears twice, so the determining set is empty.

subtree. By repeating transformations of this form, we
may move all instances of F up until they are children of
R, the root of ⌧ .

Lemma 2.2. If the compatibility graph G for a set of
Pauli operators T is a disjoint union of cliques (complete
subgraphs), then T is noncontextual.

FIG. 5. Third compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 6. Sequence of trees in Lemma 2.1, demonstrating that
since F commutes universally, it may be moved up to become
a child of the root.

Proof. Suppose G is a disjoint union of cliques. Consider
any determining tree over T with empty determining set
and root R. Since we may take the tree to be binary,
and only leaves within the same clique in G commute,
if two leaves have the same parent then they must be
in the same clique. For any particular commuting clique
C, the parent (product) of two operators in C commutes
with every operator in T , since operators not in C anti-
commute with each operator in the product. Therefore,
we may use Lemma 2.1 to move all such parents up until
they are children of R. The resulting tree is the first tree
in Fig. 7, where P1, P2, ..., Pk are parents of pairs of leaves
in same clique. Since these all commute, we may group
them by clique and merge the products within cliques,
obtaining the second tree in Fig. 7, where C1, C2, ..., Cm

are parents of sets of leaves in the same clique, with one
parent per clique (let there be m cliques.) The remaining
subtrees ⌧1 and ⌧2 are the remnants of the subtrees whose
roots were the original children of R. Since all parents
of pairs of leaves in the same clique have been removed

3

FIG. 3. First compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.
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FIG. 4. Second compatibility graph in Fig. 2, together with
its contextual determining tree. Note that each leaf in the
tree appears twice, so the determining set is empty.

subtree. By repeating transformations of this form, we
may move all instances of F up until they are children of
R, the root of ⌧ .

Lemma 2.2. If the compatibility graph G for a set of
Pauli operators T is a disjoint union of cliques (complete
subgraphs), then T is noncontextual.

FIG. 5. Third compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 6. Sequence of trees in Lemma 2.1, demonstrating that
since F commutes universally, it may be moved up to become
a child of the root.

Proof. Suppose G is a disjoint union of cliques. Consider
any determining tree over T with empty determining set
and root R. Since we may take the tree to be binary,
and only leaves within the same clique in G commute,
if two leaves have the same parent then they must be
in the same clique. For any particular commuting clique
C, the parent (product) of two operators in C commutes
with every operator in T , since operators not in C anti-
commute with each operator in the product. Therefore,
we may use Lemma 2.1 to move all such parents up until
they are children of R. The resulting tree is the first tree
in Fig. 7, where P1, P2, ..., Pk are parents of pairs of leaves
in same clique. Since these all commute, we may group
them by clique and merge the products within cliques,
obtaining the second tree in Fig. 7, where C1, C2, ..., Cm

are parents of sets of leaves in the same clique, with one
parent per clique (let there be m cliques.) The remaining
subtrees ⌧1 and ⌧2 are the remnants of the subtrees whose
roots were the original children of R. Since all parents
of pairs of leaves in the same clique have been removed

William M. Kirby and Peter J. Love 
Phys. Rev. Lett. 123, 200501 (2019)

Compatibility Graph
Determining Tree



Fruit of forbidden trees II
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FIG. 3. First compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.
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FIG. 4. Second compatibility graph in Fig. 2, together with
its contextual determining tree. Note that each leaf in the
tree appears twice, so the determining set is empty.

subtree. By repeating transformations of this form, we
may move all instances of F up until they are children of
R, the root of ⌧ .

Lemma 2.2. If the compatibility graph G for a set of
Pauli operators T is a disjoint union of cliques (complete
subgraphs), then T is noncontextual.

FIG. 5. Third compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 6. Sequence of trees in Lemma 2.1, demonstrating that
since F commutes universally, it may be moved up to become
a child of the root.

Proof. Suppose G is a disjoint union of cliques. Consider
any determining tree over T with empty determining set
and root R. Since we may take the tree to be binary,
and only leaves within the same clique in G commute,
if two leaves have the same parent then they must be
in the same clique. For any particular commuting clique
C, the parent (product) of two operators in C commutes
with every operator in T , since operators not in C anti-
commute with each operator in the product. Therefore,
we may use Lemma 2.1 to move all such parents up until
they are children of R. The resulting tree is the first tree
in Fig. 7, where P1, P2, ..., Pk are parents of pairs of leaves
in same clique. Since these all commute, we may group
them by clique and merge the products within cliques,
obtaining the second tree in Fig. 7, where C1, C2, ..., Cm

are parents of sets of leaves in the same clique, with one
parent per clique (let there be m cliques.) The remaining
subtrees ⌧1 and ⌧2 are the remnants of the subtrees whose
roots were the original children of R. Since all parents
of pairs of leaves in the same clique have been removed
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FIG. 3. First compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 4. Second compatibility graph in Fig. 2, together with
its contextual determining tree. Note that each leaf in the
tree appears twice, so the determining set is empty.

subtree. By repeating transformations of this form, we
may move all instances of F up until they are children of
R, the root of ⌧ .

Lemma 2.2. If the compatibility graph G for a set of
Pauli operators T is a disjoint union of cliques (complete
subgraphs), then T is noncontextual.

