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We begin by describing the problem loosely from a theoretical
physicist’s point of view, at some point becoming
mathematically precise, hopefully while there is still something
left to prove...



Outline

@ what is the TTbar deformation and why is it interesting?
@ TTbar deformed massive 2d QFTs

geometric interpretation, S-matrix

@ TTbar deformed CFTs

rectangle partition function, example of a holomorphic
modular form

deformed version, proof of modular property

examples, Mellin transform

torus one-point function, example of a real modular form
deformed version, proof of modular property

example: Maass forms



What is TTbar? (Zamolodchikov-Smirnov, 2004, 2017)

@ a 1-parameter family of (nonlocal) 2d field theories 7 with
(on a flat euclidean manifold)

SMOA = S* 6\ / detT*d?x  (T* = stress tensor)

70 a conventional local QFT. [For a CFT det T° = T,,T53.]
@ many quantities UV finite and calculable given data of 7.

@ correlation functions acquire only log divergences,
removable by renormalization (JC, 2019)

@ example of a nonlocal UV completion with a fundamental
length scale A'/2

@ )\ < 0 & ‘going into the bulk’ in AdS/CFT.



TTbar in classical field theory

08" = J0A / R TR ThaPx
Under a general infinitesimal change of metric

08 = /59”7’,;\d2x

@ suggests 5g7 = —s ek T}
@ conservation of T» = metric remains flat

@ equivalent to a diffeomorphism x* — x* -+ §x(x) where

A N
8)\X,-7j = 6,’k€j/T



X .
X = €ik/ e T (x)dx = —eje(flux of TX across (—o0, x))

I\x;' = (energy flux across (—oo, X))

I3 = —(momentum flux across (—oo, x))
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Particles at rest: shift = width = Ax rest mass






Scattering
Multiple elastic scattering

) 2

@ conservation of energy = conservation of width
@ conservation of momentum =- extra time delay (phase
shift)



Inelastic processes

Each picture corresponds to a dissection of Minkowski space in
which each tile is translated in a consistent manner



Quantum scattering

@ how does this square with [X, P] # 0?
@ denote position of left and right edges by X;, Xg. Then

(Xg — X, Pr+P]=0

so we can simultaneously specify the width and the
momentum
@ amounts to modifying the asymptotic states
1P1, - -, Pn)inoue DY phase factors
oxp (X D (Phph— Pipk))
1<m<n<N
or the S-matrix by equivalent CDD factors (Dubovsky et al
2017)
@ but this finite width has a much more dramatic effect in
finite volume or finite temperature...



Rectangle partition function, a holomorphic modular form

-— R1—>

In any CFT, with the same conformal bc on all
sides,
Ry
. Z%(Ri, Re) = R{/*n(q) /2
T where g = e=27R/Ri = qas [[_,(1 — q™).
E
o S-symmetry Z2 ,(Ry, Ro) = Z2,(Re, Ry) is guaranteed by

n(e /%) = 52p(e 2 (i has weight })
@ g-expansion = spectral decomposition

Zi = D B3Ry Pe A = [ (€ RyeERecte



@ more generally can consider
Z°(Ry, R2) = Ry “F°(6 = Ra/Ry)

where FO(5) = "%, a,g**" is a “modular form” of weight
k:
FO(1/5) = 6KF°(6), F°(6 — i) = e®™2F°(5)



TTbar deformation

O\Ry = —\E, R}=R?-)\E (fixedE)

Ry s if ZO(R1,R2):/pO(R1,E)e_ER2dE
C
then Z*(Ry, Ro) = /pO(R1 + A\E,E)e EfeqE
l so formally get PDE 0 Z = —0R,0R,Z

@ how to make sense of this?
e if we can, does Z*(Ry, Ro) = Z*(Ro, Ry)?

If ZX(Ry, Ro) = Ry *F(6 = Ro/Ry), does FA(1/8) = 6KF*(6)?



Laplace transform

D(Rr.9) = [ & RZo(Ry, Re)oRe
0

ds

0 _ SR> ()0 ==

Z9(Ry, Ry) /Ce (R, )5
so that p°(Ry, E) =2ImQ°(Ry,s = —E) and
QMRy,8) = Q°(Ry — \s, s)

= (Ry — Xs)""¥o((Ry — \s)s) well-defined in a CFT

After some algebra. ..



:/i 86/ 053 ke—sé’(1—més)l_—0(6/)d5/§

Tl

where a = \/(R1Ro).
@ use this as the definition of F(0)
@ after some more algebra completing the square in s,

e} NS/ k/2 20 5/ do’
F( K (6,0")(8"/0) F(5)5/
where
A . G Rl A (IS0 I 1k _apdt
K(575)—e 4068 /_00(2(55,)1/2—” e 2

@ gaussian smearing in moduli space

@ invariance of K¢ and the measure under
(6,8 — (671,87 ") = if §'/2F0(¢") is invariant, so is
5K12Fe(5).



