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Quantum Symmetry

symmetries beyond groups, quantum groups — subfactors
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K-theory — higher twists
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Quantum Symmetry

Verlinde ring

as representation theory of a loop group

bimodules for subfactors or representation theory of conformal
nets

as twisted equivariant K -theory of equivariant bundles of
compact operators

higher twists

equivariant bundles of self absorbing C∗-algebras

their twists and their K -theory

provide

⊗ categories, fusion modules, CFT conformal field theory

actions of ⊗ categories as modules and bimodules
3 / 2



Braided subfactors α-induction

N ⊂ M with

NXN ⊂ End(N) braided

θ = ῑι = NMN ∈ Σ(NXN) a.x .b = axλ(b) bimods–endos

Zλ,µ = ⟨α+
λ , α

−
µ ⟩ is a modular invariant

Bockenhauer-Evans-Kawahigashi, Feng Xu, Ocneanu

α± : λ −→ α±
λ
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Braided subfactors α-induction

Zλ,µ = ⟨α+
λ , α

−
µ ⟩ is a modular invariant

Bockenhauer-Evans-Kawahigashi, Feng Xu, Ocneanu

N-M sectors from ιλ

ι : N ⊂ M, λ ∈ N-N system

N-N sectors act on N-M sectors with multiplicity graph of
Cappelli-Itzykson-Zuber CIZ

M-M sectors from ιλι CIZ graph for ZZ ∗ = Z1+Z2+ ......
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Braided subfactors α-induction

N ⊂ M± ⊂ M , N ⊂ M± satisfy chiral locality Böckenhauer-E

Zλµ = Στb
+
τλb

−
β(τ)λ

N ⊗ Nopp ⊂ M+ ⊗Mopp
− ⊂ B

canonical endomorphism of N ⊗ Nopp ⊂ B is

[Θ] =
⊕

λ,µ∈NXN

Zλ,µ [λ⊗ µopp] .
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Quantum Symmetries – 1998 and 2023
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quantum symmetries and K -theory

Verlinde ring for G = SU(n) as

Rep (LG )level =
twistKG (G ) Freed-Hopkins-Teleman 00

G a finite group

double of R ⊂ R ⋊G : A ⊂ B = (R ⊗R)⋊G ⊂ (R ⊗R)⋊ (G × G )

categorical equivalence : Kosaki-Yamagami 92

bimodules ≃ equivariant vector bundles

ABB
∼=G CG×G vector bundle on G

A-A bimodules ≃ G -G equivariant bundles on G × G
G × G

↗ ↖ G ↷ G by conjugation
G G

D(G ) is q double:

Verlinde ring KG (G ) ≃ Rep(D(G )) , G on G by conjugation
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modular invariants, K and KK

λ → α±
λ , α±

λ |N = λ ,
Zλ,µ = ⟨α+

λ , α−
µ ⟩ is mod invt

N ⊂ M± ⊂ M , N ⊂ M± satisfy chiral locality

Zλµ = Στb
+
τλb

−
β(τ)λ

(Z,E)

X Y

f b

b!(f
∗(−)⊗ E ) ∈ Hom(K (X ),K (Y )) ≃ KK (X ,Y )

DEE, T. Gannon. Tambara-Yamagami, loop groups, bundles and KK-theory.
Advances in Math 421 (2023)109002
DEE, T. Gannon. Reconstruction & Local Extensions for Twisted Group
Doubles, Permutation Orbifolds. Trans Amer Math Soc 375 (2022), 2789-2826.
DEE T. Gannon. Modular invariants and Twisted Equivariant K-theory II:
Dynkin diagram symmetries. J of K-theory. 12 (2) (2013) 273-330

DEE, T. Gannon. Modular invariants and Twisted Equivariant K-theory.