FIG. 5. Third compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.
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FIG. 6. Sequence of trees in Lemma 2.1, demonstrating that
since F commutes universally, it may be moved up to become
a child of the root.

Proof. Suppose G is a disjoint union of cliques. Consider
any determining tree over T with empty determining set
and root R. Since we may take the tree to be binary,
and only leaves within the same clique in G commute,
if two leaves have the same parent then they must be
in the same clique. For any particular commuting clique
C, the parent (product) of two operators in C commutes
with every operator in T , since operators not in C anti-
commute with each operator in the product. Therefore,
we may use Lemma 2.1 to move all such parents up until
they are children of R. The resulting tree is the first tree
in Fig. 7, where P1, P2, ..., Pk are parents of pairs of leaves
in same clique. Since these all commute, we may group
them by clique and merge the products within cliques,
obtaining the second tree in Fig. 7, where C1, C2, ..., Cm

are parents of sets of leaves in the same clique, with one
parent per clique (let there be m cliques.) The remaining
subtrees ⌧1 and ⌧2 are the remnants of the subtrees whose
roots were the original children of R. Since all parents
of pairs of leaves in the same clique have been removed

William M. Kirby and Peter J. Love 
Phys. Rev. Lett. 123, 200501 (2019)

Compatibility Graph

Determining Tree



Fruit of forbidden trees III

3

FIG. 3. First compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 4. Second compatibility graph in Fig. 2, together with
its contextual determining tree. Note that each leaf in the
tree appears twice, so the determining set is empty.
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subtree. By repeating transformations of this form, we
may move all instances of F up until they are children of
R, the root of ⌧ .

Lemma 2.2. If the compatibility graph G for a set of
Pauli operators T is a disjoint union of cliques (complete
subgraphs), then T is noncontextual.

FIG. 5. Third compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 6. Sequence of trees in Lemma 2.1, demonstrating that
since F commutes universally, it may be moved up to become
a child of the root.

Proof. Suppose G is a disjoint union of cliques. Consider
any determining tree over T with empty determining set
and root R. Since we may take the tree to be binary,
and only leaves within the same clique in G commute,
if two leaves have the same parent then they must be
in the same clique. For any particular commuting clique
C, the parent (product) of two operators in C commutes
with every operator in T , since operators not in C anti-
commute with each operator in the product. Therefore,
we may use Lemma 2.1 to move all such parents up until
they are children of R. The resulting tree is the first tree
in Fig. 7, where P1, P2, ..., Pk are parents of pairs of leaves
in same clique. Since these all commute, we may group
them by clique and merge the products within cliques,
obtaining the second tree in Fig. 7, where C1, C2, ..., Cm

are parents of sets of leaves in the same clique, with one
parent per clique (let there be m cliques.) The remaining
subtrees ⌧1 and ⌧2 are the remnants of the subtrees whose
roots were the original children of R. Since all parents
of pairs of leaves in the same clique have been removed

3

FIG. 3. First compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 4. Second compatibility graph in Fig. 2, together with
its contextual determining tree. Note that each leaf in the
tree appears twice, so the determining set is empty.
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subtree. By repeating transformations of this form, we
may move all instances of F up until they are children of
R, the root of ⌧ .

Lemma 2.2. If the compatibility graph G for a set of
Pauli operators T is a disjoint union of cliques (complete
subgraphs), then T is noncontextual.

FIG. 5. Third compatibility graph in Fig. 2, together with its
contextual determining tree. Note that each leaf in the tree
appears twice, so the determining set is empty.

FIG. 6. Sequence of trees in Lemma 2.1, demonstrating that
since F commutes universally, it may be moved up to become
a child of the root.

Proof. Suppose G is a disjoint union of cliques. Consider
any determining tree over T with empty determining set
and root R. Since we may take the tree to be binary,
and only leaves within the same clique in G commute,
if two leaves have the same parent then they must be
in the same clique. For any particular commuting clique
C, the parent (product) of two operators in C commutes
with every operator in T , since operators not in C anti-
commute with each operator in the product. Therefore,
we may use Lemma 2.1 to move all such parents up until
they are children of R. The resulting tree is the first tree
in Fig. 7, where P1, P2, ..., Pk are parents of pairs of leaves
in same clique. Since these all commute, we may group
them by clique and merge the products within cliques,
obtaining the second tree in Fig. 7, where C1, C2, ..., Cm

are parents of sets of leaves in the same clique, with one
parent per clique (let there be m cliques.) The remaining
subtrees ⌧1 and ⌧2 are the remnants of the subtrees whose
roots were the original children of R. Since all parents
of pairs of leaves in the same clique have been removed

William M. Kirby and Peter J. Love 
Phys. Rev. Lett. 123, 200501 (2019)

Compatibility Graph
Determining Tree



Non-Contextual Pauli Sets

Theorem: A set of Pauli operators S is noncontextual iff commutation is an equivalence 
relation on the set with all globally commuting operators removed.

