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Doubling refers to the property that the volume of a ball of radius 2r is
bounded above by a constant times the volume of the concentric ball of radius
r. The multiplicative constant is 2" in the Euclidean space of dimension n.
This property does not hold in hyperbolic space.



1 An introduction to Geometric Analysis

Let (M,g) be a compact Riemannian manifold. Let A be the (positive)
Laplacian on M. Note that M is also equipped with a (geodesic) distance
function and a measure p under which

/ uAvd,u:/g(Vu, Vo)du
M

(again, the Laplacian is positive). Consider the following objects:

e The diameter, d, and volume function V(z,r), x € M,r > 0.
e The spectrum \g =0 < A\ < A < ...

e The heat kernel h(t,z,y), a positive function of ¢ > 0 and z,y € M
which solves the heat equation
Ou+ Au=0
in (¢,y) with initial condition u(0,y) = d,.

Loosely speaking, the purpose of Geometric Analysis is to understand these
objects (among many others) and their relationships to the geometry of M.

Questions:

1. Is true that V(z,2r) < CV(x,r)? (this is doubling)

2. Is it true that % <\ < 47

3. Is it true that

<o Oy cgsof S,
M

(27, \/%) M V(x, M) ‘

4. Is it true that, for z,y € M and t > 0,

€1 e—CQd(:c,y)2/t S h(t,:v,y) S 6—C4d($,y)2/t?

V($, \/E) V(x’ \/E)

If we ask these questions for a single (M, g), the answer is YES; and only
the last two have real content.



Here are three known theorems (the first two are folklore whereas the last
one is due to Peter Li and S-T. Yau. None of them is immediately obvious).

Theorem 1.1 (Folklore). Fiz n. For bounded conver domains in R™, the
answers to the four questions above is YES, uniformly.

Theorem 1.2 (Folklore). Fiz n. For flat tori of dimension n, the answers
to the four questions above is YES, uniformly.

Theorem 1.3 (P. Li and S-T. Yau). Fiz n. For compact Riemannian man-
ifolds of dimension n with non-negative Ricci curvature, the answers to the
four questions above is YES, uniformly.

The key point in the case of bounded convex domains is:

Theorem 1.4 (Folklore). Fiz n. For any convexr domain  in R" (n is

fized),
Vol(B$(2r))

Vol(B(r)) —

n

Figure 1: Volume comparison in a convex set



2 Compact Lie groups

There is a structure theorem that describes compact connected Lie groups.
If K is such a group, there is a finite cover K of K (i.e., K = K/F where F

is a finite group which must in fact lie in the center of K) such that

}?221X"’szXT
where T is a finite dimensional torus and

S S

are compact, connected, simply connected, simple Lie groups. In particular,
each of the groups ¥; is of one of the types

Ay By Cy D, Gy, Fy E¢ E; Eg

For any compact Lie group K, let £(K) be the set of all left-invariant
Riemannian metrics on K.

The natural measure associated with any such metric is the Haar measure
or, more precisely, a constant multiple of it).
y

3 The conjecture

Conjecture 1. Fix a compact connected Lie group K. The answers to the
four questions above is YES, uniformly over £(K).

For instance, if true, this conjecture would imply that there exist con-
stants 0 < ¢(K), C'(K) < oo such that, for any metric g in £(K),

oK) L2 (o) = i g < s} < o) LolEL

Vo(1/V/s) Vo(1/V/s)
Proposition 3.1. Conjecture 1 holds true on a given compact connected Lie
group K whenever

Vy(2r)

sup sup = D(K) < oc.
geL(K) r>0 Vg(T)
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In words, the problem raised by Conjecture 1 reduces to the following.

Main conjecture

Fix a compact connected Lie group K. The exists a constant D(K)
such that, for any metric g € £(K) and all r > 0,

< D(K).

Tori?

Curvature?

Sub-Riemannian geometries?

Degenerated geometries?