Commun Number Theory Phys, 3 (2009) 209-296
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Modular ⊗ Category as modules or bimodules

For a finitely generated braided C*-⊗ category C constructed
a C*-algebra B such that K0(B) ∼= K0(C) and as braided
C*-⊗ categories

C ∼= ModB
f

for right Hilbert modules which admit a finite orthonormal
basis

Aaserud–E 19

e.g. Temperley-Lieb-Jones ⊗-category TLJk
∼= ModBk

f

⊗-category C on C∗-algebra A as bimodules with
K0(A) ≃ Z[dim C]??
e.g. Haagerup θ2 = 3θ + 1 with Z[dim C] = Z+ Zθ

Action of Haagerup system
{1, α, α2, ρ, ρα, ρα2 : α3 = 1, αρ = ρα2, ρ2 = 1+ρ+ρα+ρα2}
on irrational rotation algebra Aθ

Categorify Aθ ⊗Aθ −→ Aθ E - Corey Jones in progress
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higher twists

A⊗K-bundles, A⊗ A ≃ A

e.g. A = MQ = ⊗n∈NMn

BunX (K ⊗MQ) ≃ H1(X ,R×
+ )⊕ (

⊕
k≥1H

2k+1(X ,R))

R = K0(MQ) ≃ Q

Dadarlat-Pennig 13
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higher equivariant twists

SU(n)-equivariant UHF ⊗K-bundles E-Pennig 19, 23

UHF = MF = ⊗∞End(F (Cn)

F : Vect→Vect ;F (V ⊕W ) = F (V )⊗ F (W ), e.g.

Λtop(V ) =
∧dimV

V = Det(V )

Λ∗(V ) =
∞⊕
k=0

∧k
V

G = {(g , z1, z2) ∈ G × Z × Z | z1 , z2 /∈ EVg} , Z = T \ {1}

G −→ G
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equivariant SU(n) Fell bundles

MF =
∞⊗
i=1

End (F (Cn))

E (g , z1, z2) =
⊕

z1<λ<z2
λ∈EV(g)

Eig(g , λ)

E(g ,z1,z2) = F (E (g , z1, z2))⊗MF

Cn = Eig(g , λ)⊕ E (g , λ)⊥

F (Cn) ∼= F (Eig(g , λ))⊗ F (E (g , λ)⊥)

MF
∼= End(F (E (g , z1, z2)))⊗MF

Fell bundle E → G
C ∗(E)⊗K ∼= section alg. of locally trivial bundle, fibre MF ⊗K
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Mayer-Vietoris and spectral sequences

0

2

1

A0

A2

A1

RF (SU(2)) = K
SU(2)
0 (MF ) ∼= Z[ρ][F (ρ)−1]
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classical equivariant SU(2) twists

classical case at level k ∈ N is F =
(
Λtop

)⊗k
, with MF

∼= C

RF (SU(2)) ∼= R(SU(2))

ρk−1 = (tk − t−k)/(t − t−1) = det

(
tk t−k

1 1

)
/(t − t−1)

KG
1 (C ∗(E)) = R(SU(2))/(ρk−1)

Freed-Hopkins-Teleman 00
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higher equivariant SU(2) twists

K
SU(2)
0 (C ∗(E)) = 0 , RF (SU(2)) = K

SU(2)
0 (MF ) ∼= Z[ρ][F (ρ)−1]

K
SU(2)
1 (C ∗(E)) = RF (SU(2))/(σF )

E-Pennig 19

For F (V ) = Λ∗(V )⊗k , F (ρ) = (ρ+ 2)k , σF =
∑k

ℓ=1

(k
ℓ

)
ρℓ−1

k = 3 : 3 + 3ρ1 + ρ2 = ρ2 + 3ρ+ 2 = (ρ+ 2)(ρ+ 1)

k = 5 : 5 + 10ρ1 + 10ρ2 + 5ρ3 + ρ4 = (ρ+ 2)2(ρ2 + ρ− 1)

k = 7 : 7 + 21ρ1 + 35ρ2 + 35ρ3 + 21ρ4 + 7ρ5 + ρ6

= (ρ+ 2)3(−1− 2ρ+ ρ2 + ρ3)

k = 5 k = 7 k = 9
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higher equivariant SU(n) twists

K
SU(n)
n−1 (C ∗(E))⊗Q ∼= K

SU(n)
∗ (C ∗E ⊗MQ)

∼= (RF (SU(n))⊗Q)/ < σF
1 , σ

F
2 . . . , σF

n−1 >

RF (SU(n)) = K
SU(n)
0 (MF ) ∼= R(SU(n))[F (ρ)−1]

σF
i (t1, . . . , tn) =

1

∆
det


F (t1)t

i
1 F (t2)t

i
2 . . . F (tn)t

i
n

tn−2
1 tn−2

2 . . . tn−2
n

...
...