William M. Kirby and Peter J. Love 
Phys. Rev. Lett. 123, 200501 (2019)

2

in Fig. 1. In the second step, C2 = B = XI, C 0

2 = IZ,
and ⌧2 is simply the node IZ, since IZ has no children in
⌧ . Thus T2 is a determining tree for �C2 = �XI, given
by the final tree in Fig. 1. Notice that each operator ap-
pears twice as a leaf except for XI itself, so we have a
contradiction, as expected.

FIG. 1. Example of Corollary 3.1: steps to construct a con-
textual determining tree for �XI, beginning with the Peres-
Mermin square trees in Fig. 1 in the main text. Note that
�XI is the root of T2, the final tree, and {XI} is the deter-
mining set, since every other leaf appears twice.

Corollary 3.2. A set S of Pauli operators is contextual
if and only if there exists a determining tree for �1 (the
identity of appropriate dimension) over S, whose deter-
mining set is empty. (As noted in Definition 2 in the
main text, if a determining set for an operator is empty
it means that every outcome for that operator is 1, which
in this case is an immediate contradiction.)

Proof. “Only if”: Let S be contextual. Then by Defini-
tion 3 in the main text, there exists some Pauli A and
determining trees ⌧ and ⌧

0 for A and �A (respectively)
over S, such that the determining sets of ⌧ and ⌧

0 are
identical. We construct a determining tree ⌧ 00 whose root
is �1 with children A and �A, and ⌧ and ⌧

0 attached to
these. Since the determining sets of ⌧ and ⌧

0 are iden-
tical, each element in them appears an even number of
times as a leaf in ⌧

00, and is thus not in its determining
set. Leaves of ⌧ and ⌧

0 that are not in their determin-
ing sets are also not in the determining set of ⌧ 00, so the
determining set of ⌧ 00 must be empty.

“If”: Suppose there exists a determining tree ⌧ for �1
over S whose determining set is empty. By Lemma 1.1,
we may take ⌧ to be a binary tree. Then the children of
�1 in ⌧ must be A and �A for some A 2 S. Every leaf in

⌧ is therefore either a leaf in the subtree ⌧
0 whose root is

A or a leaf in the subtree ⌧ 00 whose root is �A. Since the
determining set of ⌧ is empty, each leaf L in ⌧ appears
an even number of times. Therefore, L either appears
an even number of times in both ⌧

0 and ⌧
00 (in which

case it is in neither determining set), or an odd number
of times in both (in which case it is in both determining
sets). Since this argument applies to every leaf in ⌧ , the
determining sets of ⌧ 0 and ⌧

00 must be identical, and thus
S is contextual, by Definition 3 in the main text.

FIG. 2. Compatibility graphs for contextual sets of four Pauli
operators. (This figure also appears as Fig. 2 in the main
text.)

A B

C D

A B

C D

A B

C D

Theorem 1. A set of four Pauli operators {A,B,C,D}

is contextual if and only if its compatibility graph has one
of the forms given in Fig. 2 (up to permutations of the
operators).

Proof. “If”: To show that any set of four Pauli operators
whose compatibility graph has one of the forms Fig. 2 is
contextual, we construct a determining tree for �1 with
empty determining set over a set of Pauli operators with
each form. The three compatibility graphs and their cor-
responding trees are shown in Fig. 3 to 5. Using the
compatibility graphs, one can easily validate the deter-
mining trees, and thus each of the corresponding sets of
Pauli operators is contextual.

“Only if” will follow directly from the “Only if” impli-
cation in Theorem 2.

We now prove two lemmas that will be useful in the
proof of Theorem 2.

Lemma 2.1. Suppose T is a set of Pauli operators and
⌧ is a determining tree over T with root R. If any Pauli
operator F (which need not be in T ) commutes with every
operator in T , and F is a node in ⌧ , we may construct a
new determining tree ⌧

0 over T with root R, in which F

only appears as a child of R.

Proof. Suppose F is a node in ⌧ that is not a child of
R. Then there is a subtree of ⌧ with depth 3 (contains 3
layers), containing F as a leaf (assume ⌧ has been written
in binary form). This subtree is the left tree in Fig. 6: F ,
⌧1, ⌧2, and ⌧3 may themselves be the roots of subtrees.
Since F commutes with all operators in T , it commutes
with any product of them, so it commutes with ⌧2⌧3.
Thus since F ⌧1 commutes with ⌧2⌧3 (they are children
of the same parent), ⌧1 must commute with ⌧2⌧3 as well.
So, we can replace the whole subtree by the right tree
in Fig. 6. Note that F is now a child of the root in this

Theorem: A set of Pauli operators S is noncontextual iff the compatibility graph of the 
set with all globally commuting operators removed does not contain one of the above 
subgraphs. (independently discovered in )

Raussendorf, Robert, Juani Bermejo-Vega, Emily Tyhurst, Cihan Okay, 
and Michael Zurel. "Phase-space-simulation method for quantum 
computation with magic states on qubits." Physical Review A 101, no. 1 
(2020): 012350. 8

Proof of Theorem 1. Let ⌦ ⇢ E be closed un-
der inference and non-contextual. We can par-
tition the elements of ⌦ into two subsets, ⌦ =
{q1, . . . , qµ|g1, . . . , g⌫}, where Ĩ = {g1, . . . , g⌫} are
the elements of ⌦ which commute with the whole
set. Ĩ is an isotropic subspace since if two elements,
a and b, commute with ⌦, then clearly their sum,
a + b, also commutes with ⌦, and Ĩ is isotropic by
definition.