Deformed spectrum

_ /i 56/ ~ ads) ke s (1-a8s) FO (57 g7 95 as
; 2mi
If FO(8") = 3=, ane~27(A+mMY" we can integrate over &' in each

term to get

/ioo 635(1 _ a5S)1_k E

_iso 2T(A + N) + 5 — dS? 27i

which has poles at s = s = (1/2a6)(1 £ /1 + 87(A + n)ad).
Moving contour to L we pick up only the poles at s_ giving

Fa(é) _ i an(1 + \/1 + 87 (A + n)a5)1—k (120 TTERET A1)
pard 21-k\/1 +87(A + n)ad

@ deformed spectrum and matrix elements



Example

o
93(0,8) = Y e = 671/295(0,1/4)

nN=—o0

This is also true of

95(0,6) = i (1 + V1 +470Pad)'2 (1 20 /154mrRas-1)
T 2121 1 4rn2as

Can be generalized to Jacobi forms, e.g. 93(z, 9).



Mellin transform

Associates a modular form to a Dirichlet series: if
=7 o anq~t" with g = e=27

Ro(s):/o 551 FO(8)ds = (2) T (s nZ:;J T

where R%(s) is analytic in Re s > k and R%(k — s) = R%(s).
Defining R%(s) = [~ 65~ F*(6)ds we find

R%(s) = I*(k; s) R°(s)

where [%(k; s) is an entire function of s satisfying
1“(k — s;8) = I*(k; 5).
@ Mellin transform diagonalizes the TTbar flow

@ R“(s) inherits the reflection property and zeroes of R%(s).



Torus: 1-point function, example of a real modular form

We can play the same game
thinking about the 1-point
functions on the torus

= C/(ZRy + ZRy).

(®)O(Ry, Ro) = /PO(\R1\,E)6R9(ER5)d2E

= |R1 |7kF0(5 = —IRQ/R1) = ’R.I ’,k Z am7nqA+mq*A+n
m,n=0
FO is a real modular form satisfying FO( ) |5‘k/:0( ),
FO(0 — i) = FO(9). (Note the usual 7 = id.)



TTbar evolution is simple at fixed E in a fixed frame:
R} = RY + iAN;
formally leading to the PDE

6A<¢>)\(R1,R2) = — (8R1 A\ 8;:;2) <¢>>\(R1,R2)



Using Laplace transforms as before
Fe(0) =

d2
(27i)2

/ / (1—ady s1)2+a202sg] ~k/2+1 godrdlIsl+Re (s7(0-0) FO(57) 25

aze’

/ K003 /50 F0) S

where

Selberg kernel

—_—
K(5,8') = K6 1,8/ 1) = @ 10-0'F/4ad0" o siuff

which ensures F* transforms the same way as F°.



On the other hand, integrating over ¢’ gives

> 2\1—k
Fe(5) = Z Z b (1 4+ /1 +871(A + n)asdy + (4rpady)?)
V1 +871(A + n)ady + (4rpady)?

e (1 /20)(\/1+87(A+n)ady+(4npads)2—1)+2ripd;

n=0 peZ

which exhibits the deformed matrix elements as well as
Zamolodchikov deformed spectrum.

Fg'(5) has the same modular properties as F3(5).



Maass forms

Maass forms are smooth real functions of ¢ in H: Red > 0
which are SL(2,Z) invariant, polynomially bounded as
Re d — oo, and are eigenfunctions of the invariant Laplacian

A = 6% (98 + 3,
Recall the PDE
NZM Ry, Ro) = — (9r, A OR,) Z(Ry, R2)
A scaling solution Z*(Ry, Ry) = Fo=*(FiAR2)(§) then satisfies
0uF = —1AxF
So if F is a Maass form with eigenvalue A,

1

Fo(6) = e~ 3" FO(§)

@ Maass forms are eigenfunctions of the TTbar deformation



Remarks

@ the above has assumed that A > 0 and A > 0, so that
F9(q) — 0 as g — 0, but this means ¢ < 0ina CFT

@ for A > 0 and A < 0, as for a unitary CFT, the treatment is
still valid in regions of moduli space away from q = 0,1,
bounded by Hagedorn-type transitions.

@ for A\ < 0 solution near g = 0 is not continuously connected
to that near g = 1: modular invariance is “broken”

@ it is possible to choose the contours so as to give a
convergent modular invariant expression, but it is no longer
equal to a sum over a discrete spectrum



Discussion

@ the nice properties of the TTbar deformation of CFTs
extend to more general mathematical objects

@ this deformation is unique in some sense

@ what is the significance for physics of Maass forms and
Mellin transforms with respect to the modulus?



