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Quantum simulation

Map Hamiltonians of physical systems to qubit Hamiltonians H = Z a;L;
P.es
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Pauli Hamiltonians

n
Generalized Pauli operators P; = ®6ik, eg. P

Goal: Find ground state energy of: H = Z aP;

k=1

Two problemes:

P.es

=1QY®RX..Q1QZ

A) Individual |l//(§)) may be hard to represent (curse of dimensionality).
B) Minimum state might be hard to find (e.g. classical spin glasses).
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Peruzzo, Alberto, et al. "A variational eigenvalue
solver on a photonic quantum processor."
Nature communications 5.1 (2014): 1-7.
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The Worst Eigensolver

Goal: Find ground state energy of: H = Z a.r; «
P.eS

P =1, spec(P,)) = {—1,+ 1}.

l

So just assign P, = (—1)" b, € {0,1}, probabilistically:
P(by, b, ..., bg)

Minimize over P.

This is a terrible idea - but why?

T“fts >CROOL OF ARTS AND SCIENCES Peruzzo, Alberto, et al. "A variational eigenvalue
solver on a photonic quantum processor."

UNIVERSITY PhySiCS and AStrOnOmy Nature communications 5.1 (2014): 1-7. \




Obstacle: uncertainty principle

X X X

Phase points not allowed! Cannot assign definite values to non-commuting
operators.

Solution: impose restrictions via probability distribution (“quasi-quantized model”)

Spekkens, Robert W. Quantum Theory: Informational Foundations and Foils (2016): 83-135.
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Contextuality. Can assign values a,b to A and B if [A,B]=0.

Peres: if f(A,B)=0 for some f, then the assignments should also ensure

f(a,b)=c

f [P, P,] = 0 then assigning P, and P, implies assignment of P_P,

Can get contradictions in the implied assignments by choosing different

Obstacle: Contextuality

commuting sets - different contexts!
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Example: Kochen-Specker paradox.
Spin 1 particle

For spin-1 [Sf, Syz] =[S~ Szz] — [Sf, Szz] = 0.
And we have a constraint that Sf + Sy2 + SZ2 =2

Assignments 0,1 to Sx, Sy, Sz must be 011, 101 or 110. Is this possible?
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Example: Kochen-Specker paradox.
Assignments 0,1 to Sx, Sy, Sz must be 011, 101 or 110. Is this possible?

Context 1 Context 2

| need to decide for every context a consistent assignment 011: red red blue.
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Example: Kochen-Specker paradox.

| need to decide for every context a consistent assignment 011: red red blue.

New orthogonal red pair New blue

Red because orthogonal to blue
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Example: Peres-Mermin Square
S = {IX, XL, 1Z,ZI} ~YY YY
4 XX ZX XZ
Can inf f |
cc?:tler;(tesr. AB from multiple / \ / \ / \ / \
Z1 17 X1 IX Z1 IX X1 1Z

From A, B, [A,B]=0, can infer AB

Given a joint value assignment to S we find that -YY and YY are assigned the
same value by two different contexts

Contradiction: S is contextual
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Obstacle: Contextuality

S = {IX,XI,1Z,ZI)

—-YY YY
4 XX ZX XZ
Can inf f |
cc?r?tler;(tesr. AB from multiple / \ / \ / \ / \
Z1 17 X1 IX Z1 IX X1 1Z

From A, B, [A,B]=0, can infer AB

Peres: if f(A,B)=C for some f, then the assignments should also ensure f(a,b)=c

Contextuality: inferred values depend on context - grouping into commuting sets
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Variational Quantum Eigensolver

Goal: Find ground state energy of: H = Z a.l;
P.eS

On a classical computer minimize:

Ey < (wO) | H|w(0) = ) a(w(®) | P;|y(6))

P.eS
e |y(0)) is prepared on quantum computer

o (1/1(5) | P; | 1//(5)) is measured on quantum
computer

Tufts >CROOL OF ARTS AND SCIENCES Peruzzo, Alberto, et al. "A variational eigenvalue
solver on a photonic quantum processor."

UNIVERSITY PhySiCS and AStrOnOmy Nature communications 5.1 (2014): 1-7. \




Classical model?

Goal: Find set S such that we can create a classical model H = Z P,
PeS

* (Classically measurements reveal values of observables that existed before
measurement (realism).