If all elements of ⌦ pair-wise commute then ⌦ = Ĩ
is an isotropic subspace. Isotropic subspaces are not
maximal cnc sets because they are always contained
in Eq. (15) sets with parameter m = 1. If ⌦ is not an
isotropic subspace then it can be written compactly
as

⌦ =
⇠[

k=1

hpk, Ĩi (18)

where ⇠ � 2, the cosets p1+ Ĩ , . . . , p⇠+ Ĩ are distinct
and q1, . . . , qµ are in the cosets p1 + Ĩ , . . . , p⇠ + Ĩ.
Note that in this form, there can be no element
pj which commutes with all of p1, . . . , p⇠ because
Ĩ is defined to contain all such elements. Now we
consider the possible commutation relations that
p1, . . . , p⇠ can have if ⌦ is non-contextual.

The Mermin square is generated by products of
commuting pairs of the two qubit Pauli operators
{X1, X2, Z1, Z2}. This is a contextual set. There-
fore, any set which is closed under inference and
contains four elements p1, p2, p3, p4 with the com-
mutation relations like those of {X1, X2, Z1, Z2}:

[p1, p2] = [p1, p4] = [p2, p3] = [p3, p4] = 0

[p1, p3] = [p2, p4] = 1
(19)

will necessarily contain the full Mermin square and
therefore be contextual.

Another su�cient condition for a closed under in-
ference set to be contextual is that it contains four
elements with the commutation relations

[p1, p2] = [p2, p3] = [p3, p4] = 0

[p1, p3] = [p1, p4] = [p2, p4] = 1.
(20)

The reason is that since the set is closed under infer-
ence, it will necessarily contain the elements p1 + p2
and p3 + p4, and the elements p1, p1 + p2, p3 + p4, p4
have the commutation relations of Eq. (19). Thus,
it must contain a Mermin square.

A similar argument shows that another su�cient
condition for a closed under inference set to be con-
textual is that it contains four elements with the
commutation relations

[p1, p2] = [p2, p3] = 0

[p1, p3] = [p1, p4] = [p2, p4] = [p3, p4] = 1.
(21)

C4 P4 K1 [ P3

FIG. 4: Forbidden induced subgraphs of the commuta-
tivity graph, resulting from Mermin’s square (also see
[39]).

In this case, since the set is closed under inference,
it must also contain the elements p1 + p2 and p2 +
p3 and the elements p1 + p2, p2, p2 + p3, p4 have the
commutation relations of Eq. (19).

To determine the possible commutation relations
of the elements p1, . . . , p⇠, we will look at their com-
mutativity graph G. That is the undirected graph
with a vertex for each of p1, . . . , p⇠ and an edge
connecting each pair of commuting vertices. Since
⌦ is non-contextual, the commutation relations of
Eq. (19), Eq. (20) and Eq. (21) provide restrictions
on the possible commutation relations of the ele-
ments p1, . . . , p⇠ of ⌦. In terms of the commutativity
graph G, these are forbidden induced subgraphs[55].

The restriction of Eq. (19) says that G cannot have
a four vertex chordless cycle (C4) as an induced sub-
graph and the restriction from Eq. (20) says that G
cannot have a four vertex path (P4) as an induced
subgraph. These two forbidden induced subgraphs
characterize the trivially perfect graphs [40]. I.e. G
must be a trivially perfect graph.

Connected trivially perfect graphs have the the
property that they contain a universal vertex
[40][56]. If the commutativity graph G were con-
nected then there would be an element pj which
commutes with all other elements of {p1, . . . , p⇠}.
This is also forbidden. Therefore, the graph G is
disconnected.

Given that G is disconnected, Eq. (21) provides
another restriction. Namely that each connected
component of G cannot have a three vertex path
(P3) as an induced subgraph. I.e. each connected
component of G is a clique.
This means we can partition the elements

{p1, . . . , p⇠} into disjoint subsets

{p1, . . . , p⇠} = {p1,1, p1,2, . . . , p1,⇠1}[
{p2,1, p2,2, . . . , p2,⇠2} [ · · ·[
{p⇡,1, p⇡,2, . . . , p⇡,⇠⇡}

(22)

where two elements commute if and only if they are
in the same subset in the partition. Since the set
{p1, . . . , p⇠} is closed under inference, each subset in
the partition must be closed under inference. Now
suppose a subset in the partition contained at least
two elements. Then since the subset is closed under
inference it must also contain their sum. But each of



Non-Contextual Pauli Sets

Theorem: A set of Pauli operators S is noncontextual iff it has the structure:

S = Z ∪ T = Z ∪ C1 ∪ C2 ∪ … ∪ Cm

T is defined by the fact that commutation is an equivalence relation on T


C’s are completely commuting cliques. Operators from different cliques anti commute.

m ≤ 2n + 1

William M. Kirby and Peter J. Love 
Phys. Rev. Lett. 123, 200501 (2019)

A Noncontextual Pauli Hamiltonian is a Pauli Hamiltonian with terms drawn from a 
noncontextual set.

