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* Noncontractable logical X and Z operators are exchanged under this map.
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Realizing e - m duality in the toric code model

HO — g ——5 g) — =5 r7(0)

* Noncontractable logical X and Z operators are exchanged under this map.

e Realize a logical Hadamard gate with SWAP on a torus.

e The total circuit depth is constant.

Aasen, Wang, Hastings (2022)
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with conjugation action ¢ : O — Aut(N), a 2-cocycle w € Z*(Q, N).

A G element can thus be given by a pair (1, g), with the multiplication rule:

(n1,q1) - (N, @) = (ny - 61'(ny) - W(q19,), 919>)

 An /N gauging map can be defined given a bicharacter y : N XN — U(1).
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Gauging map for G symmetry

e Consider group extension given by the following exact sequence:

] - N—G—0=G/N—1

with conjugation action ¢ : O — Aut(N), a 2-cocycle w € Z*(Q, N).

e When w is cohomologically trivial, and y is invariant under conjugation, we

have the following (untwisted) gauging map:

KW 2 [{m.q.)) = ) | [em.n_im) | {my.q,})

L
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Generalized e - m duality in the quantum double model
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o 1 g _ColectC a2 o)

e Generalized e - m duality can also be realized in a similar manner by

(twisted) gauging suitable Abelian normal subgroups.
e The above cycle can also be realized in constant depth, with local

Hadamard, CZ, and controlled-conjugation gate.

e Ex: The C « F anyon permutation of the $; = Z; X Z, quantum double

can be realized by gauging the Z; subgroup.

Li, ZS (2026) 14



General self-dual twisted gauging map

Li, ZS (2026)



General self-dual twisted gauging map

* |n the most general case, the following consistency relations must be

satisfied:

Li, ZS (2026)

15



General self-dual twisted gauging map

* |n the most general case, the following consistency relations must be

satisfied:

- y is invariant under conjugation.

Li, ZS (2026)

15



General self-dual twisted gauging map

* |n the most general case, the following consistency relations must be

satisfied:

- y is invariant under conjugation.

. [a] € H*(N, U(1)) is preserved under conjugation.

Li, ZS (2026)

15



General self-dual twisted gauging map

* |n the most general case, the following consistency relations must be

satisfied:

- y is invariant under conjugation.
. [a] € H*(N, U(1)) is preserved under conjugation.

.+ [w] and [@] are in the same cohomology class.

Li, ZS (2026)

15



General self-dual twisted gauging map

* |n the most general case, the following consistency relations must be

satisfied:
- y is invariant under conjugation.
. [a] € H*(N, U(1)) is preserved under conjugation.

.+ [w] and [@] are in the same cohomology class.

e The general twisted gauging map exists when the above consistency

conditions are simultaneously satisfied.

Li, ZS (2026)
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Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

Z(G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

16



Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

Z(G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

e There are three types of self-dualities (anyon permutations):

16



Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

Z(G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

e There are three types of self-dualities (anyon permutations):

1. Generalized (twisted) gauging map: L,(G) (N, o)

16



Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

Z(G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

e There are three types of self-dualities (anyon permutations):

1. Generalized (twisted) gauging map: L,(G) (N, o)

2. 1D SPT entangler: H*(G, U(1))

16



Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

% (G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

e There are three types of self-dualities (anyon permutations):
1. Generalized (twisted) gauging map: L,(G) (N, a)
2. 1D SPT entangler: H*(G, U(1))

3. Group outer automorphism: Out(G)

16



Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

% (G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

e There are three types of self-dualities (anyon permutations):
1. Generalized (twisted) gauging map: L,(G) (N, a)
2. 1D SPT entangler: H*(G, U(1))

3. Group outer automorphism: Out(G)

| 2(G)| = |Ly(G)| X |Out(G) | X | H¥(G, U(1)) ;



Mathematical structure

e Mathematically, we have the following relation:
Etingof, Nikshych, Ostrik (2010)

Z(G) = Anyon permutations in D(G)  Nikshych, Riepel (2014)
Moradi, Moosavian, Tiwari (2023)

G (G) is the group of self-dualities (Brauer-Picard Group).

e There are three types of self-dualities (anyon permutations):

1. Generalized (twisted) gauging map: L,(G) (N, o)

2. 1D SPT entangler: Hz(G, U(l)) ~

Can be realized (almost) transversally!