 Must be able to assign +/- values to observables in S without contradiction

When is a VQE experiment a test of fundamental guantum mechanics

For any set of Pauli operators, when can we construct a Peres-Mermin type
contradiction?
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Generalizing Peres-Mermin

~YY YY For a set of Pauli operators S its closure under

/ \ / \ inference S is the set of operators that can be
ZZ XX ZX  XZ formed from the Jordan Product:
/\ /\ /\ /\

Z1 1Z X1 IX ZI1 IX XI 1Z PQ_|_ QP

P-0 = >

‘ ‘ * ‘ Determining Trees
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Generalizing Peres-Mermin

| |
A——BI1 A——B 1 A——B
| |
A set of four Pauli operators is | | | | | |
contextual IFF it its compatibility graph : :
is one of: C D1 C——D | C—D
| |
|A,B]= |A,Bl= |A,Bl=
A,Cl= A, Cl= IA,Cl=
0 [CvD]: [C,D]:
0 [B,D]=
0

I I ufts SCHOOL OF ARTS AND SCIENCES

cviversity | Physics and Astronomy




Fruit of forbidden trees |

Determining Tree
Compatibility Graph

A ; DCA/ =_\ADC
D/ \CA B/ >ADC
) : C/ \A BAD/ \C

BA/ \D
B/ \A

: I v
Ufts >CHOOL OF ARTS AND SCIENCES William M. Kirby and Peter J. Love & '
LS

UNIVERSITY PhySiCS and AStl‘OnOmy Phys. Rev. Lett. 123, 200501 (2019h ‘ /




Determining Tree

Fruit of forbidden trees li N

Compatibility Graph / \

A - B D/DCA\CA B;DSADC
C/ \A BAD/ \C

c——o /\
B/\A

: I v
Ufts >CHOOL OF ARTS AND SCIENCES William M. Kirby and Peter J. Love & '
LS

UNIVERSITY PhySiCS and AStl‘OnOmy Phys_ Rev. Lett. 123, 200501 (2019h . /\ 13




Fruit of forbidden trees Il

Determining Tree
Compatibility Graph

BDBD=-1
A B / \

BDC CBD
C D B C CA ABD

ANANENAN
A/ \B

: I v
Ufts >CHOOL OF ARTS AND SCIENCES William M. Kirby and Peter J. Love & '
LS

UNIVERSITY PhySiCS and AStl‘OnOmy Phys. Rev. Lett. 123, 200501 (2019h ‘ /




Raussendorf, Robert, Juani Bermejo-Vega, Emily Tyhurst, Cihan Okay,

- and Michael Zurel. "Phase-space-simulation method for quantum
o n - On ex ua a u I e S computation with magic states on qubits." Physical Review A 101, no. 1

(2020): 012350.

139]).

| |
® @ @ @ ® @
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| |

| | ° o o e o °

I I Cy Py K1 U P5

| | FIG. 4: Forbidden induced subgraphs of the commuta-
C D ] C - D | C — D tivity graph, resulting from Mermin’s square (also see

| |

Theorem: A set of Pauli operators S is noncontextual iff the compatibility graph of the
set with all globally commuting operators removed does not contain one of the above
subgraphs. (independently discovered in )

Theorem: A set of Pauli operators S is noncontextual iff commutation is an equivalence
relation on the set with all globally commuting operators removed.

_ {E
T“fts >CHOOL OF ARTS ATID STIENCES William M. Kirby and Peter J. Love & >/ e

UNIVERSITY PhySiCS and AStl‘Ol’lOmy Phys. Rev. Lett. 123, 200501 (2019)\




Non-Contextual Pauli Sets

Theorem: A set of Pauli operators S is noncontextual iff it has the structure:

T is defined by the fact that commutation is an equivalence relation on T

C’s are completely commuting cligues. Operators from different cliques anti commute.

A Noncontextual Pauli Hamiltonian is a Pauli Hamiltonian with terms drawn from a
noncontextual set.

Tufts

UNIVERSITY

SCHOOL OF ARTS AND SCIENCES e :
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Physics and Astronomy phys. Rev. Lett. 123, 200501 (2019)
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Are VQE experiments to date (before 2019) exploring Quantum problems?

Definition: Pauli Hamiltonian H is noncontextual iff its set of Pauli terms S Is
noncontextual

Citation: System: Contextual?