Z C1 C2 …. Cm



Are VQE experiments to date (before 2019) exploring Quantum problems?

William M. Kirby and Peter J. Love Phys. Rev. Lett. 123, 200501 (2019)

Updated from  
William M. Kirby and Peter J. Love Phys. Rev. 
Lett. 123, 200501 (2019) 

Test is implemented in OpenFermion

Definition: Pauli Hamiltonian H is noncontextual iff its set of Pauli terms S  is 
noncontextual 



Can Classical Noncontextual Model beat VQE?

William M. Kirby and Peter J. Love, Phys. Rev. A 102, 
032418 (2020) can we do better? 

Error 
VQE

Error 
noncon



The Contextual Subspace Approach
𝐻 = 𝐻𝑛𝑜𝑛𝑐𝑜𝑛 + 𝐻𝑐𝑜𝑛

𝑈𝐻𝑈† ≠ 𝑉𝐻𝑛𝑜𝑛𝑐𝑜𝑛𝑉 † + 𝑊𝐻𝑐𝑜𝑛𝑊 †

Solve on classical 
computer

Solve on quantum 
computer

Need to define a VQE algorithm for  
in subspace consistent with ground state 

of   

𝐻𝑐𝑜𝑛

𝐻𝑛𝑜𝑛𝑐𝑜𝑛

Kirby, W.M., Tranter, A., Love, P.J.. Contextual subspace variational quantum eigensolver. 
Quantum; 5,456 (2021) 



Subspace methods
• Qubit Tapering


• Exploits physical symmetries (spin parity, point groups…)


• Reduction by one qubit for each symmetry 

• Contextual Subspace


• 


• Imposing noncontextual ‘symmetries’ on  causes systematic 
error, but gives a smaller (higher precision) VQE problem.  


• Can increase size of  to reduce errors.

𝐻 = 𝐻noncon + 𝐻context

𝐻context

HContext

S. Bravyi, J. M. Gambetta, A. Mezzacapo, and K. Temme, Tapering off qubits to simulate fermionic Hamiltonians, arXiv preprint (2017) 
  
Kirby, W.M., Tranter, A., Love, P.J.. Contextual subspace variational quantum eigensolver. Quantum; 5,456 (2021)  



Non-Contextual Pauli Sets

Theorem: A set of Pauli operators S is noncontextual iff it has the structure:

S = Z ∪ T = Z ∪ C1 ∪ C2 ∪ … ∪ Cm

T is defined by the fact that commutation is an equivalence relation on T


C’s are completely commuting cliques. Operators from different cliques anti commute.

m ≤ 2n + 1

William M. Kirby and Peter J. Love 
Phys. Rev. Lett. 123, 200501 (2019)

Z C1 C2 …. Cm

For n qubits there are


at most 2n+1 cliques.



Non contextual Hamiltonians

Noncontextual Pauli Hamiltonians, A. 
Ralli, T. Weaving, P. J. Love, Phys. A: 
Math. Theor. 58 335301, (2025)

Z C1 C2 …. Cm

G c1 c2 cm
….

H = ∑
Pj∈Z

ajPj + ∑
k

ck ∑
Pj∈Z

bjkPj

Clique elementsStabilizer 

Hamiltonian

Clique 

representatives

Eigenvalues of stabilizer generators  fix symmetry sector:


      spectrum: 


Rotate anticommuting  to a single Pauli by non-clifford unitary R.

⃗ν

H ⃗ν = E ⃗ν1 + ∑
k

γ ⃗ν
kck E ⃗ν = λ ⃗ν ± |γ ⃗ν |

ck



Eigenspaces




Rotate this to:





Rotation generated by:





a linear combination of m-1 anti-commuting Paulis

H ⃗ν = E ⃗ν1 + ∑
k

γ ⃗ν
kck = E ⃗ν1 + |γν |(ac0 + O′￼)

R†H ⃗νR = E ⃗ν1 + |γν |a′￼c0

[c0, ∑
k>1

γ̄ ⃗ν
kck] = 2∑

k>1

γ̄ ⃗ν
kc0ck c0

O′￼

[c0, O′￼]

Note  and  
anti-commute so 
this is nonzero. 

c0 O′￼



Eigenspaces
Generically a non-clifford rotation R generates magic (rapidly!)


But R has the form:





This means R acting on a stabilizer state generates a state with stabilizer rank m.


So each (degenerate) eigenspace of a noncontextual Hamiltonian contains a state of at 
most linear stabilizer rank.


This means only at most short-range magic, as such states can be  generated by log 
depth circuits.

R = cos θ1 + i sin θ
m

∑
k>1

αkck



Eigenspaces
R has the form: 


 


 where 


R: stabilizers-> states with linear


stabilizer rank.


Also called local magic

R = cos θ1 + i sin θ
m

∑
k>1

αkck

m ≤ 2n + 1

We are here!

Leone, L., Oliviero, S.F. and Hamma, A., 
2022. Stabilizer rényi entropy. Physical 
Review Letters, 128(5), p.050402.