. . .
...

t1 t2 . . . tn
1 1 . . . 1


Vandermonde ∆ = Πi<j(ti − tj)

E-Pennig 23
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potentials and Grassmannians

K
SU(n)
n−1 (C ∗(E))⊗Q ∼= K

SU(n)
∗ (C ∗E ⊗MQ)

∼= (RF (SU(n))⊗Q)/ < σF
1 , σ

F
2 . . . , σF

n−1 >

K
SU(n)
0 (MF )⊗Q ∼= Q[c̄1, . . . , c̄n−1,F (c̄1)

−1]

c̄k(t1, . . . , tn) =
∑

1≤i1<···<ik≤n ti1ti2 · · · tik antisymmetric

Ideal given by potential < ∂V > where

σF
j = (−1)n−j ∂V

∂c̄n−(j+1)

E-Pennig 23

Gepner compared with cohomology ring H∗(Gk(Cn+k),Z) of
Grassmann manifolds Gk(Cn+k) of k-dimensional subspaces in
Cn+k

Gk(Cn+k) ∼= U(n + k)/U(n)× U(k)
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equivariant cohomology for circle actions on UHF⊗K

D = End (V )⊗∞ , K = K(ℓ2(Z)⊗ H0)

V is a T-representation,
character pV =

∑d
i=0 ai t

i ∈ Z[t] ⊂ Z[t, t−1] = R(T)

AutT(D ⊗K) is an ∞ loop space with cohomology E ∗
D,T(X )

E-Pennig 22

BunTX (D ⊗K) ∼= E 1
D,T(X ) ∼= [X ,BAutT(D ⊗K)]

Ep,q
2 = Hp(X , Ěq

D,T) ⇒ Ep+q
D,T (X ) .

Coefficients are:

Ě k
D,T

∼=


0 if k > 0 ,

GL1(K
T
0 (D)+) if k = 0 ,

π−k−1(U(DT)) if k < 0 .
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spectral sequence coefficients from homotopy groups

KT
0 (D) ∼= Z[t, t−1, pV (t)

−1]

π2k(AutT(D ⊗K)) ∼= π2k−1(U(DT))

π1(U(DT)) ∼= K0(D
T) ∼= Rbdd

Rbdd =K0(D
T) =

{
x ∈ KT

0 (D) | −m[1D ] ≤ x ≤ m[1D ] for some m ∈ N
}

⊂ Z[t, pV (t)−1] ,

R0
bdd = {r ∈ Rbdd | r(0) = 0} ,

R∞
bdd =

{
q

pkV
∈ Rbdd | q ∈ Z[t], k ≥ 0, deg(q) < kd

}

If a0 > 1 and ad > 1, then π2k−1(U(DT)) ∼= Rbdd.

If a0 = 1 and ad > 1, then π2k−1(U(DT)) ∼= R0
bdd.

If a0 > 1 and ad = 1, then π2k−1(U(DT)) ∼= R∞
bdd.

If a0 = 1 and ad = 1, then π2k−1(U(DT)) ∼= R∞
bdd ∩ R0

bdd
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equivariant bundles of D ⊗K on torii

BunTTn(D ⊗K) ∼= E 1
D,T(Tn)

∼= H1(Tn,G ) ⊕ H3(Tn,Rbdd) ⊕
∞⊕
k=2

H2k+1(Tn,R0,∞
bdd )

∼= Zn ⊕
⊕
q|pV

q prime

Zn ⊕
∧3

(Rbdd)
n ⊕

∞⊕
k=2

∧2k+1
(R0,∞

bdd )
n ,

E-Pennig 22

R0,∞
bdd =


Rbdd if a0 > 1 and ad > 1 ,

R0
bdd if a0 = 1 and ad > 1 ,

R∞
bdd if a0 > 1 and ad = 1 ,

R∞
bdd ∩ R0

bdd if a0 = 1 and ad = 1 .
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equivariant circle bundles of C⊗K

BunTX (C⊗K) ∼= E 1
C,T(X )

∼= H1(X ,Z)⊕ H3(X ,Z)

∼= H0(BT,Z)⊗ H3(X ,Z)⊕ H2(BT,Z)⊗ H1(X ,Z)

∼= H3(BT× X ,Z)

∼= H3((ET× X )/T,Z)

∼= H3
T(X ,Z)
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