Reduction: Proof of Proposition 1

Fix a metric g € £(K). For any smooth function f on K, any x,y in K, we
can write

Flay) - f(@)] < / IV (3 (1))t

where T' = dy(e,y) and v : [0,7] — K is a geodesic parametrized by arc
length joining e to y in K. Square this inequality, use the Cauchy-Schwarz
inequality, and integrate over all x, then all y, to get

2 2 2
2 [ 17~ fubdu < & [ 191Pdu

Here, fx is the mean of f over K and this inequality is equivalent to the
spectral gap estimate
A\ > 2/d?

which thus holds for any left-invariant metric on any compact connected
group K (d is the diameter of K under the considered metric).
Instead of integrating

Flay) - f(2)] < / IV (v ()t

over all x and all y, integrate over all x,y € B where B is a metric ball or
radius r. Doing this carefully yields, for any f € C*(B(2r)),

o2 Vi(2r) , 2
/Blf fel"dp < O /ZB|Vf| du.

This inequality is a version of the Poincaré inequality on metric balls dis-
cussed earlier. Note that expression in front of the integral on the right-hand
side depends on

V(2r)/V(r)

where V (r) = V(1) denotes the volume of the metric ball of radius r for the
given metric g. Because of left-invariance, we only have to consider the balls
centered at the identity element e € K.



4 The case of SU(2)

Theorem [Eldredge, Gordina, SC|: The case of SU(2)

Left-invariant metrics on SU(2) are uniformly doubling. Consequently,
Conjecture 1 holds true on SU(2).

So, in particular, there are constants 0 < ¢ < ' < oo such that Weyl
spectral function is bounded by

MU iy <1 < ¢ 1Y)

Vo(1/V/5) Ve(1/V/5)

The theorem is proved by estimating the volume function of any metric
g € £(K). This is made easier by the following result.

Definition 4.1. A Milnor basis for SU(2) is a basis ey, es, e3 of su(2) such
that

[61,62] = €3, [62,63] = €1, [63761] = €2.

For instance, the Pauli matrices

170 =] 1[0 -1] 1[-i 0
200 0 2[-1 0]  2[0 4

form a Milnor basis.




For the Weyl spectral function W,(s) = {i : A\; < s}, this translates into

W (s) ~

~

1
a3s
2.2 .2

ajass

a1a2a333/

if0<s<1/a3

if 1/a2 <s<1/a?

if 1/a2 < s < a2/(a2a?)
if a/(a3a3) < s < <.



r3 if 0 <r <ajas/as

V. (r) (az/ajas)rt if ajas/as <r < ay
g (araz/az)r* ifa; <r < ay
Q10203 if ap <7r < o0.

Tools?

Campbell-Baker-Hausdorff-Dynkin formula and its long product version.
Jacobian estimates.

For a path 7 : [0,1] — SU(2) with v(0) = e, y(1) = g = exp(z) with

we have

S (z (%) / ﬁxz-m@c,(m»ds)ef

n=1Te{1,2,3}" \o€Sn e(o) " m=1

where I = (i1, ...,1,), and ey is the n-fold iterated bracket e; = [[. .. [e;,, €], - -

Heuristics? (Ball/box argument)

Fuclidean/sub-Riemannian/ collapsed geometries.

Jyei ]



5 Coming soon

The case of U(2) = SU(2) x T (also, SU(2) x T")

There is a constant D such that for any g € £(U(2)), are uniformly
doubling. Consequently, Conjecture 1 holds true on SU(2).

Same strategy but several new difficulties arise. More parameters and
more zones (r, 72, 13 r4 r5 75 r7) zones appear due to the role of higher brack-
ets, that is, more complex sub-Riemannian geometries). Lack of “universal”
orthogonality leads to dealing with parallelogram shaped boxes instead of

rectangular boxes.

SU(2) x SU(2)? How to treat the general case?
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Thank you!
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