Noncontextual Chemistry: Examples

22 -> 7 qubits

Alexis Ralli, Tim Weaving, Andrew Tranter, William M. Kirby, Peter J. Love, and Peter V. Coveney 
Phys. Rev. Research 5, 013095 (2023)

H2S

8

wise commuting (QWC) cliques from the Hamiltonians
using graph-colouring functionality in NetworkX [80],
with the explicit decompositions provided in Appendix
B. We performed 5, 000 circuit shots for every QWC
clique per expectation value calculation and the clas-
sical optimizer in each VQE routine was the Broy-
den–Fletcher–Goldfarb–Shanno (BFGS) algorithm [81].
Gradients were calculated in hardware via the parameter
shift rule [57]. The simulations were executed on 25 of
the available 27 qubits on Falcon r5.11 QPUs ibm hanoi,
ibm auckland (5 ansatz circuit tilings) and 125 of the 127
qubits on the Eagle r1 QPU ibm washington (25 ansatz
circuit tilings). Each VQE workload was submitted to
the IBM Quantum service as a Qiskit Runtime job.

VI. RESULTS

We performed CS-VQE quantum experiments for ten
points along the binding PEC of N2, evenly spaced be-
tween 0.8Å � 2Å, the results of which may be viewed
in Figure 7. In Figure 1 we saw the conventional quan-
tum chemistry techniques examined here (ROHF, MP2,
CISD, CCSD and CCSD(T)) struggle to capture the FCI
energy for N2. This holds especially true in the disso-
ciation limit where there is no agreement between the
di↵erent approaches. While the conventional techniques
yield relatively low error around the equilibirum length at
1.195Å (albeit not within chemical precision), they incur
large error at stretched bond lengths due to a failure of
restricted open-shell Hartree-Fock to describe static cor-
relation. Regardless, our 5-qubit CS-VQE simulations
maintain errors below 1eV throughout most of the evalu-
ated interatomic separations, as seen in Figure 7, despite
being initialized from the same ROHF reference state.
Moreover, past 1.73Å the quantum computer outper-
forms CCSD(T), the ‘gold standard’ of quantum chem-
istry. In Figure 5 we show the explicit VQE optimization
and noise-amplified data running on ibm washington for
the maximum bond length of 2Å, which achieves an FCI
error of 122 meV – just under three times the threshold
of chemical precision at 43 meV.
Our energy advantage in the dissociation limit can be

attributed to the noncontextual energy component of the
CS-VQE simulations. Around the equilibrium length
there is negligible di↵erence between the Hartree-Fock
and noncontextual energy, but as the bond is stretched
we see the noncontextual approximation outperforming
Hartree-Fock, even before the inclusion of contextual cor-
rections obtained from our VQE simulations. This is
because the noncontextual problem can accommodate a
ground state that is multireference in nature, thus cap-
turing the separated atom limit more appropriately than
the single-reference ROHF state here. We note that the
CS-VQE optimization is still initialized in the Hartree-
Fock state and therefore does not receive an unfair ad-
vantage from this feature of the method; instead, the
noncontextual contribution is included in the construc-

FIG. 7: Binding potential energy curve for molecular
nitrogen, N2. The quantum computer maintains good
agreement with the full configuration interaction energy
throughout the full range of interatomic separations; past
1.73Å the quantum computer outperforms CCSD(T).

Discontinuities in the noncontextual energy coincide with
peaks in a molecular-orbital degeneracy detection function
(3). Note the final point has a reduced standard deviation
since it was obtained on ibm washington, with a greater

e↵ective shot budget arising from more parallel circuits. The
other points were run on ibm hanoi or ibm auckland. Error
bars show the standard deviation on 5, 000 circuit shots for
each commuting clique, not standard deviation on the mean.

15->11 qubitN2

Figure 2: Comparative analysis of qubit requirements for electronic structure calculations across various Hamiltonians and
contains the number of qubits for the original, tapered, and contextual Hamiltonians. Each set of bars corresponds to a di�erent
molecular system, illustrating the e�cacy of tapering and the contextual subspace method in reducing qubit count while
aiming for chemical accuracy. The numbers atop the bars indicate the absolute number of qubits for each Hamiltonian form.

tapering can e�ectively remove qubits that are redundant. For every
Z2 symmetry found, one qubit can be taken out.

Hybrid Classical-Quantum Framework for Molecular En-
ergyCalculation:The SpacePulsemodel integrates quantumpulses
with a key innovation: the contextual subspacemethod. Thismethod
divides a molecule’s Hamiltonian into two segments: “easy” and
“hard”. The “easy” segment can be e�ciently processed using classi-
cal computers by mapping it onto a stabilizer group. This leverages
the reliability of classical computing for less complex calculations.
On the other hand, the “hard” segment, which involves more quan-
tum phenomena, is tackled using a hardware-e�cient ansatz on
quantum hardware. Through the hybrid classical-quantum frame-
work, the SpacePulse model e�ectively balances classical and quan-
tum computing strengths, improving the e�ciency of molecular
energy computations.

Pauli Grouping Strategy: The SpacePulse model employs a
Pauli Grouping Strategy to further improve the performance. This
strategy organizes Pauli operators into commuting groups [14, 15].
Commuting operators can be applied in any sequence without
changing the results. A straightforward example is that the op-
erators XIXI, IXIX, and IIXX can be simultaneously measured by
constructing circuits for XXXX. By grouping commuting Pauli
operators found in the Hamiltonian, the model allows for their
simultaneous measurement. This approach signi�cantly accelerates
the measurement process, reducing the number of measurements
needed.