3. Group outer automorphism: Out(G) —"

Warman, Schafer-Nameki (2025)

‘ ?(G) ‘ — ‘ H_O(G) ‘ X ‘ OUt(G) ‘ % ‘HZ(G, U(l)) ‘ Kobayashi, Zhu, Hsin (2025) -
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Example

o D(Z3)
- Generalized Gauging:
(1,1, (V. 1), (ZP,1), (Z3,1), (Z5, @), (Z5*,1)
- 2-cocycle:
H*(7Z5,U(1)) ~ 7,
« Quter automorphism:

Out(Z%) % S3 I;esselring et al. (2018)
avydova et al. (2024)

The order of the anyon permutation group is 72. S?(Z%) = 27, X (53 X $3)
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H: HSWAPZ ® Ubd?‘y

5= || cnNoT! 2@ Uy,

Logical X Logical Z
L, =1&m & m,dmm, Smooth Boundary |
Upary and U,;d,,y are local unitary gates that
L=1®e De,Dee, Rough Boundary are only supported on the twisted smooth

boundary.
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H: HSWAPZ ® Ubd?‘y

5= || cnNoT! 2@ Uy,

Logical X Logical Z
L, =1&m & m,dmm, Smooth Boundary |
Upary and U,;d,,y are local unitary gates that
L=1®e De,Dee, Rough Boundary are only supported on the twisted smooth

boundary.

Ltw =16 em, D e,m; @ e;m,e,m; Twisted Smooth Boundary

We now have all the (almost) transversal single qubit Clifford gates. 18
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Nikshych, Riepel (2014)
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- Generalized Gauging:
2
(1,1), (Z5 X Z5 1), (Z5, X ZL , ), (25 % Z5 ), (Z5 X 25, @), (Z),1)
- 2-cocycle:
HZ(D4, U(l)) =~ ZZ Nikshych, Riepel (2014)

« Quter automorphism:
Out(D,) = Z,

The order of the anyon permutation group is 24, §(D,) = §,.
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e DID,) D,=25X(Z,XZ,)

Li, ZS (2026)
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Example

2
e DID,) D,=25X(Z,XZ,)

My = Mypg, Mg Mg, My Mgp,

Generalized gauging
€r 7 €r, €4+ €Erghy, Ep 7 Ep.

My = Myp, Mp =2 Mp, Mg > Mygp,

Gauged SPT stacking
€r 2 €ry, €p 2 Ergh, €97 Ey.

Li, ZS (2026)

Kobayashi, Zhu, Hsin (2025)

Warman, Schafer-Nameki (2025)
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Example

« D(Dy) D,=277X(Z;X Zgz) Li, ZS (2026)

My — Mypg, Mg > Mg, MMp = Mgy,

Generalized gaugin Kobayashi, Zhu, Hsin (2025)
67' I'_> e’l") 69 I'_) 6frgb, 6b I'_) eb. g g g y
My = Myp, Mp =2 Mp, Mg > Mygp, . ) .
Gauged SPT stacking Warman, Schafer-Nameki (2025)
€r 2 €ry, €p 2 Ergh, €97 Ey.
Mg = My, €g > €r, My 2 Mg, Davydova, Bauer, de la Fuente,

Group outer automorphism

er > €9, My +—> Myp, €y +—> Ep. Webster, Williamson, Brown (2025)

All above examples can realize logical T gate with proper boundaries

20
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e Different permutations can realize the same logical gate under different

boundaries.
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Connection between anyon permutation and logical gates

Anyon permutation|—— Design boundaries —>  Logical gates

Boundaries constrain the allowed anyon permutations.

Different permutations can realize the same logical gate under different
boundaries.

Finding boundaries that realize the desired gates transversally is a crucial

question.

work in preparation
21
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Summary and Outlook

e Our construction: We present a unified construction of constant-depth local

unitary circuit for all anyon permutations in D(G) quantum double models.

e Non-Clifford logicals: can be implemented on non-Abelian code with three

. . Kobayashi, Zhu, Hsin (2025)
different boundaries. Warman, Schafer-Nameki (2025)

. Kim, Li, ZS (in preparation)
® Floquet code: permute dNYONS Via a seguence of Yocal measurements

instead of unitaries. Li, Mitra, ZS (in preparation)

e Universal guantum computation: potentially can be realized by anyon

permutation + code switching.