Dumitrescu ef al. [22] Deuteron
Kandala et al. [17] H,
O’Malley et al. [13] H,
Hempel et al. [18] H, (BK)
Hempel et al. [18] H, (JW)
Colless et al. [19] H,
Kokail et al. |23] Schwinger
Model
Nam et al. [20] H,O
Hempel et al. [18] LiH
Peruzzo et al. [11] HeH™
Kandala et al. [17] BeH
Kandala er al. [17,21] LiH

Updated from
William M. Kirby and Peter J. Love Phys. Rev.
Lett. 123, 200501 (2019)

Test is implemented in OpenFermion

Tufts SCHOOL OF ARTS AND SCIENCES _\:\ 8(
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Can Classical Noncontextual Model beat VQE?

TABLE I. Contextual VQE experiments, as approximated by noncontextual and diagonal Hamiltonians. » is the number of qubits. |Sgy| 1s
the number of terms in the full Hamiltonian, |Syoncon| 18 the number of terms in the noncontextual sub-Hamiltonian, and |R| is the number of
parameters in an epistemic state (which is upper bounded by 2» + 1 for n qubits). €,0ncon 1 the error in the noncontextual approximation, €giag
is the error obtained by only keeping the diagonal terms in the Hamiltonian, and €.y 1S the error in the VQE experiment. Errors are in units of
chemical accuracv. 0.0016 Ha. Experimental errors nreceded bv ~ were estimated from fieures.

Error Error
noncon VQE
Citation S)’Stem n ISfulll ISnonconl |R‘ €noncon € diag
Peruzzo et al., 2014 [2] HeH™ 2 9 5 3 0.21 4.1
Hempel et al., 2018 [11] LiH 3 13 9 4 0.56 0.56
Kandala et al., 2017 [10] LiH 4 99 23 5 4.2 9.3
Kandala et al., 2017 [10] BeH, 6 164 42 7 156 266
William M. Kirby and Peter J. Love, Phys. Rev. A 102,
032418 (2020) can we do better?
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The Contextual Subspace Approach

Solve on classical Solve on quantum
computer computer

vi o+ WH, W'

Need to define a VQE algorithm for //

con
in subspace consistent with ground state

of
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Subspace methods

e Qubit Tapering
* EXxploits physical symmetries (spin parity, point groups...)

 Reduction by one qubit for each symmetry

 Contextual Subspace

» H = Hponcon + Heontext

* |Imposing noncontextual ‘symmetries’ on Hqgntext CAUSES Systematic
error, but gives a smaller (higher precision) VQE problem.

 Can increase size of H, .« 10 reduce errors.
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Non-Contextual Pauli Sets

For n qubits there are

at most 2n+1 cliques.

Theorem: A set of Pauli operators S is noncontextual iff it has the structure:

T Is defined by the fact that commutation is an equivalence relationon T

C’s are completely commuting cligues. Operators from different cliques anti commute.

Tufts
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Physics and Astronomy phys. Rev. Lett. 123, 200501 (2019)

@

e

4\/57?,



Non contextual Hamiltonians

000-0 .,

res

<—>
Stabilizer
Hamiltonian

Eigenvalues of stabilizer generators v fix symmetry sector:

HY = E:l + 2 y,’zck spectrum: £ = A & I

Clique

PEZ

representatlves

a:p; +ch2

Cllque elements

Rotate anticommuting ¢, to a single Pauli by non-clifford unitary R.

Tufts
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Physics and Astronomy

Noncontextual Pauli Hamiltonians, A.

Ralli, T. Weaving, P. J. Love, Phys. A:
Math. Theor. 58 335301, (2025)

=

8

.



Eigenspaces

Note ¢y and O’

H; — Ez_]l + Z ygck — EI_JI + h/”‘ (aco + 0’) an.ti-lcommute SO
[C() O] this IS nonzero.

Rotate this to:
R'H'R = E.1 + |y¥|a'c,

Rotation generated by:

o Z ka] = Z 71CoCr Co

k>1 k>1

0/

a linear combination of m-1 anti-commuting Paulis
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Eigenspaces

Generically a non-clifford rotation R generates magic (rapidly!)

But R has the form:

m
R = cos 01 + isinHZ a,Cy,
k>1

This means R acting on a stabilizer state generates a state with stabilizer rank m.

S0 each (degenerate) eigenspace of a noncontextual Hamiltonian contains a state of at
most linear stabilizer rank.

This means only at most short-range magic, as such states can be generated by log
depth circults.

T ft SCHOOL OF ARTS AND SCIENCES K ’ \/ e\}_‘
uits

UNIVERSITY PhySiCS and AStl‘OnOmy \ /\ 43n




Eigenspaces

R has the form:

m
R = cos 1 + isiné’Z a,C;,
k>1

wherem < 2n + 1

R: stabilizers-> states with linear

N
§

D

0
L

stabilizer rank.