Parameterized Pulse Ansatz for Quantum Hardware: The
SpacePulse model uses a parameterized pulse ansatz [26] for the
“hard” part of the Hamiltonian in quantum hardware. This method
is di�erent from traditional gate-level circuits, as it uses pulse-level
variational quantum circuits. The main goal is to iteratively update
the pulse parameters to e�ciently �nd the correct Hamiltonians
that evolves the quantum system from its initial state to the de-
sired ground state. This pulse-level approach shortens the circuit’s
duration while maintaining accuracy.

4 QUALITATIVE ANALYSIS
4.1 Less Qubits Usage by Tapering and

Contextual Subspace Method
The Figure. 2 summarizes the results of applying tapering and the
contextual subspace method to a set of electronic structure Hamil-
tonians. We compared the initial Hamiltonian, the Hamiltonian
after conical truncation, and the Hamiltonian further processed
using the contextual subspace method, reporting the number of
quantum bits required to achieve chemical accuracy in each Hamil-
tonian. We found that conical truncation can reduce the number
of quantum bits to varying degrees, and subsequently applying
the contextual subspace method can further reduce the number of
qubits to our preset threshold, which can be minimal, or even zero.
In such cases, only the uncontextual part is computed classically.
Our goal is to demonstrate that even though CS-VQE is generally
an approximate method, signi�cant qubit reduction can still yield
chemical accuracy.

We set this threshold from the number of qubits equal to one,
iteratively calculating the molecular energy at the current setting,
until the number of qubits after tapering. If chemical accuracy (<
FCI energy + 0.0016) is reached during the process, we stop and
consider that the current threshold is the minimum number of
qubits required for the problem after applying tapering and the
contextual subspace method.

In the Figure. 3, we show examples of how we selected the mini-
mum number of qubits required by the contextual subspace method
for di�erent molecules. We computed the molecular energies after
applying both tapering and the contextual subspace method, to as-
certain the minimum number of qubits needed to achieve chemical
accuracy for di�erent molecules. From the �gure, we can see the er-
ror rate relative to FCI energy for ⌫4 , ⌫� , and �2 molecules. For ⌫4 ,
the chemical accuracy was achieved directly at three qubits, while
⌫� reached it at �ve qubits and �2 at six qubits. Despite reducing
the number of qubits by approximately an order of magnitude, the
combination of tapering and the contextual subspace method still
ensures chemical accuracy in a perfect environment.

4
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ABSTRACT
In this paper, we explore the integration of parameterized quan-
tum pulses with the contextual subspace method. The advent of
parameterized quantum pulses marks a transition from traditional
quantum gates to a more �exible and e�cient approach to quantum
computing. Working with pulses allows us to potentially access
areas of the Hilbert space that are inaccessible with a CNOT-based
circuit decomposition. Compared to solving the complete Hamilton-
ian via the traditional Variational Quantum Eigensolver (VQE), the
computation of the contextual correction generally requires fewer
qubits and measurements, thus improving computational e�ciency.
Plus a Pauli grouping strategy, our framework, SpacePulse, can
minimize the quantum resource cost for the VQE and enhance the
potential for processing larger molecular structures.

1 INTRODUCTION
Quantum computing holds the promise of tackling intricate prob-
lems beyond classical computers’ capabilities [23, 32, 46]. Quantum
computers are built on qubits, which can exist in multiple states
simultaneously through quantum superposition. This unique prop-
erty enables parallel processing, delivering signi�cant speed advan-
tages for speci�c tasks [2, 8, 16, 38]. However, realizing this potential
presents challenges, particularly during the Noisy Intermediate-
Scale Quantum (NISQ) era [44, 45, 51]. This era is characterized by
short coherence times, limited qubit connectivity, and high noise
levels [11, 24, 26, 30, 34, 46]. Short coherence times on the order of
microseconds, restrict the size of quantum circuits, while connec-
tivity limitations prevent e�cient operations among qubits. Addi-
tionally, interactions with the environment and qubit imperfections
contribute to qubits’ high noise levels [3, 5, 7, 9, 10, 25, 41, 42, 50].

To address these challenges, variational quantum algorithms [4]
have gained prominence, with the extensively studied Variational
Quantum Eigensolver (VQE) [17, 49] being a notable example. VQE
leverages shallow, parameterized circuits to estimate energy or
expectation values. A classical optimizer updates the circuit pa-
rameters before the quantum circuit is instantiated. Despite its
potential, VQE encounters its own set of challenges [17]. In the

*These authors contributed to the work equally.
Corresponding authors: zliang5@nd.edu.

context of solving electronic structure problems, a crucial task in
quantum chemistry, the molecular Hamiltonian initially exists in
fermionic format and is subsequently mapped to the qubit format.
This mapping involves expressing the molecular Hamiltonian as a
weighted sum of Pauli operators, and the number of Pauli operators
determines the quantum circuits that need to be constructed and
executed. However, it is possible to reduce the number of Pauli
operators through techniques such as tapering [13], contextual sub-
space [21], and grouping [43], which, in turn, decreases the overall
number of circuits and their sizes.