22
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e The Kramers-Wannier (KW) duality:

KW 2 [51,55, sp) = ) [ [ (D550 11,0, )

o
o /,symmetryis “gauged”:n — 1.

e Emergent symmetry: § = HXi

e Symmetric local operator r%aps:

X Liliyy, Lilig1 P Xigg-
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o X;and ZZ . | generate the algebra & of Z, symmetric local operators.
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Kramers-Wannier duality on 1d spin chain

e The Kramers-Wannier (KW) duality:

KWt [s1,85,...8v) = ZH( DD 1,1, . 1)

L

o X;and ZZ . | generate the algebra & of Z, symmetric local operators.

e The KW map is a guantum cellular automata (QCA) on .
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Kramers-Wannier duality on 1d spin chain

The Kramers-Wannier (KW) duality:

KW 2 [51,55, sp) = ) [ [ (D550 11,0, )

it
X.and Z.Z.. | generate the algebra &f of Z, symmetric local operators.

The KW map is a quantum cellular automata (QCA) on .
This map can be realized by a linear depth sequential circuit:

SlHl CZ1,2H2CZZ,3 o CZN—I,NHNSN

25



Controlled-conjugation circuit

il SN
A~ Ry S RN
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(; gauged SPT stacking circuit

(g, 82)A(8:8283» 84)(€+8186> &6)
M, = Z

o) (8% 81)a(8:8283, 83)x(8+8186, &5) Haih) gt

The ancillary element g. can be taken as identity, since this gate does

not depend on g despite its explicit appearance in the above definition.

27



Anyon dictionary between D(D,) and D“(Z%)

D(Dy) Centralizers Characters of irreps of centralizers D*(Z3)
([e], 1) (r,s) trivial 1
([e], 1) (rys) | x([s]) = x([rs]) = -1, x([e]) = x([r]) = x([r* €rg
(le],1r) (r, s) x([r]) = x([rs]) = =1, x([e]) = x([r*]) = x([s er
([e], 1-15) (r, s) x([s]) = x([r]) = -1, x([e]) = x([r*]) = x([rs Z
(le], ) (rys)  |x([e]) =2, x([r?]) = =2, x([r]) = x([s]) = x([rs]) =0 my
([r?],1) (r, s) trivial €rgb
([r?], 15) (r, s) X([s]) = x(Irs]) = =1, x([e]) =x([r]) =x([r*]) =1 | e
([r*], 1r) (r, s) x([r]) = x([rs]) = =1, x([e]) = x(["*]) = x([s]) =1 | eg
([r*],1,15) (r, s) x([s]) = x([r]) = =1 x([e]) = x([r*]) = x([rs]) =1 | en
([r*], ™) (r,s)  |x(le]) =2, x([r’]) = =2, x([r]) = x([s]) = x([rs]) =0| fs
([r], 1) (r) trivial Mg
(], w) (r) x(rf) =¥
([r], w?) (r) x(r?) =™ frg
([r], w?) (r) X(ri) = e "% Srgb
([s], (1,1)) (r?, s) trivial Mgp
([s], (=L,1)) | (r?s) x(r?) = x(r?s) = -1, x(e) = x(s) =1 myg
([s], @, 1) | (%) X(s) = x(r?s) = -1, x(e) = x(r*) =1 fq
([s], (=1,=1)) | (r*s) x(r?) = x(s) = 1, x(e) = x(r’s) = 1 fob
([rs], (1,1)) (r?, s) trivial Mrp
([rs], (-1,1)) | (r?s) x(r?) = x(r?s) = -1, x(e) = x(s) =1 m
([rs], (1,-1)) | (r?,s) x(s) = x(r?s) = —1x(e) = x(r?) = 1 fr
([rs], (=1,=1))| (r*,s) x(r?) = x(s) = -1, x(e) = x(r’s) =1 fro
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