-

e
4
---------)

STAB Also called local magic

m

Alioscia Hamma
Entanglement

We are here!

Tufts SCHOOL OF ARTS AND SCIENCES Leone, L., Oliviero, S.F. and Hamma, A., K v \/ éﬁ

: 2022. Stabilizer rényi entropy. Physical
sviversiry | Physics and Astronomy tow Lot 12615 b 050402




Noncontextual Chemistry: Examples

H->S 20 T
_i" M I : HF RIS CCSD(T)
004 i - 6( ‘.: ........ MP2 — FCl . . .
154\ —_ csp Noncontextual [— SpacePulse: Combining Parameterized Pulses and Contextual
5 ---- CCSD  § CSVQE(5q) Subspace for More Practical VQE
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Measuring Magic
Non-stabilizerness and contextuality close, but not exactly the same for qubits.

Useful to have a quantitative measure of nonstabilizerness/Magic.

We can measure the amount of magic in a state using the stabilizer Rényi entropy (SRE)

|<l/f|Ph/f>|4
on

M,(y) = — log, 2
Pe{l.X,Y,Z)®"

L. Leone et al., “Stabilizer Rényi entropy,” Phys. Rev. Lett. 128, 050402 (2022)
T. Haug and L. Piroli, “Stabilizer entropies and nonstabilizerness monotones,” Quantum 7, 1092 (2023)
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Stabilizer Renyi Entropy

|<l/f|Ph/f>|4
on

M,(y) = — In 2

Pe{1.X,Y,Z}®"

KalA2 _
|STAB) <$f——————) |HAAR) p(Pl) n Z

L. Leone et al., “Stabilizer Rényi entropy,” Phys. Rev. Lett. 128, 050402 (2022)
L. Bittel and L. Leone, “Operational interpretation of the Stabilizer Entropy”, Quantum (in press)
S. F. E. Oliveiro et al., “Measuring magic on a quantum processor”, npj Quantum Information 8 148 (2022)
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Magic in contextual subspace projection

Use stabilizer Rényi entropy to quantify how
the ground state magic changes through

contextual subspace projection

My(y) = —

\(l/fIP\l/f>\4

In Z on

Pe{1.X,Y,Z}®"

Find numerical evidence that SRE

monotonically increases as more qubits are

added to the contextual subspace

Tufts
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Magic and correlation

Correlation energy

Tufts
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What happens here?

Hartree-Fock
Stabilizer state
No correlation energy
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Magic

¢

FCI
Non-zero magic
Correlation energy!
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Magic and correlation

vCrine dnpig2
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Magic and correlation

Correlation energy grows - or
linearly with the amount of
magic we've added to our g5
ground state!
S 0.6 e
% L e H,0
= A - y=-0.0092 + 1.0070x
< 0.4- ’
E ;i
:gf 0.2 ~
00 o
O.IO Of2 O.I4 ofe 0.18 1fo

Fraction of FCI M,
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Magic and correlation
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Fraction of FCI M,
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Correlation energy grows
. _ 1.0 - Bl
linearly with the amount of o
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Hamiltonian data set

Symmer-Hamiltonian

A curated database of molecular electronic Hamiltonians in Symmer-compatible qubit (Pauli operator) form,
generated using the symmer-pyscf pipeline.

i Qubit Count Distribution Basis Set Distribution
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Magic and correlation

Combination of 108 Hamiltonians at equilibrium bond length
1.0 -
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Magic and correlation energy: does the basis set matter?
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Combination of 108 Hamiltonians at equilibrium bond length
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Magic and correlation: away from equilibrium
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The Coulson-Fischer point

H,O (STO-3G)
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The Coulson-Fischer point

Combination of 64 Hamiltonians at equilibrium with A < Acr
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Magic and correlation: away from equilibrium
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Conclusions

*Noncontextual Hamiltonians provide a natural setting in which states with bounded
stabilizer rank occuir.

*They are “short range magic” Hamiltonians - are they the only ones?

*Many applications in Chemistry where noncontextual H replaces Hartree-Fock, changing
definition of correlation energy.

Current work - can we use contextual subspace method to identify subspaces where
physical intuition does not help, particularly in no core shell model?

-Can we extend this formalism beyond Pauli operators, to general sparse Hamiltonians?
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