To enhance the practicality of VQE, another promising approach
is the utilization of variational pulse circuits [28, 29, 31]. Within
variational pulse circuits, the parameters include pulse amplitudes,
angles, and durations [12, 22, 27, 31, 33]. This shift from gate circuits
to pulse circuits can lead to reduced circuit latency. In this paper,
we focus on the integration of contextual subspace [19] with pulse
circuits. The primary objective of this integration is to minimize
the overhead in terms of quantum resources. Speci�cally, our work
has the following contributions:

• The introduction of a framework designed to minimize quan-
tum resource consumption, SpacePulse, which through sev-
eral steps e�ectively reduces the number of qubits, the quan-
tity of measurements, and the duration of the quantum cir-
cuit. This approach is shown to signi�cantly streamline the
quantum computation process.

• The novel conceptualization and successful implementation
of a contextual subspace model that utilizes a pulse ansatz.
Thismodel has been experimentally validated on actual quan-
tum hardware, demonstrating its advantages over the gate
ansatz version of the contextual subspace model.

2 BACKGROUND AND MOTIVATION
2.1 Variational Quantum Eigensolver
The Variational Quantum Eigensolver (VQE) is designed to work
with the capabilities of today’s noisy quantum devices [13]. Unlike
classical-quantum algorithms that need fault-tolerant machines,
VQE is made to handle the less-than-perfect conditions of current
NISQ technology. The core of VQE involves representing a system’s
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Measuring Magic

L. Leone et al., “Stabilizer Rényi entropy,” Phys. Rev. Lett. 128, 050402 (2022) 
T. Haug and L. Piroli, “Stabilizer entropies and nonstabilizerness monotones,” Quantum 7, 1092 (2023)

M2(ψ) = − log2 ∑
P∈{I,X,Y,Z}⊗n

⟨ψ |P |ψ⟩
4

2n

We can measure the amount of magic in a state using the stabilizer Rényi entropy (SRE)

Non-stabilizerness and contextuality close, but not exactly the same for qubits.


Useful to have a quantitative measure of nonstabilizerness/Magic.



Stabilizer Rényi Entropy

L. Leone et al., “Stabilizer Rényi entropy,” Phys. Rev. Lett. 128, 050402 (2022) 
L. Bittel and L. Leone, “Operational interpretation of the Stabilizer Entropy”, Quantum (in press) 
S. F. E. Oliveiro et al., “Measuring magic on a quantum processor”, npj Quantum Information 8 148 (2022) 

|STAB⟩ |HAAR⟩

M2 = 0 M2 ≈ n − 2

p(Pi) =
|⟨ψ |Pi |ψ⟩ |2

2n

M2(ψ) = − log2 ∑
i

p2
i

0 ≤ p(Pi) ≤ 1, ∑
i

p(Pi) = 1

M2(ψ) = − ln ∑
P∈{I,X,Y,Z}⊗n

⟨ψ |P |ψ⟩
4

2n



Magic in contextual subspace projection

M2(ψ) = − ln ∑
P∈{I,X,Y,Z}⊗n

⟨ψ |P |ψ⟩
4

2n

Find numerical evidence that SRE 
monotonically increases as more qubits are 
added to the contextual subspace

Use stabilizer Rényi entropy to quantify how 
the ground state magic changes through 
contextual subspace projection



Magic and correlation
C

or
re

la
tio

n 
en

er
gy

Magic

Hartree-Fock 
Stabilizer state 
No correlation energy
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What happens here?



Magic and correlation

How more correlation energy we gain seems to change with how much magic we’ve 
gained



Magic and correlation

Correlation energy grows 
linearly with the amount of 
magic we’ve added to our 
ground state!



Magic and correlation

Correlation energy grows 
linearly with the amount of 
magic we’ve added to our 
ground state!



Hamiltonian data set

github.com/Kee-Wang/Symmer-Hamiltonian



Magic and correlation



Magic and correlation energy: does the basis set matter?



Magic and correlation: away from equilibrium



The Coulson-Fischer point

Hartree-Fock gets less 
accurate as bond length 
increases

Beyond the Coulson-
Fischer point, Hartree-
Fock no longer gives the 
best mean-field 
approximation

C. A. Coulson and I. Fischer. "Notes on the molecular orbital treatment of the hydrogen molecule." The London, Edinburgh, and Dublin Philosophical Magazine and Journal 
of Science 40.303 (1949): 386-393.



The Coulson-Fischer point
Including all molecules

Limit to λCF > 1



Magic and correlation: away from equilibrium



Conclusions
•Noncontextual Hamiltonians provide a natural setting in which states with bounded 
stabilizer rank occur.


•They are “short range magic” Hamiltonians - are they the only ones? 


•Many applications in Chemistry where noncontextual H replaces Hartree-Fock, changing 
definition of correlation energy.


•Current work - can we use contextual subspace method to identify subspaces where 
physical intuition does not help, particularly in no core shell model?


•Can we extend this formalism beyond Pauli operators, to general sparse Hamiltonians?



Thanks!
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